
Magnetoabsorption of large bipolarons

J. T. Devreese* and V. M. Fomin†

Universitaire Instelling Antwerpen, Departement Natuurkunde, Universiteitsplein 1, B-2610 Antwerpen-Wilrijk, Belgium
~Received 12 March 1996!

The magnetoabsorption of large bipolarons is investigated using the path-integral method. The response of
a bipolaron in a magnetic field to an external electromagnetic field is derived from a generalized anisotropic
modeling influence phase in the framework of the memory-function approach. The resulting magnetoabsorp-
tion spectrum of large bipolarons is presented for several values of the magnetic field. A general feature is that
this spectrum consists of a series of relatively narrow peaks. The peculiarities of the magnetoabsorption
spectrum of the bipolaron as a function of the frequency of the electromagnetic field are attributed to the
transitions involving scattering states of a bipolaron. The shape of the magnetoabsorption spectrum, due to free
polarons at lower magnetic fields, drastically changes at higher magnetic fields where bipolarons are stable.
@S0163-1829~96!03429-7#

I. INTRODUCTION

The transport properties of polar and ionic solids are sub-
stantially influenced by the polaron coupling. Large polarons
have been most clearly manifested by investigations of their
properties in magnetic fields~see the recent review on po-
larons in Ref. 1!.

Feynman, Hellwarth, Iddings, and Platzman2 ~FHIP! have
elaborated a framework allowing the analysis of the response
properties of a polaron to a constant electric field~the mo-
bility ! and to an electromagnetic field~the impedance func-
tion of its frequencyv), using a path-integral polaron
model.3 This result and related approximations allowed one
to explain the experimental results of Brown and
co-workers4 on alkali halides and silver halides, in the tem-
perature region where the electron–LO-phonon scattering is
the dominant process~at low temperaturesT,50 K the im-
purity scattering starts to prevail!. It was shown in Ref. 5
how the optical absorption of Fro¨hlich polarons, for all cou-
pling, can be calculated starting from the FHIP scheme. The
weak-coupling limit of the obtained absorption coefficient
coincides with the results by Gurevichet al.,6 whereas the
structure of the strong-coupling limit confirms the identifica-
tion of the internal polaron excitations by Kartheuseret al.7

Larsen8,9 has made important contributions to the theoreti-
cal study of polarons in magnetic fields. In particular, he
pointed out the level repulsion close to the crossing of levels
at vc5vLO (vc is the cyclotron resonance frequency, while
vLO is the frequency of longitudinal optical phonons! and the
pinning of Landau levels to the phonon continuum as
vc→`. The first indications for these phenomena were pro-
vided by measurements on InSb~Ref. 10! and CdTe.11 De-
tailed line shape studies for the weak coupling of the cyclo-
tron resonance, revealing a double-peak structure close to
vc5vLO , were displayed by Vigneronet al.

12 and indepen-
dently in Refs. 13,14.

In Ref. 15, the Feynman model of the polaron was gener-
alized to the case where a static external magnetic field was
applied. A quadratic, retarded model interaction was intro-
duced to simulate the polaron~retarded Coulomb! interaction

and, in analogy to the zero-magnetic-field case, the Jensen-
Feynman inequality was used as a working hypothesis. Most
of the existing theories of polarons in a magnetic field~de-
veloped by Hellwarth and Platzman,16 Marshall and
Chawla,17 Evrard et al.,18 and Lépine and Matz19! are ob-
tained as special cases of the results of Ref. 15. A question of
considerable significance concerns the validity of the Jensen-
Feynman inequality in the presence of a magnetic field~see
Refs. 20,21, Sec. 3.4 in Ref. 22 and Ref. 9 for the details!. A
generalization of the Jensen-Feynman inequality, which re-
mains valid in the case of a nonzero magnetic field, was
derived in Ref. 23. The conditions were determined to be
imposed on the variational parameters in the trial action, so
that the Jensen-Feynman inequality for a polaron in a mag-
netic field remains valid. The magnetoabsorption of polarons
analyzed compehensively in Ref. 24, both numerically and
analytically in a variety of limiting cases, leads to the best
quantitative agreement between theory and the more recent
precise cyclotron mass measurements in AgBr and AgCl by
Hodby et al..25 Like in the work in three dimensions~3D!,
the theory of cyclotron resonance in the two-dimensional
electron gas~2DEG!, for cases where the electron-phonon
interaction plays a significant role,26 is formulated using the
memory-function formalism.

A nice example, clearly demonstrating the polaron cou-
pling, is provided by the cyclotron resonance in the 2DEG
which naturally occurs in InSe wherea'0.3.27 Polaron cy-
clotron resonance has even been observed up to 220 K in
n-type ZnS by Miuraet al.28 A quantitative interpretation of
the cyclotron resonance measurements inn-GaAs and
AlGaAs-GaAs heterojunctions was obtained on the basis of
the polaron theory taking into account three factors: dimen-
sionality, band nonparabolicity, and screening.29 Impurity-
bound resonant magnetopolarons have been clearly observed
in bulk GaAs and GaAs-AlxGa12xAs multiple quantum
wells.30

When two electrons~or two holes! interact with each
other simultaneously through the Coulomb force and via the
electron-phonon interaction either two independent polarons
can occur or a bound state of two polarons — thebipolaron
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— can arise~see Refs. 31–36 on large bipolarons and a
compehensive review in Ref. 37 concerning small bipo-
larons!. Whether bipolarons are stable or not, depends on the
competition between the repulsive forces~direct Coulomb
interaction! and the attractive forces~mediated through the
electron-phonon interaction!. Verbist et al.34,35 analyzed the
large bipolaron using the Feynman path-integral formalism.
They introduced a ‘‘phase diagram’’ for the polaron-
bipolaron system on the basis of a generalization of Feyn-
man’s trial action and showed that a Fro¨hlich coupling con-
stant as high as 6.8 is needed in 3D to allow for bipolaron
formation. In Refs. 34,35 it was shown furthermore that the
large bipolaron formation is facilitated in 2D as compared to
3D. Experimental evidence for bipolarons, e.g., from the data
on magnetization and electric conductivity in Ti4O7 , as well
as in Na0.3V 2O5 and polyacetylene, is discussed by Mott.38

The optical and kinetic properties of polar and ionic solids
are influenced by the polaron coupling. There has been an
ongoing interest in the optical properties of large
polarons.6,2,7,5 Large polaron effects have been most clearly
revealed by investigations in magnetic fields.8,24,9 In the
framework of the renewed interest in bipolaron
theory,31–34,36,37an analysis of the absorption of large bipo-
larons without a magnetic field was given recently.39 The
present paper~see also Ref. 40! provides an investigation of
the optical absorption spectrum of large bipolarons in a mag-
netic field.

For this purpose, we have applied the method proposed to
describe transport phenomena by Thornber and Feynman41,42

in the framework of the path-integral formalism~see also an
alternative derivation in Ref. 43!, which was generalized and
used in Ref. 22 to investigate nonequilibrium and nonlinear
properties of polarons. In what follows we confine ourselves
to the spin-singlet states of a bipolaron. A variational treat-
ment of both spin-singlet and spin-triplet states of large bi-
polarons~in 2D! and for sufficiently strong coupling in high
magnetic fields has been presented elsewhere.44 The starting

point for the present study is the treatment of a bipolaron in
a magnetic field recently developed in Ref. 45 within the
framework of the path-integral theory for all values of the
Pekar-Fro¨hlich coupling constant and for all magnetic field
strengths. The path-integral approach for a bipolaron34 was
generalized to the case of a bipolaron in a magnetic field. It
was demonstrated in Ref. 45, that the magnetic field favors
bipolaron formation.

II. PATH-INTEGRAL APPROACH

The Lagrangian of a bipolaron subjected to an electro-
magnetic fieldE(t) ~which will be considered in the dipole
approximation! and to a constant magnetic field
B5(0,0,B) is

L5Lc~r1 ,r2 , ṙ1 , ṙ2 ,t !1Lp1Lc2p , ~1!

where the electrons, the phonon field and the electron-
phonon interaction are described by the Lagrangians

Lc~r1 ,r2 , ṙ1 , ṙ2 ,t !5 (
n51,2

Fmbṙn
2

2
1
e

c
r•A~rn!2ern•E~ t !G

2U~r12r2!, ~2!

Lp and Lc2p , respectively. Heremb denotes the electron
band mass; the vector potential describing the magnetic field
in the Coulomb gauge isA(r )5(B/2)(2y,x,0) and the po-
tential energy of the Coulomb repulsion isU(r )5U/ur u with
U[e2/«` .

The matrix elements of the nonstationary statistical opera-
tor of a singlet state of a bipolaron can be represented as22

^r1 ,r2urc@ t,t0 ,rc~ t0!#ur18 ,r2&5E dr10dr20dr108 dr208 G~r1 ,r2 ,r18 ,r28 ;tur10,r20,r108 ,r208 ;t0!^r10,r20urc~ t0!ur108 ,r208 &, ~3!

where the propagator is a multiple Feynman path integral over the pathsrn(u),n51,2, of both electrons,

G~r1 ,r2 ,r18 ,r28 ;tur10,r20,r108 ,r208 ;t0!5E
r10

r1E
r108

r18E
r20

r2E
r208

r28 )
n51

2

Drn~u!Drn8~u!expH i

\Et0
t

@Lc„r1~u!,r2~u!, ṙ1~u!, ṙ2~u!,u…

2Lc„r18~u!,r28~u!, ṙ18~u!, ṙ28~u!,u…#du1Fp@r1~u!,r2~u!,r18~u!,r28~u!,t,t0#J , ~4!
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and rc(t0) is the initial statistical operator of the electron
subsystem. The phonon influence phaseFp describes a re-
tarded interaction between electrons (n8Þn) or a retarded
self-interaction of each electron (n85n) due to the elimina-
tion of the phonon coordinates. It is given by

Fp@r1~u!,r2~u!,r18~u!,r28~u!,t,t0#

52 (
n,n851

2

(
k

uVku2

\2 E
t0

t

duE
t0

u

du8@eik•rn~u!2eik•rn8~u!#

3@Tvk
* ~u2u8!e2 ik•rn8~u8!2Tvk

~u2u8!e2 ik•r
n8
8 ~u8!#.

~5!

As is well known, the Fourier coefficient of the interaction
potential between an electron and the longitudinal optical
phonons of wave vectork and frequencyvk[vLO , for a
three-dimensional system of volumeV, is

Vk52 i
\vLO

k S 4pa

V D 1/2S \

2mbvLO
D 1/4, ~6!

with the Pekar-Fro¨hlich coupling constant

a5
e2

\c
A mbc

2

2\v LO
S 1«`

2
1

«0
D , ~7!

determined by the optical («`) and statical («0) dielectric
constants of the polar crystal. The memory function in Eq.
~5! in case of an equilibrium distribution is

Tvk
~u!5

cos@ ivk~u2 i\b/2!#

sinh@\uvkub/2#
, b5

1

kBT
. ~8!

Note that in the zero-temperature limit it follows that

limb→`Tvk
~u!5ei uvkuu. ~9!

The average kinetic momentum̂P(t)& of the two-
electron system as a whole is governed by the equation of
motion

d^P~ t !&
dt

522eE~ t !2
e

mbc
@^P~ t !&,B#1

]^P~ t !&
]t U

e-p

,

~10!

where the last term in the right-hand side is the ‘‘collision
integral’’ due to the electron-phonon interaction. Next we
perform a change of variables to a new frame of reference,

rn~u!5R~u!1rW ~u!, rn8~u!5R~u!1rW 8~u!, ~11!

and assume a steady state of the system41,22 (t0→2`). In
this case all operations in Eq.~3! concerning the initial state
are irrelevant, and the equation of motion for the vector func-
tion R(t), which is connected to the average kinetic momen-
tum as^P(t)&52mbṘ(t), takes the form

mb

d2R~ t !

dt2
1eE~ t !1

e

c FdR~ t !

dt
,BG5F~ t !, ~12!

where the force due to the electron-phonon interaction,

F~ t !5Re (
n,n851

2

(
k

uVku2k
\

3E
2`

t

dt8TvLO
~ t2t8!eik•@R~ t !2R~ t8!#

3^eik•@rWn~ t !2rW
n8
8 ~ t8!#&p , ~13!

is expressed in terms of the correlation functions

^eik•@rWn~ t !2rW
n8
8 ~ t8!#&p[E drW 1drW 2drW 10drW 20drW 108 drW 208 E

rW10

rW1E
rW108

rW1 E
rW20

rW2E
rW208

rW2 )
n51

2

DrW n~u!DrW n8
8 ~u!

3expH i

\Et0
t

@Lc„rW 1~u!,rW 2~u!,rẆ 1~u!,rẆ 2~u!,u…2Lc„rW 18~u!,rW 28~u!,rẆ 18~u!,rẆ 28~u!,u…#du

1Fp@rW 1~u!,rW 2~u!,rW 18~u!,rW 28~u!,t,t0#J eik•@rWn~ t !2rW
n8
8 ~ t8!#^rW 10,rW 20urc~ t0!urW 108 ,rW 208 &. ~14!

III. CORRELATION FUNCTIONS

In order to obtain the force given by Eq.~13!, we approxi-
mate the dynamics described by Eq.~14! by that correspond-
ing to the modeling of the electron-phonon interaction by an
interaction of two electrons with two fictitious particles as
recently derived in Ref. 45~see also Ref. 46!:

F~ t !5Re (
n,n851

2

(
k

uVku2k
\

3E
2`

t

dt8TvLO
~ t2t8!eik•@R~ t !2R~ t8!#

3^eik•@rWn~ t !2rWn8~ t8!#&M , ~15!
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where the correlation functionŝeik•@rWn(t)2rW
n8
8 (t8)#&M differ

from expression~14! because of the substitution of the exact
influence phase~5! by the model influence phaseFM . Since
the motions perpendicular and parallel to thez axis are inde-
pendent, the correlation functions decouple:

^eik•@rWn~ t !2rW
n8
8 ~ t8!#&M

5^eik'•@rWn~ t !2rW
n8
8 ~ t8!#&M^eiki•@rWn~ t !2rW

n8
8 ~ t8!#&M , ~16!

with k'5kxex1kyey ,ki5kzez . After introducing the normal
coordinates,45 the correlation functions entering~16! take the
form

^eik'•@rWn~ t !2rW
n8
8 ~ t8!#&M

5 K expH i kx2 @X~ t !2X8~ t8!#1 i
ky
2

@Y~ t !2Y8~ t8!#J L
M

3 K expH ~21!n21F i kx2 @x~ t !2~21!n821x8~ t8!#

1 i
ky
2

@y~ t !2~21!n821y8~ t8!#G J L
M

. ~17!

The generating functional of real-time correlation func-
tions for an equilibrium ensemble of the normal excitation
modes with eigenfrequencyv described by a statistical op-
eratorreq(t0), is given by41,22

K expH i E
t0

t

du@x~u!b~u!1b†~u!g~u!#J expH i E
t0

t

du@x8~u!b8~u!1b8†~u!g8~u!#J L
M

[TrTexpH i E
t0

t

du@2b†~u!vb~u!1x~u!b~u!1b†~u!g~u!#J req~ t0!T82K expH i E
t0

t

du@b8†~u!vb8~u!

1x8~u!b8~u!1b8†~u!g8~u!#J L
M

5expH 2E
t0

t

duE
t0

u

du8@x8~u!1x~u!#@Tv~u2u8!g8~u8!1Tv~u82u!g~u8!#J , ~18!

whereT is the chronological-ordering operator andT82 is
the antichronological-ordering operator which acts on the
primed operators. After rather lengthy algebra, this gives the
final result in a remarkably compact form:

^eik'•@rWn~ t !2rW
n8
8 ~ t8!#&M5^eik'•@rWn8~ t !2rW

n8
8 ~ t8!#&M5e2k'

2D~ t2t8!,
~19!

D~ t2t8![
1

4 H (
j51

7

l j
2@Tsj~0!2s j~n,n8!Tsj~ t2t8!#J ,

~20!

^eiki•@rWn~ t !2rW
n8
8 ~ t8!#&M5^eiki•@rWn8~ t !2rW

n8
8 ~ t8!#&M

5e2kz
2F~ t2t8!, ~21!

F~ t2t8!5
1

4 H 2 i ~ t2t8!
\W2

mbV1
2

12(
J51

3

LJ
2@TVJ

~0!2SJ~n,n8!TVJ
~ t2t8!#J ,

~22!

s j~n,n8!5H 1 if j51,2,3,

1 if j54,5,6,7 and n5n8,

21 if j54,5,6,7 and nÞn8,
~23!

SJ~n,n8!5H 1 if J51,

1 if J52,3 and n5n8,

21 if J52,3 and nÞn8.

~24!

The denotations for the eigenfrequenciessj , j51, . . . ,7,
and VJ , J51,2,3, and for the corresponding coefficients
l j and LJ are the same as in Ref. 45. The modessj ,
j51, . . . ,3, andVJ , J51,2, describe the center-of-mass
motion of a bipolaron in thexy plane and along thez axis,
respectively, while the modessj , j54, . . . ,7, andV3 de-
scribe the relative motions in a bipolaron. The motions of
electrons and fictitious particles in thexy plane, correspond-
ing to the normal modes with frequenciessj , j51, . . . ,7, of
a large-bipolaron model,45 are schematically represented in
Fig. 1. Note that the amplitudes of the fictitious particles for
the realistic values of parameters are two orders of magni-
tude smaller than those of the electrons, and are considerably
magnified in this figure.
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IV. RESPONSE OF A BIPOLARON
IN A MAGNETIC FIELD

Within the framework of linear-response theory, the ex-
pansion of the force~15! to first order inR(t) gives

F~ t !52E
0

`

dt9 Im$TvLO
~ t9!SI~ t9!%•@R~ t !2R~ t2t9!#,

~25!

with

SI~ t9!5 (
n,n851

2

(
k

uVku2k)~k
\

^eik•@rWn~ t !2rW
n8
8 ~ t2t9!#&M .

~26!

Performing now the Fourier analysis of Eq.~12!, we find the
dielectric permittivity at the frequencyv to be

«J~v!522e2Fmbv
2II2 i

e

c
vBI2TI~v!G21

, ~27!

whereII is the unit tensor,BI•v[@B,v#, and thememory ten-
sor is defined as

TI~v!5E
0

`

dt8~12eivt8! Im$TvLO
~ t8!SI~ t8!%. ~28!

The numerical analysis has shown that~26! is an oscillating
function of time. Therefore, in order to investigate its Fourier
spectrum, it is convenient to expand the correlation functions
~20! and~22! in powers of the oscillating exponentials enter-
ing the functionsTsj(t8),TVJ

(t8), namely,

e2k'
2D~ t2t8!5e2k'

2 D̄H )
j51

7

(
nj50

` J )
j51

7 F k'
2s j~n,n8!l j

2

4D̄

3Tsj~ t2t8!G nj , ~29!

D̄[
1

4 F (
j51

7

l j
2Tsj~0!G , ~30!

e2kz
2F~ t2t8!5e2kz

2
@ F̄2~1/4!i ~ t2t8!\W2/mbV1

2
#

3H )
J51

3

(
NJ50

` J )
J51

3 F kz2SJ~n,n8!LJ
2

2F̄

3TVJ
~ t2t8!GNJ, ~31!

F̄5
1

2 F (
J51

3

LJ
2TVJ

~0!G . ~32!

Then the integration with respect to time in the memory
tensor ~28! is performed analytically. Introducing a short-
hand denotation

(
$n,N%

[H )
j51

7

(
nj50

` J H )
J51

3

(
NJ50

` J , ~33!

we represent the result in the form

TM~6v!5
avLO

2 mbC

2A2pD̄AF̄ (
n,n851

2

(
$n,N%

S (
j51

7

nj D )
j51

7 S s j~n,n8!l j
2

4D̄
D nj

)
J51

3 S SJ~n,n8!LJ
2

2F̄
D NJ

3H E
0

`

dze2zz(
J51

3

NJ21/2F P
C~11( j51

7 nj1(J51
3 NJ!1z

2
P

C~16v1( j51
7 nj1(J51

3 NJ!1z
G

1 ipQF 2S 16v1(
j51

7

nj1 (
J51

3

NJ
D GexpFCS 16v1(

j51

7

nj1 (
J51

3

NJ
D G

3F 2CS 16v1(
j51

7

nj1 (
J51

3

NJ
D G(J51

3

NJ21/2J , ~34!

FIG. 1. Scheme of the motions of electrons~denoted asd) and
fictitious particles (h) in thexy plane, corresponding to the normal
modes with frequenciessj , j51, . . . ,7, of alarge bipolaron model
~Ref. 45!. The amplitudes of the fictitious particles, which for the
realistic parameters are two orders of magnitude smaller than those
of electrons, are shown magnified.
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Ti
M~6v!5

avLO
2 mbC

2A2pF̄3/2 (
n,n851

2

(
$n,N%

)
j51

7 S s j~n,n8!l j
2

4D̄
D nj

)
J51

3 S SJ~n,n8!LJ
2

2F̄
D NJ

3H E
0

`

dzE (
j51

7
nj
S D̄
F̄

zD e2zz(
J51

3

NJ11/2F P
C~11( j51

7 nj1(J51
3 NJ!1z

2
P

C~16v1( j51
7 nj1(J51

3 NJ!1z
G

1 ipQF2S 16v1(
j51

7

nj1 (
J51

3

NJD GE (
j51

7
nj
F2

D̄

F̄
CS 16v1(

j51

7

nj1 (
J51

3

NJD G
3expFCS 16v1(

j51

7

nj1 (
J51

3

NJD GF2CS 16v1(
j51

7

nj1 (
J51

3

NJD G (
J51

3
NJ1

1
2J , ~35!

T'
M5

TM2Ti
M

2
, ~36!

En~x!5E
0

`

dke2k
kn

k1x
. ~37!

HereC5 4F̄V1
2/W2 , Q(x) is Heaviside function, andP de-

notes the principal value of the integral.
The resulting expression for the magneto-optical absorp-

tion obtained from the imaginary part of the dielectric per-
mittivity ~27! is, e.g., for the Faraday-active configuration

«9~v!;2
1

2

ImT~v!/v

@v2vc2 ReT~v!/v#21@ ImT~v!/v#2
,

~38!

wherevc5eB/(mbc) is the cyclotron frequency andT(v) is
the xx component of the memory tensor~28!. This formula
has been deduced and used for the investigation of the opti-
cal absorption of polarons in Ref. 5.

V. DISCUSSION OF THE MAGNETOABSORPTION
SPECTRA: CONCLUSIONS

In this section the bipolaron magnetoabsorption spectrum
as a function of the magnetic field is analyzed and compared
with that of free polarons~see Figs. 2 to 7!. Note that the
caseT50 is considered here.

As shown in Fig. 2, ata56.8 andU/a5A2 the ground-
state energy of the bipolaron is lower than that of a system of
two free polarons above a critical value of the cyclotron fre-
quency vc

crit50.1985. The above choice of the ratio
U/a5A2 is due to the fact that in the diagram representing
a dimensionless (\5v LO5mb51) repulsionU versus a
coupling constanta, the lineU5A2a separates the physical
regionU>A2a from the nonphysical one.34,35 The subse-
quent figures show how the magnetoabsorption spectrum of
a bipolaronwhich exists forvc.vc

crit changes into that spe-
cific for free polarons, i.e., forvc,vc

crit .

A representative example of the magnetoabsorption spec-
trum of bipolarons in a magnetic field calculated from Eq.
~38! for the above-mentioned parametersa56.8 and
U/a5A2 for the Faraday-active configuration at zero tem-
perature is displayed in Figs. 3~a! and 3~b!. A general feature
is that this spectrum consists of a series of relatively narrow
peaks reflecting the extrema of the imaginary part of the
memory function represented in Fig. 3~c!, which are espe-

FIG. 2. Ground-state energies of a bipolaron~solid line! and of
free polarons~dashed line!, calculated according to the model~Ref.
45! for a56.8, U/a5A2, andT50, plotted versus a magnetic
field. The point of crossing of these curves is indicated by an arrow.
In the region to the right from this crossing point, a bipolaron state
is the ground state of the system.
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cially strongly manifested in the neighborhood of the zeros
of the real part of the memory function given in Fig. 3~d!.
@The magnetoabsorption spectrum of bipolarons for the
Faraday-inactive confuguration reveals the general feature
similar as for the Faraday-active configuration; cf. Figs. 5~a!
and 5~b!.#

This is clear from the structure of the denominator in the
right-hand side of Eq. ~38!: @ ImT(v)/v#/$@v2vc
2 ReT(v)/v#21@ ImT(v)/v#2%. Indeed, a specific feature
of the bipolaron problem is that the values of ReT(v)/v are
as a rule very large in comparison with the values of differ-
ence v2vc characteristic for the experimental situation.
Therefore, the above expression is small in general. The
physical reason of this behavior may be attributed to the fact
that themultiphonon processesare taken into account in
T(v). For those values of the coupling constant which are
relevant for the bipolaron stability region, these multiphonon

processes make both real and imaginary parts of the memory
tensor large. This means a shift of the resonance condition
for the absorption to higher values of the frequency than the
cyclotron frequency. The energy of a photon according to the
respective criterionv5vc1 ReT(v)/v should be enough
to assure not only a cyclotron transition~which would be the
case in the absence of the electron-phonon interaction!, but
also those multiphonon transitions which are the most prob-
able for a given value of the coupling constant.

Only in the vicinity of the zeros of the real part of the
memory function~where the zero-phonon processes occur to
be the most probable! does the term @v2vc
2 ReT(v)/v#2 cease to be dominant over@ ImT(v)/v#2,
and hence an appreciable absorption appears in these re-
gions. As a consequence, for a fixed value of the cyclotron
frequency the resulting peaks of bipolaron absorption are
separated from each other by rather large spectral intervals

FIG. 3. Absorption spectrum of a bipolaron in a magnetic field fora56.8,U/a5A2, andvc50.20 atT50: a large-scale view~a! and
a magnified part with the peaks having the highest oscillator strength~b! for the Faraday-active configuration; imaginary and real parts of the
memory function are shown in panels~c! and ~d!, correspondingly. The contributions of the internal excited states of a bipolaron with
( j51
7 usj u1(J51

3 VJ<6 are displayed. The calculation was performed with the following eigenfrequencies of a large bipolaron model~Ref.
45!: us1u57.566 24,us2u50.005 769 74,s357.372 01,us4u54.452 86,us5u50.676 539 4,s6 50.652 734,s7 54.265 52,V157.465 52,
V2 54.357 90, andV3 50.659 076. The inset in panel~a! represents the initial part of the magnetoabsorption spectrum nearv/vLO51,
where the arrow ‘‘0’’ indicates the frequency of the scattering state with one-quantum excitation of a bipolaron 11us2u. The arrows in panel
~b! indicate the frequencies related to the scattering states with one-quantum excitations of a bipolaron 11s3 ~1!, 11V1 ~2! and 11us1u ~3!
as well as with many-quantum internal excitations of a bipolaron 11s31nus2u ~1n), 11V11nus2u (2n), and 11us1u1nus2u (3n),
n51, . . . ,5.
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with no appreciable absorption; see, e.g., Figs. 3~a! and 3~b!.
The set of quantum numbers characterizing the internal

oscillatorlike excitations of a bipolaron in a magnetic field
~namely, nj , j51, . . . ,7, for theeigenfrequenciessj and
NJ , J51,2,3, forVJ , respectively! can serve as a conve-
nient basis to classify the spectral lines related to the scatter-
ing states. The most important conclusions of the classifica-
tion of the bipolaron magnetoabsorption spectrum,
as calculated here@see, e.g., Figs. 3~a! and 3~b!#, are the
following.

The absorption spectral component starting at
v/v LO51 @see the inset to Fig. 3~a!# describes a sideband
due to the emission of one LO phonon and is referred to the
scattering states with no internal bipolaron eigenmodes ex-
cited (( j51

7 usj u1(J51
3 VJ50). This initial part of the bipo-

laron magnetoabsorption spectrum has been displayed and
discussed in detail in the previous work~Ref. 40!. The tran-
sitions to the scattering states of a bipolaron with the fre-
quencies 11nus2u involving the internal excitations of the
smallest frequency (us2u) lead to a peak of absorption which
is shown in the inset to Fig. 3~a!. Similar to the polaronic
absorption, this peak could be argued to be due to a transi-
tion into a relatively stablerelaxed excited state5 of a bipo-
laron. The broader magnetoabsorption structure revealed to
the right from this peak can be probably attributed to the

Franck-Condon transitions analogously to the similar struc-
ture in the case of polarons.5 However, this analogy should
be applied very cautiously because of a much more compli-
cated energy spectrum of a magnetobipolaron as compared
to a magnetopolaron.

The internal excited states of a bipolaron in a magnetic
field manifest themselves first via the peculiarities of the
imaginary part of thexx component of the memory tensor.
For example, this takes place for the transitions to the scat-
tering states with one-quantum internal excitations of a bipo-
laron involving four following eigenmodes describing those
degrees of freedom of a bipolaron in a magnetic field which
relate to thecenter-of-mass motion of the bipolaron, in the
xy plane, 11us2u51.005 77@shown by arrow ‘‘0’’ in the
inset to Fig. 3~a!#, 11s358.372 01, and 11us1u58.566 24
@see arrows ‘‘1’’ and ‘‘3’’ in Fig. 3~b!# as well as in thez
direction, 11V158.468 42@marked by arrow ‘‘2’’ in Fig.
3~b!#, due to the selection rules valid in the framework of the
dipole approximation for the electromagnetic field.

Note that at the pointsv511usj u, j51,2,3, the absorp-
tion according to Eq.~38! tends to zero because of the diver-
gence of the imaginary part of thexx component of the
memory tensor as 1/Av212usj u. As distinct from these
cases, the imaginary part of thexx component of the

FIG. 4. Absorption spectrum of free polarons in a magnetic field fora56.8,U/a5A2, andvc /vLO50.19 atT50. Denotations are the
same as in Fig. 3. The calculation was performed with the following eigenfrequencies of a large bipolaron model~Ref. 45!:
us1u5us4u55.65, us2u5us5u50.0165,s35s755.48, s6→0, V15V255.55, andV3→0.
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memory tensor tends to zero asAv212V1 for the peak
related to the eigenfrequencyV1 .

It is worth mentioning that in the above-discussed transi-
tions to the scattering states with one-quantum internal exci-
tations of a bipolaron, the eigenmodes related to therelative
motions~i.e., transitions involving one of the other six eigen-
frequencies, 11us4u55.452 86, 11us5u51.665 394, 11s6
51.652 734, 11s755.265 52, 11V255.357 90, and
11V351.659 076) reveal no direct contribution to the mag-
netoabsorption. But they play an important role in producing
the combinatorial absorption peaks due to the scattering
states involving many-quantum excitations of a bipolaron, as
discussed below.

The scattering states due to two-quantum internal excita-
tions of a bipolaron manifest themselves for all eigenfre-
quencies, because they are not subjected to selection rules
similar to those which have been stated above in connection
with the one-quantum excitations. E.g., the peaks in Fig.
3~a!, remarkable for the highest oscillator strength, are in the
vicinity of the points 112s652.305 47, 11us5u1s6
52.318 13, 11s61s755.918 25, 11us5u1s755.930 91,
11s61V256.010 63, 11us5u1V256.023 29, 11us4u
1us5u56.118 25, 11us2u1s358.377 78, 11us2u1V1

58.474 19, 11us1u1us2u58.572 01, 112s759.531 04,
11s71V259.623 42, 112V259.715 80, 11us4u1s7
59.718 38, and 11us4u1V259.810 76. Again, analo-
gously to the polaronic absorption, these resulting peaks can
be thought of as a manifestation of transitions into relatively
stable relaxed excited states5 of a bipolaron. Analysis of
these peaks leads to a conclusion that for the modes related
to thecenter-of-mass motionsin a bipolaron, the transitions
to the scattering states involving the two-quantum excitations
have, as a rule, oscillator strength one or even more orders of
magnitude smaller than the transitions due to the one-
quantum excitations.

All the other magnetoabsorption lines are revealed to be
at the frequencies which are close to the combinations of the
eigenfrequencies of a bipolaron in a magnetic fieldusj u
and/orVJ .

The oscillator strength of the absorption peaks assisted by
many internal excitations of a bipolaron rapidly decreases
with increasing number of quanta participating in the absorp-
tion process, when this number is high.

Even a small change of the magnetic field which corre-
sponds to a shift of the electron cyclotron frequency from
vc50.20 tovc50.19 makesfree polaronsto be the ground

FIG. 5. Absorption spectrum of a bipolaron in a magnetic field fora56.8, U/a5A2, andvc50.30 atT50. Denotations are the same
as in Fig. 3. The calculation was performed with the following eigenfrequencies of a large bipolaron model~Ref. 45!: us1u57.620 48,
us2u50.008 560 94,s357.329 04, us4u54.499 12, us5u50.668 715,s6 50.649 960,s7 54.217 88,V157.473 17,V2 54.355 61, and
V3 50.659 365.

54 3967MAGNETOABSORPTION OF LARGE BIPOLARONS



state of the system instead of thebipolaron state~see Fig. 2
and discussion at the beginning of the present section!.
Hence, this shift drastically changes the eigenfrequencies of
the ground state of the absorbing system as compared to
those of a bipolaron. Some of them become degenerate
~namely, us1u5us4u,us2u5us5u,s35s7 ,V15V2), while the
others tend to zero (s6→0,V3→0). This results in the mag-
netoabsorption spectrum due to the free polarons, shown in
Figs. 4~a! and 4~b! for the Faraday-active configuration and
for the Faraday-inactive confuguration, respectively. This
spectrum, investigated in depth in Ref. 15, manifests striking
differences from the above-discussed bipolaron magnetoab-
sorption spectrum. For the sake of comparison, the imagi-
nary and real parts of the memory tensor due to the free
polarons are displayed in Figs. 4~c! and 4~d!, correspond-
ingly.

The first broad absorption peak in Fig. 4~a! corresponds to
the scattering state of a free polaron with
11us2u51.016 52, and the many-quantum satellites, while
the second narrow peak atv52.98 can be presumably inter-
preted to be due to a relaxed excited state of a polaron. The
next absorption peaks of free polarons are in the spectral
regionswhere there is no absorption due to bipolarons@e.g.,
compare Figs. 3~a! and 4~a!#. Namely, the third broad peak

originates from a set of numerous transitions assisted by the
scattering states of a free polaron starting with
11s756.475 55, many-quantum transitions included. It is
followed by the fourth narrow peak atv57.00 which can be
as above referred to a relaxed excited state of a polaron.
Finally, the next series of three high-frequency absorption
peaks starts with 112s7511.951 10.

If the magnetic field increases, so that the electron cyclo-
tron frequency becomes substantially larger thanvc

crit , the
spectra of bipolaronic magnetoabsorption reproduce all the
qualitative features which were discussed above; see, e.g.,
Figs. 5~a! – 5~d! for vc50.3. On the other hand, if the
magnetic field decreases, so that the electron cyclotron fre-
quency becomes much smaller thanvc

crit , the spectra of
magnetoabsorption due to free polarons also retain all the
aforementioned qualitative features; see, e.g., Figs. 6~a!–
6~d! for vc50.09.

Figures 7~a!–7~d! display a comparison of magnetoab-
sorption due to bipolarons for the Faraday-active configura-
tion as well as related components of the memory tensor in a
restricted spectral region forvc50.2 andvc50.3. They pro-
vide also evidence for the fact that the oscillator strength of
the absorption peaks due to transitions to many-quanta scat-

FIG. 6. Absorption spectrum of free polarons in a magnetic field fora56.8,U/a5A2, andvc50.09 atT50. Denotations are the same
as in Fig. 3. The calculation was performed with the following eigenfrequencies of a larghe bipolaron model~45!: us1u5us4u55.58,
us2u5us5u50.008, s35s755.50, s6→0, V15V255.54, andV3→0.
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tering states quickly decreases with increasing number of
internal excitations of a bipolaron taking part in the absorp-
tion process, when this number is high. In such a way, a set
of satellite sidebands of each peak due to the low-quanta
transition appear.

Thus, we have shown that when the magnetic field is
increased, a radical change of the magnetoabsorption spec-
trum shape occurs, namely, from that due to free polarons at
lower magnetic fields~so thatvc,vc

crit) to another one spe-
cific for bipolarons at higher magnetic fields~when
vc.vc

crit). Such experiments on magnetoabsorption might

give a crucial insight into the physics of large bipolarons in
magnetic fields.
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