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We calculate the inelastic x-ray scattering phonon line shape in ice. The interaction between molecules is
described by the simple point charge potential, averaged over different relative orientations of the molecules.
We investigate different mechanisms that can broaden the phonon lines. We find that bond disorder only gives
a small contribution to the linewidth. Anharmonicity, on the other hand, gives significant broadening of the
phonon peak, and the variation of the width as a function of momentum transfer is in qualitative agreement
with experiment.@S0163-1829~96!06729-X#

In a recent series of experiments Sette, Ruocco, and co-
workers measured the dynamic structure factor in water and
in ordinary ice~ice Ih! by means of inelastic x-ray scattering
~IXS! with very high energy resolution.1,2 This technique has
some clear advantages over inelastic neutron scattering3,4

~INS! in the study of these systems. IXS is not subject to the
same kinematic constraints as INS. Therefore one gets access
to a larger domain of momentum transfer-energy (q,v)
space, the dynamic structure factor can be measured in a
more direct way, and maybe most importantly, results from
the liquid and the solid can be compared directly. The most
striking experimental findings are the following:1,2 ~i! The
speed of sound in water and in ice is nearly the same when
uqu* 3 nm21. This speed is typically twice that of long-
wavelength hydrodynamic sound in water.~ii ! This fast-
sound propagation involves center-of-mass motion of the
molecules in the liquid.~iii ! There is an almost steplike in-
crease of the phonon peak width atuqu' 7–8 nm21 by about
6–7 meV@full width at half maximum~FWHM!#, in both ice
and water.~iv! In the ice spectra, an extra peak shows up at
low energy foruqu* 10 nm21.

In the following, we calculate inelastic x-ray scattering
spectra for ice by employing a simple model for the
molecule-molecule interaction. The main objective is to at-
tempt an explanation of the broadening of the phonon peaks.
To this end we study the effects of anharmonicity and the
disorder that is inherently present in ice. Anharmonicity is
important because the molecule-molecule interaction is the
sum of two different contributions: a Lennard-Jones~LJ!
term which is strongly repulsive at the equilibrium intermo-
lecular distance and an attractive electrostatic interaction.
The resulting potential is rather asymmetric with respect to
the equilibrium configuration, and hence anharmonic. The
disordered variations in the electrostatic interaction result
from the fact that the H atoms can be oriented in different
ways around an O atom.

We find that anharmonicity typically gives an appreciable
broadening of the phonon peak foruqu; 8 nm21 or larger.
At these q one starts to excite phonons that are sensitive to
the anharmonic part of the interaction. Thus the trend is the
same as in the experiments, but the increase in width is more
abrupt there. The effects of disorder are in contrast less im-
portant.

The inelastic x-ray scattering rate per unit energy and
solid angle is related to the molecular density-density corre-
lation function
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Here r 0 is the Thomson radius, ande i ande f are the polar-
ization vectors of the incident and outgoing photons, respec-
tively. The molecular form factor is denotedf (q), andA is
the sample area. Since the average recoil energy\2q2/2M is
of the order 0.1 meV while the typical phonon energy is of
order 10 meV, it suffices to consider one-phonon processes.
This yields
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whererM is the mass density,L the sample thickness,M the
molecule mass,e22W a Debye-Waller factor, andn(v) a
Bose occupation number. The sum runs over the phonon
modes. The coupling factorgll8 depends on the phonon
eigenvectorselaq0
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Here a and b denote the degrees of freedom of the mol-
ecules in the unit cell,q0 lies in the first Brillouin zone,G is
a reciprocal lattice vector, andq5 q01G. The retarded and
advanced phonon Green’s functions are found from the
Dyson equation
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The bare Green’s function for undamped phonons is
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The self-energySll8 takes into account scattering processes
due to disorder and anharmonicity~see below!.

The structure of ordinary ice~ice Ih! is illustrated sche-
matically in Fig. 1.5,6 The O atoms occupy the lattice sites of
a wurtzite structure. Each O atom has four nearest-neighbor
oxygens situated 2.77 Å away at the corners of a tetrahe-
dron. Between each pair of oxygens there isoneH atom at a
distance 1 Å from one of them, and each O has two H’s
next to it, but apart from this the exact arrangement of the H
atoms is arbitrary.

We calculate the phonon frequencies and eigenvectors us-
ing the simple point charge~SPC! intermolecular potential.7

It is a sum of Coulomb potentials acting between effective
charges at the O and H atoms ofdifferentmolecules, and a
LJ potential acting between the O atoms,
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The parameter values areqH50.41, qO520.82, ELJ56.74
meV, ands53.17 Å . Thus, the LJ radiuss is considerably
larger than the O-O distance; in equilibrium there is a bal-
ance between the repulsive LJ interaction and the effectively
attractive electrostatic interaction. We only include the com-
pletely dominating nearest-neighbor interactions, and aver-
ageVSPC over the different possible orientations of a mol-
ecule. At the same time we neglect molecular rotations,
which is reasonable because the hindered rotation frequen-
cies lie above the range of immediate interest. Furthermore,
rotational motion couples very weakly to x rays.

The resulting dispersion relations along they andz axes
are shown in Fig. 2. In general, the calculation overestimates
somewhat the phonon frequencies compared with experi-

ment and calculations designed to fit the dispersion relations
to experiment.2,4,8–10However, the frequencies decrease to
some extent when anharmonicity is taken into account;
moreover, the present study aims at finding trends rather than
exact numbers so that the agreement is satisfactory.

The thin curves in Figs. 3 and 4 show calculated IXS
spectra for aharmonic crystal. At long wavelengths the
dominant peak in the spectrum comes from the LA mode. In
this caseq5 q0 and the couplinggll8 is significant only for
modes where the molecules in the same unit cell move in
phase. With increasing momentum transfer, shorter-
wavelength phonons are excited. However, in certain direc-
tions and for large enoughuqu, it becomes again possible to
excite the LA phonon. For a simple illustration take
q'2Gẑ, whereG53p/4d. The contributions from the four
molecules in the unit cell~cf. Fig. 1! add up constructively in
Eq. ~3!, resulting in a sharp peak at low energy. This phe-

FIG. 1. Structure and simple vibrations of hexagonal ice. The O
atoms occupy the sites of a wurtzite structure~hexagonalxy planes
stacked in order . . . ABBA . . . !. The distance between O atoms is
d52.77 Å anda5A8/3d54.52 Å. The eigenvectors, at the zone
center, of the nondegenerate vibrations~longitudinal in thez direc-
tion! are shown. Their dynamics and frequencies~see Fig. 2! can be
understood in terms of strong~upright bonds! and weak~splayed
bonds! springs connecting the different planes.

FIG. 2. Phonon dispersion relations in they (GM) and z
(GA) directions, respectively. The symmetry of the vibrations at the
zone center is indicated; cf. Fig. 1 and Ref. 8.

FIG. 3. Inelastic x-ray scattering probability as a function of
energy loss withq, given next to the curves, in they direction. The
thin curves were calculated within the harmonic approximation. A
phenomenological peak width of 2 meV (2\d) accounts for the
experimental resolution. The thick curves show the results of cal-
culations including effects of anharmonicity and disorder. The tem-
perature was 250 K.
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nomenon shows up foruqu512 nm21 in Fig. 3. In directions
of lower symmetry transverse optical~TO! phonons can also
be excited whenq lies outside the first Brillouin zone, and is
aligned with the eigenvectorela q0

(q05 q2G). This
yields the extra peak in the experimental spectra at
\v;7–8 meV.2,11 In Fig. 4 low-frequency peaks due
to both LA and TO modes occur for q516
nm21.

We begin the discussion of broadening mechanisms by
looking at the bond disorder inherently present in ice. This
leads to variations in the electrostatic interaction between
different pairs of molecules depending on their relative ori-
entation. In a certain configuration, there are consequently
interactions that mix the phonon modes calculated with an
orientation-averaged potential. We take these effects into ac-
count by evaluating the disorder contribution to the phonon
self-energy within the Born approximation. This yields

Sll8
R,A

~q,v0!5
nc

21

4M2VBZ
(
c,l1

E d3q1Wll1

c ~q,q1!

3Wl8l1

c* ~q, q1!G q1l1

~0!R,A~v0!, ~6!

where nc is the number of configurations and the matrix
elementsWll1

c (q, q1) depend on the change in the dynami-
cal matrix when the average charge configuration of two
molecules is replaced by a real one labeled byc. The
FWHM broadening of a phonon peak,22ImSll

R /vl , is
typically less than 0.5 meV;12 in some cases, for largeuqu, it
is somewhat larger. Anyway, disorder alone cannot explain
the behavior of the linewidth found experimentally. This re-
sult should be rather robust to details in the model potential
because the strength of the disorder is in the end a function
of the dipole moment of the H2O molecule, which is fairly
well known.

Consider now the more important effects of anharmonic-
ity. Expanding the potential energy of the crystal to third
order, and evaluating the corresponding lowest-order contri-
bution to the phonon self-energy yields13,14
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, i , j , and l run over the

N unit cells of the crystal, andVtot is the total potential
energy. In the calculations we set the phenomenological
damping\d51 meV. The different terms of Eq.~7! describe
decay of a phonon into two, collision of a phonon with a
thermally excited one, and events in which two thermally
excited phonons merge into one. The latter type of process is
important for anti-Stokes scattering in which the x ray gains
energy. Since the combination of Eqs.~7! and~4! only gives
a perturbative result, it is useful to have a check, such as the
f -sum rule,13 on the results. In general it is satisfied to within
7–8 % in our calculations. Finally, one should keep in mind
that the above self-energy is rather sensitive to details in the
interaction potential as it involves third derivatives.

Figures 3 and 4 show calculated results; for comparison

we display results with and without effects of anharmonicity
and disorder. In Table I we list experimental and theoretical
FWHM linewidths. For smalluqu, the major effect of the
anharmonicity is to shift the resonance towards lower energy
by about 1 meV; the linewidth is almost unchanged. Once
q lies in the next Brillouin zone, the phonon peaks are
broader, and the extra width caused by anharmonicity is typi-
cally 2–3 meV. The calculated widths vary more with the
direction than the experimental ones; for example, withq
close to thez direction they are of the same size as in the
experiment, but then perturbation theory is also about to
break down. The only feature that is significantly affected by
disorder is the high-frequency peak for 16 nm21 in Fig. 4,
where the disorder and anharmonicity contributions to the
width are of similar strength.

FIG. 4. Same as Fig. 3, but withq in the yz plane making a
20° angle with they axis. The left part of the spectrum for
uqu516 nm21 has been multiplied by 0.25.
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The basic reason for the increase of the calculated
linewidths is that optical phonons are more anharmonic than
acoustic ones. The restoring force that gives an acoustic pho-
non is usually the sum of contributions from several weak
springs~i.e., splayed bonds!. In this case anharmonic effects
do not play an important role. For an optical phonon, most of
the restoring force instead typically comes from one strong
spring. Thus considering a wave vector near the zone edge,
the restoring forces and frequencies of acoustic and optical
phonons may be nearly equal, yet the optical mode is much
more affected by anharmonicity since it involvesrelative
motionof moleculesparallel to the bond axis. Consequently
the phonon peak broadens considerably over a narrow range
of momentum transfers near the Brillouin zone edge.

Comparing experiment and theory, we see that the
linewidths differ in absolute numbers, but have one very im-
portant feature in common, namely, the marked increase at
uqu' 8 nm21. We think that this qualitative result is suffi-
ciently independent of details in the potential that we can
conclude that anharmonicity plays an important role as a
broadening mechanism. Nevertheless, the large experimental
linewidths suggest that some other mechanism may be im-
portant as well. Since the broadening due to anharmonicity
varies approximately linearly with temperature, measure-
ments at lower temperatures could clarify the situation con-
siderably.

In summary, we have presented a theoretical study of
mechanisms that can broaden the phonon peaks in inelastic
x-ray scattering spectra of ice. The results show that the in-
trinsic disorder present in ice does not play a primary role.
Anharmonicity, on the other hand, gives a broadening of' 3
meV that typically appears for momentum transfersuqu*8
nm21, i.e., when q goes outside the first Brillouin zone,
thus the same trend as is observed experimentally. This be-
havior results from the fact that optical phonons are more
affected by anharmonicity than acoustic ones. Finally, we
note that the increase in linewidth occurs at length and time
scales where the differences between ice and water are not so
essential. It is likely that the same mechanism or mecha-
nisms cause the broadening in both cases.

I thank F. Sette and G. Ruocco for very useful discus-
sions about their experiment, and M. Altarelli for valuable
comments on the manuscript.
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TABLE I. Experimental and theoretical linewidths. The experi-
mental values correspond to the Lorentzian fits made to the phonon
peak~in single-crystal samples! in Ref. 2. The resolution,' 3 meV,
has been subtracted. To get a relatively unambiguous theoretical
width we use the anharmonicity contribution to22ImSll

R /vl cal-
culated at the peak frequency for the mode with the largestgll .
The peaks in the figures are wider because of the phenomenological
broadening and sometimes two modes with almost equal frequen-
cies are excited.

uqu ~nm21) 4 6 8 10 12

Experiment 0.5 1 8 7 9
Theory (q as in Fig. 3! 0.25 0.71 3.3 4.2 1.9
Theory (q as in Fig. 4! 0.27 0.66 1.5 1.6 2.6
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