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The effects of zero-point motion and the anharmonicity of the lattice vibrations of diamond have been
explored theoretically in the context of a valence force model explicitly incorporating the isotopic composition.
The predictions are tested in a study of the elastic moduli (ci j ) deduced from Brillouin spectra and the zone
center optical mode frequency (v0) from Raman spectra of isotopically controlled diamond specimens. On the
basis of the anharmonicity parameter of the model associated with bond stretching, deduced from a comparison
of the theory with experimentally reported dependence of the lattice parameter with the atomic fraction of
13C in 12C12x

13Cx diamond, it is predicted that the bulk modulus of13C diamond exceeds that for12C
diamond by one part in a thousand, just below the experimental sensitivity accessible with Brillouin measure-
ments;v0 exceeds the value expected from theM21/2 dependence, whereM is the average atomic mass, by
; 0.3 cm21, consistent with observation. The Gru¨neisen parameter forv0 and the third-order bulk modulus
are consistent with the theoretical estimates from the present model. The elastic moduli for natural diamond
determined in the present study, viz.,c11510.804(5), c1251.270(10), andc4455.766(5) in units of
1012~dyn/cm2) are the most accurate yet obtained.@S0163-1829~96!03330-9#

I. INTRODUCTION

The cubic modification of crystalline carbon, diamond, is
characterized by a tetrahedral coordination underlying its
structure dictated by thesp3 bonding between the nearest
neighbor atoms. It belongs to the space groupOh

7 (F41/d3
2/m) with two atoms per primitive~Bravais! cell. The strong
covalent bonding and the light mass of the constituent atoms
result in a large frequency for the zone center, Raman active,
infrared inactive, triply degenerateF2g mode.

1,2 For the same
reason, the elastic moduli of diamond are the largest known
for any material and thus lead to Brillouin components with
large frequency shifts. Its crystalline perfection and transpar-
ency make diamond ideally suited for inelastic light scatter-
ing studies. And indeed, soon after the discovery of the Ra-
man effect, the first-order Raman spectrum of diamond was
recorded by Ramaswamy.3 The second-order Raman spec-
trum of diamond was reported by Krishnan.4 The Brillouin
components in the spectrum of the scattered light from dia-
mond were observed by Krishnan4 and studied further by
Chandrasekharan.5 Solin and Ramdas6 investigated the first-
and second-order Raman spectra of diamond by exploiting
the unique advantages of laser excitation, scanning mono-
chromators, and photoelectric detection with the associated
photon counting electronics. Grimsditch and Ramdas7 simi-
larly made a comprehensive study of Brillouin scattering in
diamond using a piezo-electrically scanned, multipassed,
Fabry-Pe´rot interferometer for spectral analysis. On the basis
of their investigations, they deduced the frequencies of the
phonons with wave vectors corresponding to a large number
of critical points of the phonon dispersion curves spanning

the entire Brillouin zone;6 all the elastic moduli with high
precision;7 and an absolute Raman cross section of the zone
center optical phonon from an intercomparison of the inten-
sities of theF2g Raman line and the Brillouin components
recorded in the same experiment with a double
monochromator.7

The above experiments were performed on naturally oc-
curring diamond and hence with an isotopic composition
corresponding to 98.9%12C and 1.1% 13C natural
abundance.8 The successful synthesis of diamond by the
high-pressure–high-temperature~HPHT! technique~Bundy
et al.9! and the low-temperature growth from the gaseous
phase~Eversole10 and Derjaguinet al.11! by chemical vapor
deposition ~CVD! have triggered renewed interest in the
physics of diamond. In particular, the isotopic composition
of the CVD diamond can now be controlled by that of the
gas employed; in turn, the isotopically controlled polycrys-
talline diamond can be used in the HPHT technique to pro-
duce single crystals.12 Thus an extraordinary opportunity has
arisen for the study of the properties of diamond in which its
isotopic composition plays a special role. Thermal
conductivity,13 lattice parameter,14 indirect gap,15

Raman16–18 and Brillouin scattering,19 and multiphonon in-
frared absorption spectroscopy12 are illustrative examples of
a wide range of phenomena which have been investigated
specifically in the context of isotopic effects. Thermal con-
ductivity of isotopically enriched12C diamond exhibits as
much as 50% enhancement at room temperature relative to
that of natural diamond;13 this remarkable enhancement has
been shown by Hasset al.17 and Olsonet al.20 to be due to
N processes, normally ineffective, playing a special role. The
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lattice constant of diamond determined by Hollowayet al.14

exhibits a decrease linear inx, the atomic fraction of13C;
this decrease has been fully accounted for in terms of the
effects of zero-point motion in conjunction with anharmonic-
ity as was demonstrated by Buschertet al.21 in isotopically
enriched germanium. Chrenko16 and Hasset al. 17 studied
the frequency of theF2g zone center optical phonon (v0) in
a series of diamond specimens which ranged in isotopic
composition fromx50.011 to 0.99; the latter deducedx
from the mass spectroscopic analysis of CO produced in the
combustion of the diamonds in oxygen. The decrease inv0
is found to follow a predominantly (Mx)

21/2 dependence ex-
pected from the virtual crystal approximation~VCA!, the
force constants being essentially independent of the isotopic
composition@hereMx5xM131(12x)M12#. The departure
from the (Mx)

21/2 dependence has been interpreted by Hass
et al.17 in terms of a coherent potential approximation~CPA!
combined with disorder-induced mixing with phonon modes
of lower frequencies.

We recently studied19 the effect of isotopic composition
on the elastic moduli of a single crystal. More specifically,
we comparedc11 and (c1112c1214c44)/3 deduced from the
Brillouin shifts produced by longitudinal acoustic waves in
the back scattering geometry for several natural and a13C
diamond. Based on the concentration of13CH4 used in its
growth, the13C concentration in the latter was assumed to be
x50.99. The elastic moduli for the ‘‘13C’’ diamond was
;0.5% higher than those for natural diamond. A simple Ein-
stein model, incorporating zero-point motion and anharmo-
nicity, yielded expressions for thex dependence of the elas-
tic moduli ci j , the lattice parametera, and v0. The
anharmonicity parameter deduced from the theoretical ex-
pression fora(x), in conjunction with its experimental value
yielded a satisfactory agreement with the values ofv0 and
ci j ’s for the x50.99 13C diamond when compared to those
of natural diamond. We note here thatv0 for the ‘‘ 13C’’
sample was 1284.8 cm21, not 1282.1 cm21 as obtained by
Hasset al.17 for a diamond withx50.99.

Since this earlier study, with a variety of isotopically con-
trolled diamond single crystals withx ranging from 0.001 to
0.99 grown by one of us~T.R.A.!, we have performed both
Raman and Brillouin scattering experiments. On the basis of
our new results we have to assign for the earlier ‘‘13C’’
sample a lower value ofx, viz., 0.945. We have also refor-
mulated the theory for thex dependence ofv0, a, andci j in
terms of a lattice dynamical description for the zone center
opticalF2g phonon and the bulk modulus, incorporating an-
harmonicity as well as zero-point motion. In this paper we
present the theory thus reformulated, the new experimental
data, and a comparison of the experimental data with the
theory.

II. THEORY

From a simple thermodynamic argument, the difference in
the molar volumesV andV1DV of two chemically identi-
cal, nonconducting crystals consisting of atoms of isotopic
massesM andM1DM , respectively, can be shown to be

DV

V
52

DM

2MBV(i g i SEi2T
]Ei

]T D , ~1!

whereEi andg i are, respectively, the average energy at tem-
peratureT and the Gru¨neisen parameter of thei th phonon
mode whileB is the bulk modulus of the crystal.21 The zero-
point motion and the anharmonicity enter Eq.~1! indirectly
through the Gru¨neisen parameters. This approach does not
allow one to relate the isotopic dependence of the lattice
constant to those in other quantities such asv0 andci j .

It is, therefore, desirable to formulate a theory based on
lattice dynamics which will simultaneously give expressions
for isotope effects on the lattice constant, the elastic moduli,
the frequency of the zone center optical phonon and the
third-order bulk modulus. Lattice-dynamical theories for
crystals with the diamond structure have been given by Mus-
grave and Pople,22 by Keating,23 and by Martin24 based on
models in which the strain energy of a crystal is expressed in
terms of the changes in the bond lengths and the bond
angles. In this approach, called the valence-force-field
method, the potential is manifestly invariant under both
translations and rotations.25 Anharmonic forces have been
used by Keating26 in a model involving two harmonic and
three anharmonic force constants. In this paper we consider a
simple model containing four parameters, two harmonic and
two anharmonic. The harmonic part is identical to that em-
ployed by Musgrave.27 Of the two anharmonic force con-
stants, only one is of significance in our discussion, namely,
the anharmonicity of the bond stretching energy.

Consider the diamond structure with lattice vectors
n5(a/2)(n1 ,n2 ,n3), wherea is the conventional lattice pa-
rameter andn1 ,n2, andn3 are integers whose sum is even.
Associated with each lattice pointn there is a basis of two
identical atoms at~0,0,0! and (a/4,a/4,a/4). The nearest
neighbor distance isR5(aA3/4) and each atom has four
nearest neighbors as shown in Fig. 1 whereF is the atom at
(a/4,a/4,a/4) with nearest neighbors atA(0,0,0),
B(0,a/2,a/2),C(a/2,0,a/2), andD(a/2,a/2,0). Anarbitrary
distortion of the structure can be described in terms of the
vector distances between the atoms. Letr in be the vectors
AF, BF, CF, andDF in a particular primitive cell,n; i de-
notes A,B,C, or D. In equilibrium, rA

(0)5AF
5(a/4,a/4,a/4), rB

(0)5BF5(a/4,2a/4,2a/4), rC
(0)5CF

5(2a/4,a/4,2a/4), andrD
(0)5DF5(2a/4,2a/4,a/4).

Let Dr in be the change in the distance betweenFn and
Xin (Xin5An ,Bn ,Cn , orDn) andDu i j n be the change in the
angle between the bondsX inFn andX jnFn . The energy re-
quired to stretch~or contract! a bond byDr i is

1

2
k1~Dr i !

22
1

6
g1~Dr i !

31•••, ~2!

while that required to alter the angle between the bonds
X iF andX jF is

1

2
k2~RDu i j !

22
1

6
g2~RDu i j !

31•••. ~3!

Herek1 andk2 are the force constants for the harmonic part
of the potential, whereasg1 andg2 define the lowest order
anharmonic contributions.
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Neglecting interactions other than those between nearest
neighbor atoms, the deformation energy is

DU5(
n

DUn5(
n

S 12 k1(i ~Dr in!
21

1

2
k2(

i, j
~RDu i j n!

2

2
1

6
g1(

i
~Dr in!

32
1

6
g2(

i, j
~RDu i j n!

31••• D . ~4!

~a! Bulk modulus. The energy associated with the defor-
mation in which all nearest neighbor distances change from
R to R1u (u!R) without change in symmetry, i.e.,
Dr in5u andDu i j n50 is

DU5NS 2k1u22 2

3
g1u

31••• D , ~5!

whereN is the number of primitive cells in the crystal. The
change in volume isDV5(3Vu/R) so that

DU5
k1~DV!2

6aV
2
g1~DV!3

72A3V2
1•••. ~6!

Recalling the change in free energyF with volume

DF5
1

2
~DV!2S ]2F

]V2D
0

1•••'
~DV!2B

2V
, ~7!

whereB is the bulk modulus. A comparison of Eqs.~6!, and
~7! at zero temperature yields

B5
k1
3a

. ~8!

~b! Zone center optical mode. Consider a motion in which
the two face-centered-cubic~fcc! sublattices of the structure
experience a relative displacementu with respect to each

other, as in theF2g zone center optical mode and letu be
along @111#, i.e., alongAF. The distanceAF changes byu
but BF,CF, and DF change by2u/3. Furthermore, the
bond angles change from their static value arccos(21/3)
>109°. The angles betweenAF andBF, AF andCF, and
AF andDF change by2(2A2u/3R) while those between
BF and CF, CF and DF, and BF and DF change by
(2A2u/3R). Noting that the terms ing2 cancel exactly, the
deformation energy due to this relative displacement is

DU5NF23 ~k114k2!u
22

4g1u
3

27
1••• G . ~9!

The kinetic energy per primitive cell associated with the
relative motion of the fcc sublattices isP2/M whereP is the
momentum canonically conjugate tou andM the mass of the
atom (M /2 being the reduced mass!. Thus, the Hamiltonian
per primitive cell associated with this motion is

H5
P2

M
1
2

3
~k114k2!u

22
4g1u

3

27
1•••. ~10!

Neglecting the cubic term, the equation of motion foru is
harmonic with angular frequency of the F2g zone center op-
tical phonon

V05F8~k114k2!

3M G1/2. ~11!

In order to estimate the effect of the zero-point motion we
quantize the Hamiltonian in Eq.~10! and investigate the na-
ture of the ground state of such a system by a variational
procedure. Choosing a displaced Gaussian distribution char-
acterized by the normalized wave function

C~u!5S a

Ap
D 1/2expF2

a2

2
~u2d!2G , ~12!

wherea and d are variational parameters, one obtains the
expectation value ofH in stateC(u), viz.,

E~a,d!5
\2a2

2M
1
2

3
~k114k2!S d21

1

2a2D
2
4g1
27 S d31

3d

2a2D1•••. ~13!

For a givend, the minimum ofE(a,d) occurs for

a5SMV0

2\ D 1/2S 12
16g1d

9MV0
2D 1/4 ~14!

and

E~d!5
\V0

2
1
1

4
Mv0

2S d2
8\g1
9M2V0

3D 22 16\2g1
2

81M3V0
4 1•••

~15!

with

v05V0S 12
32\g1

2

81M3V0
5D . ~16!

FIG. 1. The tetrahedral bonding of a carbon atom in diamond
with its four nearest neighbors.R is the bond length whereasu,
selected to be along@111#, is the relative displacement of the two
fcc sublattices with respect to each other in the triply degenerate
F2g zone center optical mode.
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We note that the minimum of the total energy corresponds
to a displacementd5(8\g1/9M

2V0
3) with respect to the

classical value obtained neglecting the kinetic energy arising
from the zero-point motion of the atoms. As a result, the
zone center optical phonon frequencyv0 is the renormalized
value given by Eq.~16!.

~c! Bulk modulus: Effect of zero-point motion. Consider
now a uniform expansion of the crystal, without altering its
symmetry, but including the effect of zero-point motion. By
a procedure similar to that employed above for the zone cen-
ter optical phonon, one can relate additional macroscopic
parameters to the microscopic parametersk1 andg1. For a
uniform change in volume, the Hamiltonian per primitive
cell is

H5
P2

M
12k1u

22
2

3
g1u

31•••. ~17!

Taking a variational wave function of the form defined in Eq.
~12! and minimizing the expectation value of the Hamil-
tonian given in Eq.~17! with respect to the parametera, one
obtains

E~d!5\S 2k1M D 1/212K1~d2d0!
21•••, ~18!

whereK1 is the renormalized stiffness constant

K15k1S 12
\g1

2

8A2k15/2M1/2D ~19!

and

d05
\g1A2
8k1

3/2M1/2. ~20!

The renormalized bulk modulus,B, is then given by

B5
K1

3a
. ~21!

The lattice parameter is obtained fromR5R`1d0 where
R` is the nearest neighbor distance if the atomic mass were
infinitely large and hence the zero-point motion negligible.
We obtain

a5a`1
\g1

A6k13/2M1/2
. ~22!

III. EXPERIMENTAL PROCEDURE AND APPARATUS

A. Sample growth

Two different methods were used to prepare our diamond
samples. The first method was determined solely by techni-
cal considerations while the second method took into consid-
eration the extremely high cost of the purified13C isotope.

For samples with a low13C content, a two-stage process
was used to prepare the diamond gemstones with varying
isotopic compositions. First, thin polycrystalline films of
pure 12C and 13C diamond were made by a low-pressure
CVD diamond deposition process.10–12,28 A hot-filament

CVD apparatus was constructed out of materials such as cop-
per and quartz containing little or no carbon to avoid con-
tamination of the isotopically pure films. The reactor was run
for 48 h with pure flowing hydrogen prior to the diamond
deposition run so that atomic hydrogen generated by the hot
tungsten filament at 2000 °C would remove any carbon con-
tamination in the reactor by reacting with carbon impurities
to form methane which was subsequently swept out of the
reactor by the flowing hydrogen. During CVD diamond
growth, isotopically pure methane29 was used at a 1% con-
centration in a methane-hydrogen gas mixture. CVD dia-
mond formed on a 850 °C molybdenum substrate that was
spaced 8 mm from a hot tungsten filament at a temperature
of 2050 °C. Diamond deposition runs were typically several
hundred hours long in order to produce films approximately
100mm thick.

On completion of the CVD diamond deposition, the films
were removed from the reactor and crushed into powder and
used as feed stock to grow high quality diamond gemstones.
The advantage of using diamond as a feedstock instead of
graphite is that there is no volume change in the diamond
growth cell during crystal growth of the diamond gemstone.
If graphite is used as a feedstock, there is a large volume
change in the diamond growth cell as graphite~molar vol-
ume 55.3 cm3) converts to diamond~molar volume
53.41 cm3). The constancy of cell volume during crystal
growth allows good control of the temperature and pressure
in the cell during the 3-day growth run and ensures the
steady growth rate that produces high quality diamond crys-
tals.

The actual HPHT process as described by Strong and
Wentorf30 is carried out at a pressure of 55 kbars and a
temperature of 1450 °C. At one end of the diamond growth
cell, a diamond seed with a@001# orientation is implanted in
an end plug of sodium chloride such that only the~001! facet
is exposed. At the other end of the growth cell, the crushed
mixture of isotopic CVD diamond is placed. Between the
diamond seed and the diamond feedstock is a layer of liquid
metal of 95% Fe and 5% Al by weight. The Al lowers the
melting point of the mixture and getters any nitrogen in the
cell to ensure that the diamond gemstone is free of nitrogen.
A small temperature gradient is applied across the cell such
that the CVD diamond feedstock end is 30 °C hotter than the
diamond seed. The solubility of diamond in the Fe-Al liquid
increases with increasing temperature. As a result, the con-
centration of carbon is higher at the feedstock end than at the
seed end of the cell. The resulting carbon concentration gra-
dient transports dissolved carbon atoms from the dissolving
CVD feedstock to the growing diamond seed. Diamond
growth rates are approximately 5.531027 cm/sec ~20
mm/h!. In a typical run, 50% of the diamond feedstock is
successfully converted into single crystal diamond. The re-
maining feedstock remains as carbon dissolved in the liquid
metal, undissolved CVD feedstock or spurious secondary
diamonds that nucleate randomly in the cold end of the cell.

The diamond gems are typically type IIa with a color
grade ofE on the gemological color scale~gems are graded
by gemologists on a color scale ranging fromD to Z with
D being the best and rarest designation!. Of all the elements,
only nitrogen and boron can dissolve to any extent in dia-
mond. The absence of any significant color implies that both
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nitrogen and boron concentrations are less than 1 ppm since
their concentration in excess of 1 ppm produce yellow and
blue colored gems, respectively. The average size of the
gems was about 43434 mm and average weight was 0.8
carats (1 g55 carats!. The gem crystals typically exhibit
large ~001! and ~111! facets and sometimes small~110! and
~113! facets. All of the gems contain some small microscopic
inclusions of graphite and the Fe-Al metal that were en-
trapped during crystal growth. The dislocation density of the
crystals was determined by etching them in molten KNO3

for 20 min in air at 650 °C and found to be 106/cm2.
For samples containing significant amounts of13C car-

bon, economic considerations forced us to grow gem dia-
mond directly from isotopically enriched graphite feedstock
because of the much higher conversion efficiency~80%! of
isotopically pure13CH4 to graphite in a pyrolytic cracking
process31 as compared to the low conversion efficiency~2%!
of isotopically pure13CH4 to diamond in the low-pressure
CVD process.10,11For example, the costs of just the isotopi-
cally pure 13CH4 gas for an isotopically pure13C diamond
made from CVD diamond and graphite feed stock, respec-
tively, were $35,000 and $700. Consequently, in this study,
the gems with compositions greater than 15%13C were
grown from graphite feedstock instead of CVD diamond
feedstock.

B. Raman

The 5145 Å line from an Ar1 laser~Coherent Radiation
Model 10! and the 5309 Å line from a Kr1 laser ~Spectra
Physics Model 171! were used to excite Raman scattering of
the samples held at room temperature. The inelastically scat-
tered light was spectrally analyzed with a computer con-
trolled Spex 14018 double~triple! monochromator and de-
tected with an RCA photomultiplier tube~type C31034A!
using photon counting and associated data acquisition sys-
tem. For optimal mechanical reproducibility the spectrometer
drive was advanced only towards lower wave numbers, scan-
ning the laser line followed by the first-orderF2g Raman
line. Each spectrum thus acquired was fitted with a Gaussian
and Lorentzian for the laser and the Raman peak, respec-
tively. The peak position of the Raman line could be deter-
mined reproducibly within60.05 cm21.

C. Brillouin

A single moded Ar1 laser ~Coherent Radiation, Innova
90! provided the monochromatic radiation (lL55145 Å! for
exciting the Brillouin components. The scattered light was
spectrally analyzed with a high contrast, piezoelectrically
scanned, multipassed Fabry-Pe´rot interferometer.32 The high
precision in the measurements of the Brillouin shifts was
achieved using the interferometer without its tandem feature.
The free spectral range~FSR! was set at a value for which
the Brillouin components areseparatedfrom the parent laser
line by as many as 8 full orders and a fraction of the FSR.
The frequency shift is then given by (81 f ) FSR wheref is
the fraction of a free spectral range and can typically be
measured with an accuracy better than6 0.0015 . The FSR
is determined with an accuracy (DFSR/FSR! of 331025

using the known wavelengths from a spectral lamp.33 The
frequency shifts are thus determined with an accuracy of
0.001 cm21.

Extracting the sound velocity (vs) from the measured fre-
quency shift requires knowledge of the refractive indexn
and the scattering angleu. Uncertainty in the latter leads to
an error in the wave vectoruqu. In our case the uncertainty
arising from the finite collection aperture leads to
(Dq/q)5731025. This error is systematic and affects all
our measurements in the same fashion and hence has no
effect on the intersample comparison presented here. Errors
due to uncertainty in the refractive index~numerical values
are given in Sec. IV! fall into the same category. There could
be a systematic error due to the value chosen for natural
diamonds; this error again does not affect our intercompari-
son. We have however made a correction to the refractive
index to account for density changes between samples with
different isotopic constitution. Uncertainties arising from
corrections to the refractive index are negligible. Thus
(Dvs /vs) is '0.000 25.

The final step in extracting the elastic moduli involves the
density of the samples. Here again any error in the density
chosen for natural diamond will contribute only a systematic
error. However, the uncertainties in the13C concentration
(x) will introduce uncertainty in the density. The overall
accuracy in the elastic moduli (X) is (DX/X)
52(Dvs /vs)1(Dx/12)50.00051(Dx/12).

The Brillouin experiments were performed in the back-
scattering geometry for phonon propagation vectorsq along
@001#, @111#, and@110#. The incident beam was normal to the
sample surface; by adjusting the retroreflected beam to be
collinear with the incident beam over a distance of more than
30 cm, this was accurate to within 1°. Since the facets pro-
duced during growth for natural and synthetic diamonds are
exactlynormal to the desired direction, single measurements
are sufficient to determine the Brillouin shift for each par-
ticular wavevector.~This fact was also verified experimen-
tally on a number of samples.! For diamond surfaces which
had been prepared by polishing, and hence possibly misori-
ented by a few degrees, the Brillouin shift was measured for
the various propagation directions close to the surface nor-
mal. ~Note that this does not change the scattering angle
u.! Since the frequency shift is anextremumalong the three
symmetry directions considered, the procedure leads to plots
similar to those shown in Fig. 2 where the Brillouin shifts as
function of angle forq in the vicinity of @111# and@001# are
depicted for samples with polished surfaces, clearly showing
the occurrence of extrema along the desired crystallographic
directions forq; here the departure from the desiredq is
;5°. Figure 3~a! shows the Brillouin components recorded
in first order, the tandem feature being operational in the
Fabry-Pe´rot interferometer. Those recorded without the tan-
dem feature and in high interference order are displayed in
Figs. 3~b! and 3~c!.

IV. EXPERIMENTAL RESULTS AND ANALYSIS

A. Raman spectra: Isotopic composition

The first-order Raman spectrum, i.e., the Raman line as-
sociated with the zone centerF2g mode (v0), is of funda-
mental importance in the context of the theme of the present
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investigation. On the one hand, one can establish a calibra-
tion for the isotopic composition on the basis of the position
of the Raman line, as was indeed accomplished by Hass
et al. 17 ~This required the ‘‘destructive’’ mass spectroscopic
analysis of the CO produced by the combustion of the dia-
monds in oxygen.34! On the other hand, thex dependence of
v0 includes contributions from the combined effects of zero-
point motion and the anharmonicity as deduced in Sec. II. In
view of these considerations we made a careful study of the
first-order Raman spectra of all the diamond specimens
available to us.

In Fig. 4 we display theF2g Raman line for four speci-
mens with isotopic compositions corresponding tox
50.001,0.011,0.47, and 0.99, where we quote the ‘‘nomi-
nal’’ values forx. The peak positions of the Raman line for
seven natural diamonds~five type IIa and two type IIb!
yielded a value of 1332.4060.05 cm21. The positions for
the synthetic diamonds are listed in Table I. It is of interest to
note that the natural abundances of the stable isotopes of
carbon, viz.12C and13C, correspond tox50.0110 as quoted
by DeLaeteret al.8 with the ‘‘warning’’ that a more accurate
assessment of the natural abundance may be necessary for
high precision experiments. In this context the following
comment by Orlov35 on natural diamonds is significant: ‘‘On
the basis of these investigations, we can state the following
conclusion. The isotope composition of carbon in diamond
crystals~irrespective of their variety! and in coarse-grained
bort is approximately the same. The C12/C13 ratios for these
varieties vary within a narrow range: 89.24 to 89.78.’’ We
have thus ascribed to all the natural specimens used in the
present study a value ofxnat50.011 05(3) and assign the
valuev051332.40(5) cm21 to the zone center optical pho-
non frequency of natural diamond.

On the basis of the data of Hasset al.17 and that for natu-
ral diamond, the following polynomial fit can be established
for v0(x):

FIG. 2. Brillouin shift as a function of the external angle of the
scattering direction with respect to the normal of a polished surface.
The solid line is a polynomial fit from which the extremum of the
Brillouin shift is extracted.

FIG. 3. Brillouin spectra of natural and isotopically enriched
diamonds.~a! The spectra were recorded in the backscattering ge-
ometry for 5145 Å radiation incident along@111# and the backscat-
tered light analyzed with a~514! tandem Fabry-Pe´rot interferom-
eter. The phonon wave vector is along@111#. HereL andT denote
longitudinal and transverse, respectively.~b! Brillouin spectrum for
13C diamond in the same geometry as for~a! but analyzed with a
five-pass interferometer with a FRS of 0.670 67 cm21, and with an
analyzer in the scattered beam to reduce the intensity of the longi-
tudinal peaks. The longitudinalL and transverseT peaks are
'8.4 and'5.4 orders from their parent laser line as indicated by
the arrows.~c! Same as~b! but for 12C diamond. TheL andT peaks
are now'8.7 and'5.7 orders from their parent line, respectively.

FIG. 4. The first-order Raman spectra of diamond specimens for
x50.001,x50.011,x50.47, andx50.99.

TABLE I. The 13C molar fraction (x) in the 12C12x
13Cx dia-

mond specimens deduced from the measured Raman shift of the
zone center optical phonon, according to Eq.~24!.

Sample x ~nominal!
Observed Raman shift

~cm21! x ~calculated!

D27 0.001 1332.72 0.003~3!

D29 0.001 1332.88 -0.002~3!

D25 0.001 1332.87 -0.002~3!

D35a 0.011 1332.20 0.018~3!

D28 0.47 1313.44 0.456~5!

D24 0.99 1284.80 0.945~2!

D30 0.99 1281.63 0.992~2!

D31 0.99 1281.61 0.992~2!

aSynthetic type-I diamond of natural composition.
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v0~x!51332.82234.77x216.98x2. ~23!

B. Brillouin scattering

Viewing light scattering from long wavelength acoustic
phonons to be a consequence of the Bragg reflections from
the optical stratifications produced by them, one can show7

that the Doppler shifts of the Brillouin components in a cubic
crystal are

Dv562vLn
vs
c
sinS u

2D . ~24!

HerevL is the frequency of the incident laser radiation;n,
the refractive index of the scattering medium;c, the speed of
light in vacuum;u, the scattering angle; andvs , the velocity
of the sound wave responsible for the Bragg reflection. The
appropriate combinations (X’s! of the elastic moduli (ci j )
are given by

X5vs
2r, ~25!

wherer is the mass density. We express the13C concentra-
tion dependent mass densityr by r(x)58Mx /a(x)

3, where
a(x) has been determined by Hollowayet al.14 to be

a~x!5~3.567 1520.000 53x! Å. ~26!

The calculatedr(xnat)53.5152(1) g/cm3 based on Eq.~26!
compares very well with 3.5153 g/cm3 quoted by Mykola-
jewycz et al.36 @The value ofr(xnat) used in Ref. 7, 3.512
g/cm3, quoted from McSkimin and Bond,37 should be taken
into account while comparing the elastic moduli given in

Refs. 7, 19, 37, and 38, on the one hand, and those in the
present paper on the other, i.e., values in the former should
be increased by a factor of 1.000 94.# From the known
elasto-optic constants of natural diamond7 and the change in
lattice parameter, a linear interpolation for the index of re-
fraction yields n(x)52.429 3010.000 17x. For the back-
scattering geometry (u5180°) employed in the present
study, the experimentally determined elastic modulusX is
thus given by

X~x!5
c2

4vL
2

r~x!

n2~x!
Dv2~x!. ~27!

The scattering intensity for the longitudinal acoustic~LA !
Brillouin components in the backscattering geometry is non-
zero for ~i! q i @001#, ~ii ! q i @110#, and~iii ! q i @111#; for
transverse acoustic~TA! phonons with theseq’s it is nonzero
only for ~iv! q i @111#. All four cases have been investigated
and the results are tabulated in Table II. The corresponding
X, i.e., combinations of the elastic modulici j , for these
cases are

X~ i !5c11,

X~ i i !5
c111c1212c44

2
,

X~ i i i !5
c1112c1214c44

3
, ~28!

TABLE II. Brillouin frequency shiftsDv, squares of sound velocitiesv25X/r, and elastic moduliX as
measured for various13C concentrations and phonon wave vectorsq.

q; polarization Sample x Dv X/r X
~cm21) 1012 ~cm/sec)2 1012 dyn/cm2

@111#; LA D29 0.0 5.855~1! 3.458~1! 12.143~5!

D25 0.0 5.854~1! 3.457~1! 12.139~5!

X5
1
3(c1112c1214c44) D2 0.01105 5.851~1! 3.452~1! 12.136~5!

D28 0.456 5.748~1! 3.332~1! 12.150~10!
D24a 0.945 5.636~1! 3.203~1! 12.142~10!
D30 0.992 5.623~1! 3.188~1! 12.131~7!

D31 0.992 5.624~1! 3.189~1! 12.134~7!

@111#; TA D29 0.0 3.799~1! 1.455~1! 5.111~3!

X5
1
3(c112c121c44) D2 0.01105 3.793~1! 1.451~1! 5.100~3!

D30 0.992 3.648~1! 1.342~1! 5.107~5!

@001#; LA D29 0.0 5.522~1! 3.075~1! 10.799~5!

D25 0.0 5.521~1! 3.075~1! 10.798~5!

X5c11 D17 0.01105 5.520~1! 3.073~1! 10.804~5!

D28 0.456 5.422~1! 2.964~1! 10.810~10!
D24 0.945 5.317~1! 2.850~1! 10.806~10!
D30 0.992 5.304~1! 2.837~1! 10.793~7!

D31 0.992 5.302~1! 2.835~1! 10.786~7!

@110#; LA D29 0.0 5.773~1! 3.362~1! 11.806~5!

D1 0.01105 5.770~1! 3.358~1! 11.804~5!

X5
1
2(c111c1212c44) D30 0.992 5.545~1! 3.100~1! 11.796~7!

D31 0.992 5.545~1! 3.100~1! 11.796~7!

aPreviously believed to bex50.99 diamond.
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X~ iv !5
c112c121c44

3
.

V. DISCUSSION

In the theoretical approach formulated in Sec. II, a single
parameter, viz.,g1, controls all anharmonic effects. It is thus
of interest to establish the validity of the model in correlating
a variety of isotope related effects. In addition, it is worth
exploring the relevance of the model in accounting for other
phenomena in which anharmonicity plays a role.

~a! Lattice parameter and the anharmonicity constant. The
concentration dependent lattice parameter incorporating
zero-point motion in combination with anharmonicity, de-
duced from Eq.~22!, is

a~x!5a122
\g1

~6k1
3M12!

1/2F12SM12

Mx
D 1/2G ~29!

with Mx5(12x)M121xM13. A comparison of Eq.~29!
with the data of Holloway et al.14 for a(x) and
k153Ba54.763105 dyn/cm for natural diamond yields
g15(4.560.4)31014 erg/cm3. Yamanakaet al.39 have re-
cently reported results on a remeasurement of the influence
of isotopic composition on the lattice parameter of diamond.
Their data analyzed in the same manner yields
g15(4.760.4)31014 erg/cm3. The departure from the ex-
perimental linearx dependence ofa expected from Eq.~22!
is no more than 1025 Å in the range ofx50 to x51, i.e.,
well below the experimental error.

~b! Raman frequency as a function of concentration. From
Eqs. ~11! and ~16! the concentration dependence ofv0, the
zone center optical phonon frequency, within the virtual
crystal approximation is

v0~x!

v0~0!
5SM12

Mx
D 1/2F11

32\g1
2

81M12
3 v0~0!5 H 12SM12

Mx
D 1/2J G ,

~30!

keeping corrections to the second power ofg1 only.
As pointed out by Hasset al.17 and Spitzeret al.,18 the

isotopic disorder produces a phonon lifetime proportional to
x(12x) accompanied by a shift in the real part of the fre-
quency of the formCx(12x). The justification for this re-
sult is as follows. The deviation of the scattering potential
V12 or V13 from its average (12x)V121xV13 is
x(V132V12) in the vicinity of a 12C atom and (12x)
3(V122V13) around

13C. The average lifetime is then pro-
portional to @(12x)x21x(12x)2#(V132V12)

25x(12x)
3(V132V12)

2. The shift ofv0 follows from the Kramers-
Kronig relations and from its imaginary part~lifetime!.

We add, therefore,Cx(12x) to Eq. ~30!, whereC is an
adjustable parameter. The Taylor expansion of

v0~x!5v0~0!SM12

Mx
D 1/2F11

32\g1
2

81M12
3 v0~0!5 H 12SM12

Mx
D 1/2J G

1Cx~12x! ~31!

is consistent with Eq.~23! with C520.4 cm21. The neglect
of the second term in the square brackets of Eq.~31!, i.e., the
correction associated with zero-point motion, yields a~mar-

ginally! less satisfactory representation of the data. The ex-
perimental reports onv0(x) in the literature~Chrenko

16 and
Spitzeret al.18! are in general consistent with Eq.~23!. The
disorder-induced term in Eq.~31!, vanishes atx50 and
x51; the departure of v0(

13C)/v0(
12C) from

(M12/M13)
1/2, i.e., from VCA, is a measure of the contribu-

tion due to the zero-point motion. While VCA yields 1280.6
cm21 for v0(

13C), Eq.~31! predicts 1280.9 cm21 in reason-
able agreement with 1281.07 cm21 from the polynomial fit
to the Raman data, Eq.~23!.

~c! Elastic moduli. In Table II we display the results of the
Brillouin measurements for the four directions of phonon
wave vectors investigated. The squares of the velocity of
sound clearly show a decrease with increasing average mass.
The corresponding elastic moduliX are calculated according
to Eq. ~27!. An inspection of the last column of Table II
reveals, within the experimental accuracy, no systematic de-
pendence ofX on the isotopic composition. Thus a plot of
vs
2 as a function ofr21(x) should yield a straight line pass-

ing through the origin; indeed, such a representation of the
data can be used to detect anyx dependence ofci j . We
display such plots in Fig. 5 forq i @001# and@111#, yielding
^c11&510.798 and̂ c1112c1214c44&/3512.140, in units of
1012 dyn/cm2, respectively.

From the data obtained it is possible to determinec11,
c12, and c44 separately for x50.0, x50.011 05 and
x50.992. The results are displayed in Table III. From these
elastic moduli one can deduce the bulk modulus, the values
being given in the last column of Table III. The theoretical
prediction forB(x) is

B~x!

B~0!
5
a~0!

a~x! F11
\g1

2

8~2k1
5M12!

1/2H 12SM12

Mx
D 1/2J G

.110.0012x ~32!

FIG. 5. vs
2 vs r21(x) for longitudinal acoustic phonons travel-

ing along@001# and@111# in diamond specimens of varying isotopic
composition. Our data points are indicated by solid circles; the solid
line represents a linear least squares fit passing through the origin
@r21(x)50#. The data points from Tables II and IV of Hurleyet al.
~Ref. 44! are represented by open squares; the dashed line passing
through their data points is again a linear least squares fit passing
through the origin.
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with the values ofk1 andg1 used above. Thus the accuracy
of the present Brillouin measurements does not allow the
detection of; 0.1% increase inB expected from theory for
B(12C)/B(13C).

~d! Anharmonic effects. The Gru¨neisen parameter for the
zone center optical phonon of diamond, measured by
Parsons40 and by Grimsditchet al.,41 are 1.1960.09 and
1.0660.08, respectively. Within the theory presented in this
paper the Gru¨neisen parameter can be deduced as

g52
]~ lnv0!

]~ lnV!
52

] lnv0

]g1
F]~ lnV!

]g1
G21

5
64A2g1a
27Mv0

5 SBaM D 3/2.
~33!

Thus for diamondg54.2310215g151.9. While this value is
qualitatively consistent with that experimentally obtained,
the significance of the difference needs to be understood.

The thermal average of the displacementu in Eq. ~17!
yields the coefficient of volume thermal expansionb as

b5
1

V S ]V

]TD
P

5
g1kBA3
2k1

2a

~y/2!2

sinh2~y/2!
, ~34!

where

y5
\

kBT
S 8k1M D 1/2. ~35!

This yieldsb52.731026 K 21 at 1000 K. The linear ther-
mal expansion coefficienta has been measured by Slack
et al. 42 to be 4.431026 K 21 at 1000 K, which would imply
a volume expansion coefficient ofb513.231026 K 21. This
value is markedly higher than that predicted and calls for
investigation of other contributing factors.

The third-order bulk modulusB8 can be expressed in
terms of the anharmonicity parameterg1. We obtain

B85
dB
dP

52
V

B S ]B
]g1

D S ]V

]g1
D 21

5
g1

12A3B
5

g1a

4A3k1
54.9.

~36!

Assuming the bulk modulus to be a linear function of the
pressure, one obtains the Murnaghan equation of state

V0

V
5S 11P

B08
B0

D 1/B08, ~37!

whereB08 is the derivative of the bulk modulus with respect
to pressure, evaluated forP50. With the experimentally de-
termined value43 B0854.03 we conclude that the molar vol-
ume of 12C diamond equals that of13C diamond at zero
pressure whenP50.2 GPa. The bulk modulus of13C dia-
mond at zero pressure must equal that of12C diamond at 0.2
GPa. We thus conclude that

B~13C!2B~12C!

B~12C!
51.831023 ~38!

in reasonable agreement with our previous estimate using
Eq. ~32!.

VI. COMPARISONS WITH PREVIOUS WORK

~a! Elastic moduli of natural diamond. The elastic moduli
in Tables II and III must be compared with values in Refs. 7,
19, and 38. After accounting for the more accurate density
used in this paper~which introduces the factor of 1.000 94!
our present values are in excellent aggreement with those in
Refs. 19 and 38. Also, except for the value ofc11, they agree
with those in Ref. 7. Based on the reproducibility of our
current results on various samples we conclude that the
~density-scaled! value of c11 in Ref. 7 (10.77460.002)
should be superseded by 10.80260.005 obtained from Ref.
19 and this work. We also note that the accuracy ofc12 and
c44 in the present study is improved over that achieved in
Ref. 7 because the transverse modes were observed in a
backscattering geometry. The values forci j ’s in Table II for
natural diamonds are the most accurate to date.

~b! Elastic moduli of 13C diamond. The results in the
present paper must be compared with those of Refs. 19 and
46. In Ref. 19 theci j ’s of

13C diamond relied on what turns
out to be an overestimate ofx. Using the correctx, the values
in Ref. 19 incorporated in Table II show no effect due to
isotopic composition. In Ref. 19 it was also found that the
isotopic hardening could be understood on the basis of a
simple model. The theoretical estimate used in Ref. 19 was
based on a simplified model in which the atoms vibrate about
their equilibrium positions independently of one another, i.e.,
following the Einstein model including anharmonicity. The
calculation predicted correctly a linear decrease withx of the
lattice parameter, an increase inv0 over and above the
M21/2 dependence and an increase in the bulk modulus. In
the context of the present analysis of the isotope effects in
diamond, the previous approach overestimated theresidual
effects inv0(

13C) andci j ’s by a factor of;4.
Recently Hurleyet al.44 reported ultrasonic velocity de-

termination in isotopically controlled diamonds withx rang-
ing from ;0 to 0.99. They have measured the velocity of
longitudinal and transverse sound waves forq along@001# as
well as @111#. In Fig. 5 we also display the data of Hurley
et al.44 Their data would yield^c11&510.94431012 dyn/
cm2, when analyzed in the same manner as in this paper. For
q i @111# such an analysis does not appear reasonable in
view of the essential constancy ofvs in Table III of their
paper; the largec12 deduced by them forx50.99 in compari-
son to that for x;0, viz. 2.37931012 dyn/cm2 vs
1.25231012 dyn/cm2, respectively, arises in the main from
their vs

^111& for

TABLE III. Elastic moduli ci j and bulk modulusB of diamond~in units of 1012 dyn/cm2).

x Sample c11 c12 c44 B

0.0 D29 10.799~5! 1.248~10! 5.783~5! 4.432~8!

0.01105 D1, D2, andD17 10.804~5! 1.270~10! 5.766~5! 4.448~8!

0.992 D30 10.792~7! 1.248~14! 5.776~7! 4.429~12!
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x50.99. The nearly factor of 2 increase in the valuec12
reported by them, in contrast to the constancy withx ob-
served by us, is very puzzling.45 We also note here that,
contrary to the remark in Hurleyet al.,44 backscattering
along@111# allowsboth longitudinal and transverse acoustic
phonon modes to generate Brillouin components with rela-
tive intensities of (p112p1222p44)

2/(p1112p1222p44)
2,

wherep11, p12 and p44 are the elasto-optic constants. This
ratio can be deduced from Table I of Ref. 7 forq i @111#;
note the doubly degenerate transverse modes appear in par-
allel as well as in cross polarization, whereas the longitudinal
occurs only in the parallel polarization.

VII. CONCLUDING REMARKS

We have developed a model of anharmonic effects in tet-
rahedrally coordinated materials and used it to analyze the
effects of isotopic constitution on material parameters. The
model correctly accounts for the Gru¨neisen parameter of the
zone center phonon and the third-order bulk modulus. When
applied to the effects of zero-point motion, it predicts
changes in the lattice constant, frequency of the zone center
optical phonon, and elastic moduli.

Here we note thatV0 calculated from Eq.~11!, neglecting
4k2 in comparison tok1, is (8Ba/M )1/2, yielding 1336.8
cm21 for natural diamond, 507 cm21 for Si and 282 cm21

for Ge. These are to be compared to the experimentally ob-
served Raman shifts of 1332.4, 519, and 304.5 cm21, for

diamond, Si~Ref. 46!, and Ge~Ref. 47!, respectively. It thus
appears that the force constants for bond stretching dominate
those for bond bending.

The isotope effect on the lattice constant has been ob-
served by Hollowayet al.and is used to determine the single
anharmonicity parameter of the model (g1). The magnitude
of the resulting changes in Raman frequency and elastic
moduli lie just beyond the range of the Raman and Brillouin
experiments reported here.

The value ofa` in Eq. ~22!, the lattice parameter in the
absence of zero-point motion, obtained from a fit of the
variation of the lattice parameter withx, is 3.5542 Å. If
14C diamond could be synthesized, its lattice constant would
be 3.5662 Å, usingM14 for M ; the bulk modulus would not
significantly differ from that of diamond composed of stable
isotopes of carbon. The deviation ofv0 from theM21/2 de-
pendence is expected to be; 1 cm21 with respect to that of
12C diamond.
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