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Theory of inelastic x-ray scattering by phonons in ice

Peter Johansson
European Synchrotron Radiation Facility, B@iPostale 220, F38043 Grenoble, France
(Received 25 March 1996

We calculate the inelastic x-ray scattering phonon line shape in ice. The interaction between molecules is
described by the simple point charge potential, averaged over different relative orientations of the molecules.
We investigate different mechanisms that can broaden the phonon lines. We find that bond disorder only gives
a small contribution to the linewidth. Anharmonicity, on the other hand, gives significant broadening of the
phonon peak, and the variation of the width as a function of momentum transfer is in qualitative agreement
with experiment[S0163-1826)06729-X]

In a recent series of experiments Sette, Ruocco, and co- The inelastic x-ray scattering rate per unit energy and
workers measured the dynamic structure factor in water andolid angle is related to the molecular density-density corre-
in ordinary ice(ice Ih) by means of inelastic x-ray scattering lation function
(IXS) with very high energy resolutioh? This technique has )
some clear advantages over inelastic neutron scatféring dp :ir_°|€ c&|2[f(q)?

(INS) in the study of these systems. IXS is not subject to the d(hw)dQ A 21" q

same kinematic constraints as INS. Therefore one gets access - dt

to a larger domain of momentum transfer-energy «) xf —(p(q,t) p(—q,0)et. (1)
space, the dynamic structure factor can be measured in a —w27h

more di_rect way, and_ maybe most importar_nly, results fr0m|_|erer0 is the Thomson radius, and and e; are the polar-

the liquid and the solid can be compared directly. The mosf,4tion vectors of the incident and outgoing photons, respec-

striking experimental findings are the followidd: (i) The tively. The molecular form factor is denotdda), and A is

speed of sound in water and in ice is nearly the same wheghe sample area. Since the average recoil enkfqg/2M is

lg[= 3 nm™*. This speed is typically twice that of long- of the order 0.1 meV while the typical phonon energy is of

wavelength hydrodynamic sound in watéii) This fast-  order 10 meV, it suffices to consider one-phonon processes.

sound propagation involves center-of-mass motion of therhis yields

molecules in the liquid(iii) There is an almost steplike in-

crease of the phonon peak width/at~ 7—8 nm™* by about dP puL

6—7 meV[full width at half maximum(FWHM)], in both ice d(hw)dQ 327Mm2"

and water(iv) In the ice spectra, an extra peak shows up at

low energy for|g|= 10 nm™ %, >
In the following, we calculate inelastic x-ray scattering

spectra for ice by employing a simple model for the

molecule-molecule interaction. The main objective is to at- X[GF;W(‘*’)_G/ZW(“’)] , )

tempt an explanation of the broadening of the phonon peaks.

To this end we study the effects of anharmonicity and the ) . .

disorder that is inherently present in ice. Anharmonicity jswherepy is the nl%f}vs density, the sample thicknes$} the

important because the molecule-molecule interaction is th olecule masse a Debye-Waller factor, and(w) a

sum of two different contributions: a Lennard-Jongs)) ose occupation number. The sum runs over the phonon

term which is strongly repulsive at the equilibrium intermo- Modes. The coupling factag,, . depends on the phonon

lecular distance and an attractive electrostatic interactiorf'9€NVeCIOrEy aq,

The resulting potential is rather asymmetric with respect to

the equilibrium configuration, and hence anharmonic. The ng(q)=§§ eflG~(ROa7ROB)(q_eiaqo)(q.e)\lﬁqo). 3)

Sler el ?f(a)2e M1+ n(w)]

_|m2 g ()
AN

disordered variations in the electrostatic interaction result
from the fact that the H atoms can be oriented in different h  f £ th |
ways around an O atom. Here « and 8 denote the degrees of freedom of the mol-

We find that anharmonicity typically gives an appreciableeCUIe_S in the unjt cellgg lies in the first Brillouin zone@ is
broadening of the phonon peak faf~ 8 nm~* or larger. & reciprocal lattice vector, and= qy+G. The retarded and

At these q one starts to excite phonons that are sensitive t@dvanced phonon Green's functions are found from the
the anharmonic part of the interaction. Thus the trend is th&YSONn equation

same as in the experiments, but the increase in width is more

abrupt there. The effects of disorder are in contrast less im- qu:G(o)szr > 69 s (DG g (4)
portant. d X, TR 2
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FIG. 2. Phonon dispersion relations in tlye (I'M) and z

. o ) (I"A) directions, respectively. The symmetry of the vibrations at the
FIG. 1. Structure and simple vibrations of hexagonal ice. The Q.

- ) zone center is indicated; cf. Fig. 1 and Ref. 8.

atoms occupy the sites of a wurtzite struct(liexagonaky planes
stacked in order ... ABRB...). The distance between O atoms is . . ) ) ) )
d=2.77 A anda=8/3d=4.52 A. The eigenvectors, at the zone ment and calculations designed to fit the dispersion relations

. . . , : 4,8-10 i
center, of the nondegenerate vibratiglwgitudinal in thez direc- 10 experiment. However, the frequencies decrease to
tion) are shown. Their dynamics and frequendi=e Fig. 2canbe ~SOme extent when anharmonicity is taken into account;
understood in terms of stron@pright bonds and weak(splayed ~ moreover, the present study aims at finding trends rather than

bonds springs connecting the different planes. exact numbers so that the agreement is satisfactory.
The thin curves in Figs. 3 and 4 show calculated IXS
The bare Green'’s function for undamped phonons is spectra for aharmonic crystal. At long wavelengths the
dominant peak in the spectrum comes from the LA mode. In
G(gzi;’*zzgm, [(0*id)%— wzqh]*l_ this caseq= g, and the coupling, - is significant only for

modes where the molecules in the same unit cell move in
The self-energy.,,, takes into account scattering processesphase. With increasing momentum transfer, shorter-
due to disorder and anharmonicityee below. wavelength phonons are excited. However, in certain direc-
The structure of ordinary icéce Ih) is illustrated sche- tjons and for large enougl|, it becomes again possible to
matically in Fig. 1>° The O atoms occupy the lattice sites of excite the LA phonon. For a simple illustration take
a wurtzite structure. Each O atom has four nearest-neighbog~2GZ, whereG=3#/4d. The contributions from the four
oxygens situated 2.77 A away at the corners of a tetrahemolecules in the unit cellcf. Fig. 1) add up constructively in

dron. Between each pair of oxygens therengeH atom ata  Eq. (3), resulting in a sharp peak at low energy. This phe-
distance 1 A from one of them, and each O has two H'’s

next to it, but apart from this the exact arrangement of the H
atoms is arbitrary.

We calculate the phonon frequencies and eigenvectors us-
ing the simple point chargéSPQ intermolecular potential.
It is a sum of Coulomb potentials acting between effective
charges at the O and H atoms differentmolecules, and a
LJ potential acting between the O atoms,

R
l'oo rool |
The parameter values arg;=0.41,9o=-0.82,E, ;=6.74
meV, ando=3.17 A . Thus, the LJ radius is considerably
larger than the O-O distance; in equilibrium there is a bal-
ance between the repulsive LJ interaction and the effectively
attractive electrostatic interaction. We only include the com- 0 5 10 15 20 25 30 35 40
pletely dominating nearest-neighbor interactions, and aver- Energy loss (meV)
age Vgpc over the different possible orientations of a mol-
eCl_J'e- _At the same time we neglect molecula_r rotations, FIG. 3. Inelastic x-ray scattering probability as a function of
which is reasonable because the hindered rotation frequeRpergy loss withg, given next to the curves, in thedirection. The
cies lie above the range of immediate interest. Furthermorepin curves were calculated within the harmonic approximation. A
rotational motion couples very weakly to x rays. phenomenological peak width of 2 meV #3) accounts for the
The resulting dispersion relations along fi@ndz axes  experimental resolution. The thick curves show the results of cal-

are shown in Fig. 2. In general, the calculation overestimatesgulations including effects of anharmonicity and disorder. The tem-
somewhat the phonon frequencies compared with experperature was 250 K.
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We begin the discussion of broadening mechanisms by
looking at the bond disorder inherently present in ice. This
leads to variations in the electrostatic interaction between
different pairs of molecules depending on their relative ori-
entation. In a certain configuration, there are consequently
interactions that mix the phonon modes calculated with an
orientation-averaged potential. We take these effects into ac-
count by evaluating the disorder contribution to the phonon
self-energy within the Born approximation. This yields

-1

n
ESXA'(qv"’O):m CZM f del\Nf\xl(q,%)

Scattering intensity (arb. units)

X W, (0, d)Ggx (wo), (6)
0 5 10 15 20 25 30 35 40 where n. is the number of configurations and the matrix
Energy loss (meV) elements\l\lﬁ}\l(q, g,) depend on the change in the dynami-

cal matrix when the average charge configuration of two
molecules is replaced by a real one labeled dyThe
FWHM broadening of a phonon peak; 2Im3R /w, , is
typically less than 0.5 me¥2in some cases, for lardq|, it
is somewhat larger. Anyway, disorder alone cannot explain
nomenon shows up fdg|=12 nm~L in Fig. 3. In directions the behavior of the linewidth found gxperimentally. This re-
of lower symmetry transverse opticdlO) phonons can also sult should be rather robust to detalls. in the model potent]al
be excited whemnq lies outside the first Brillouin zone, and is becausg the strength of the disorder is in the_enq a fl_mct|on
; . . _ g of the dipole moment of the 50 molecule, which is fairly
aligned with the eigenvectore) , q, (go= q—G). This well known
yields the extra peak in the experimental spectra at Consider now the more important effects of anharmonic-
hw~7-8 meV> In Fig. 4 low-frequency peaks due jty. Expanding the potential energy of the crystal to third
to both LA and TO modes occur forg=16 order, and evaluating the correspondin% lowest-order contri-

FIG. 4. Same as Fig. 3, but witlg in the yz plane making a
20° angle with they axis. The left part of the spectrum for
|g/=16 nm~! has been multiplied by 0.25.

nm~L. bution to the phonon self-energy yields
o1 1
Eﬁﬁ(q.wo)=mv?z %zfd%’vnlxz(—q. a4~ a)Vanp, (4 =" 9" a)
1+n(wy)+n(ws) N(w1) —N(wy) . .
— + — +
w2 6—wi— w, a)oiZi&—a)l-l-a)z—'—[((L)()_Zlé)_> (wo=210)]), @)
where
Vaar(ds, 9 ):i E —5'3th €5 (01) €y (Tp) €7, ( )e_i(Ql'Ria+ U Rjgt d3-R,,) (8)
aar(dis G2, O3 Nij Ay 9U g dUgau,, €N Q1) €y (A2) €\ (03 .
|
Here w;=wq\,, @2=®q-qn, 1, ], and / run over the we display results with and without effects of anharmonicity

N unit cells of the crystal, and/,, is the total potential and disorder. In Table | we list experimental and theoretical
energy. In the calculations we set the phenomenologicdfWHM linewidths. For smallq|, the major effect of the
damping# §=1 meV. The different terms of E@7) describe anharmonicity is to shift the resonance towards lower energy
decay of a phonon into two, collision of a phonon with a by about 1 meV; the linewidth is almost unchanged. Once
thermally excited one, and events in which two thermally g lies in the next Brillouin zone, the phonon peaks are
excited phonons merge into one. The latter type of process isroader, and the extra width caused by anharmonicity is typi-
important for anti-Stokes scattering in which the x ray gainscally 2—3 meV. The calculated widths vary more with the
energy. Since the combination of Eq%) and(4) only gives  direction than the experimental ones; for example, with

a perturbative result, it is useful to have a check, such as theose to thez direction they are of the same size as in the
f-sum rule!® on the results. In general it is satisfied to within experiment, but then perturbation theory is also about to
7-8 % in our calculations. Finally, one should keep in mindbreak down. The only feature that is significantly affected by
that the above self-energy is rather sensitive to details in thdisorder is the high-frequency peak for 16 nhin Fig. 4,
interaction potential as it involves third derivatives. where the disorder and anharmonicity contributions to the

Figures 3 and 4 show calculated results; for comparisonvidth are of similar strength.
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TABLE |. Experimental and theoretical linewidths. The experi-  Comparing experiment and theory, we see that the
mental values correspond to the Lorentzian fits made to the phonoinewidths differ in absolute numbers, but have one very im-
peak(in single-crystal samplgsn Ref. 2. The resolutions 3meV,  nortant feature in common, namely, the marked increase at
has been subtracted. To get a relatively unambiguous theoretic%h 8 nm~L. We think that this qualitative result is suffi-
width we use the anharmonicity contributionfoZ_ImEi*A/wh cal- ciently independent of details in the potential that we can
culated at the peak frequency for the mode with the larggst nclude that anharmonicity plavs an important role as a
The peaks in the figures are wider because of the phenomenologic; P deni hani Y ph yl h I|3 . |
broadening and sometimes two modes with almost equal freque __roa _enlng mechanism. Nevertheless, the a_rge experlme_nta
cies are excited. linewidths suggesj[ that some other mechanism may be_ im-
portant as well. Since the broadening due to anharmonicity

l[q] (nm™1) 4 6 8 10 12 varies approximately linearly with temperature, measure-
: ments at lower temperatures could clarify the situation con-
Experiment 0.5 1 8 7 9 siderably

Theory (@ as in Fig. 3 0.25 0.71 3.3 4.2 1.9

e In summary, we have presented a theoretical study of
Theory (@ as in Fig. 4 0.27 0.66 15 1.6 2.6

mechanisms that can broaden the phonon peaks in inelastic
X-ray scattering spectra of ice. The results show that the in-
trinsic disorder present in ice does not play a primary role.
The basic reason for the increase of the calculate\nharmonicity, on the other hand, gives a broadening &
linewidths is that optical phonons are more anharmonic thayey that typically appears for momentum transfeys=8
acou_stic ones. The restoring forc_e that gives an acoustic phg—mfl, i.e., when q goes outside the first Brillouin zone,
non 1S gsually the sum of contrlbut|ons from seyeral weak g the same trend as is observed experimentally. This be-
springs(i.e., sp!ayed bondsin this case gnharmomc effects Pavior results from the fact that optical phonons are more
do not play an important role. For an optical phonon, most %L ffected by anharmonicity than acoustic ones. Finally, we
%hote that the increase in linewidth occurs at length and time

Spring. Th_us considering a wave \_/ector near the zone qu tales where the differences between ice and water are not so
the restoring forces and frequencies of acoustic and optic ssential. It is likely that the same mechanism or mecha-

phonons may be nearly eq“@'v.yet Fhe optl_cal mode IS MUCHisms cause the broadening in both cases.
more affected by anharmonicity since it involveslative

motionof moleculesparallel to the bond axisConsequently | thank F. Sette and G. Ruocco for very useful discus-
the phonon peak broadens considerably over a narrow ranggons about their experiment, and M. Altarelli for valuable
of momentum transfers near the Brillouin zone edge. comments on the manuscript.

1F. Sette, G. Ruocco, M. Krisch, U. Bergmann, C. Masciovecchio, and M. L. Klein, J. Chem. Phyg9, 926 (1983.
V. Mazzacurati, G. Signorelli, and R. Verbeni, Phys. Rev. Lett. 8J. Bertie and E. Whalley, J. Chem. Phy§, 1271(1967; P. T. T.
75, 850(1995. Wong and E. Whalleyibid. 65, 829 (1976.
2G. Ruocco, F. Sette, U. Bergmann, M. Krisch, C. Masciovecchio, °p, Bosi, R. Tubino, and G. Zerbi, J. Chem. PHp%.4578(1973.
V. Mazzacurati, G. Signorelli, and R. Verbeni, Natt®g9, 521 103, Li and D. K. Ross, Natur865, 327 (1993.
(1996; G. Ruocco, F. Sette, M. Krisch, U. Bergmann, C. Mas- 11G. Ruocco and F. Seti@rivate communication
. ciovecchio, and R. Verberiunpublished 2This result also justifies our neglect of other than nearest-
4B- Renker, Phys. LetBOA, 493 (1969. . neighbor interactions, whose strength is comparable to the dis-
J. C. Li, D. K. Ross, L. Howe, P. G. Hall, and J. Tomkinson, order potential.

5 Physica B156&157, 376(1989. 135, W. Lovesey,Theory of Neutron Scattering from Condensed
Water: A Comprehensive Treatjsedited by F. FrankgPerga- Matter (Clarendon, Oxford, 1984Vol. 1

mon, New York, 1972 Vol. 1. 14 . .
6p. V. Hobbs Ice PhysicgClarendon, Oxford, 1974 Gl.gg(.) I\(/I:e:]f:;n,;\/lany Particle Physics(Pergamon, New York,

W. L. Jorgensen, J. Chandrasekhar, J. D. Madura, R. W. Impey,



