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A theory for calculating the momentum distribution of annihilating positron-electron pairs in solids is
presented. To test the theory, momentum distributions are measured by the Doppler broadening of the anni-
hilation radiation for several bulk metals and semiconductors, as well as for semiconductor alloys and for
positrons trapped at vacancies in semiconductors. The theory is based on a two-particle description of the
annihilating electron-positron pair. Then, the electron-positron correlation effects, i.e., the enhancement of the
electron density at the positron, depend on the electronic state in question. The theory is suited for calculating
the high-momentum part of the annihilation spectrum that arises from the core electrons and which can be
measured by the Doppler broadening using coincidence techniques. The ideas of the theory are justified by a
good agreement between theory and experiment in the case of positron annihilation in undefected bulk lattices.
Moreover, the comparison of the theoretical and experimental spectra for alloys and vacancy defects tests the
theoretical description for the positron distribution in delocalized and localized states, respectively.@S0163-
1829~96!04327-5#

I. INTRODUCTION

Positron lifetime spectroscopy is a well established tool in
studying the properties of vacancy-type defects in metals and
semiconductors.1,2 The fact that open volume defects can
trap positrons makes it possible to distinguish between a
defect-free sample and a sample containing vacancies. The
average electron density at the vacancy is lower than in the
bulk and therefore the lifetime of the trapped positron is
increased compared to the value in the perfect bulk lattice. In
the case of semiconductors, different charge states of the
same vacancy can also be detected: ionic relaxations may
change remarkably between adjacent charge states, and the
larger the open volume of the defect the longer the positron
lifetime.

The positron lifetime, however, is an integrated quantity,
a single number that is not very sensitive to the chemical
surroundings of the defect. On the other hand, the annihila-
tion radiation contains much detailed electronic structure in-
formation to characterize the defect trapping the positron.
This information can be extracted by the measurement of the
Doppler broadening of the annihilation radiation.3–5 As a
result of the Doppler measurement, one obtains the one-
dimensional momentum distribution of the annihilating
electron-positron pairs. The low-momentum part of the spec-
trum arises mainly from the annihilation with valence elec-
trons, whereas the high-momentum part is mainly due to the
core electrons. The umklapp annihilations of the valence
electrons decrease with increasing momentum and are there-
fore omitted in our calculations. The core electrons are
tightly bound to the nuclei with specific binding energies and
wave functions and therefore the high-momentum part of the
electron-positron momentum distribution is characteristic for
the chemical environment where the annihilation event took
place. The simultaneous detection of the two 511 keVg rays
emitted from the same annihilation event leads to a signifi-
cant reduction of the background.4 The analysis of the mo-

mentum distribution curves up to rather large momenta be-
comes thus possible. The combination of the lifetime and the
Doppler broadening measurement therefore provides a pow-
erful tool for the identification of defects. In a recent paper,5

we have demonstrated the applicability of the Doppler
broadening method to the characterization of defects in com-
pound semiconductors.

In this work, we emphasize that the measured high-
momentum spectra are valuable data for testing the theoreti-
cal description of the positron states and annihilation charac-
teristics in solids. In our previous paper,5 we presented a
simple computational scheme for the calculation of the high-
momentum part of the Doppler spectra. The scheme was
based on using the single-particle wave functions and local-
density-dependent many-body corrections. This kind of ap-
proach has successfully been used to describe the momentum
distribution of the annihilatingvalence electron-positron
pairs.6 The theoretical results for annihilations withcore
electrons were seen to be in good qualitative agreement with
the experiment, especially when comparing the relative
changes of quantities, such as the core annihilation (W) pa-
rameter, between the defect and the bulk positron states.5

However, especially the absolute magnitudes of the momen-
tum distributions differed significantly when comparing
theory with experiment. One tractable reason for this dis-
crepancy lies in the treatment of the electron-positron corre-
lation, more specifically, in the enhancement of the electron
density at a positron. In our previous work the many-body
effects were included in an enhancement factor, calculated
locally, using thetotal electron density at the positron site.
This approach averages the electron-state dependence of the
enhancement factor. The shortcomings of our previous cal-
culations are puzzling because, on the other hand, the inde-
pendent particle model~IPM! approach in which the corre-
lations are omitted altogether~the enhancement factor
g[1) gives for bulk metals high-momentum spectra in quite
a good agreement with experiment.4
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In this paper, we present a more quantitative scheme for
the calculation of the electron-positron momentum distribu-
tion using a state-dependent model for the enhancement. The
idea behind the new scheme is that the two-particle descrip-
tion of the annihilating electron-positron pair appears more
explicitly than in the scheme5 used before. In practice, one
determines the momentum distribution for each electron state
using the IPM approximation and weights each curve by the
corresponding annihilation rate. These annihilation rates in
turn are calculated for all individual core states of the system
studied, e.g., bulk or defected supercell, using the local-
density approximation~LDA ! ~Ref. 7! or the generalized gra-
dient approximation~GGA!8 for the positron annihilation.
These methods have been shown to give positron lifetimes in
good agreement with experiment.7–9 The GGA scheme has
been shown to improve systematically the too short positron
bulk lifetimes predicted by the LDA.8 The comparison of the
calculated high-momentum spectra with their experimental
counterparts is a test for the core annihilation rates calculated
within the LDA or the GGA. Moreover, a quantitative
method for calculating the momentum distributions is desir-
able for the interpretation of near-surface Doppler spectra of
thin material layers measured by slow positron beam tech-
niques. For the samples of 1–5mm in thickness the conven-
tional lifetime spectroscopy cannot be used. The question of
whether the sample contains defects able to trap positrons or
not should be answered using the Doppler spectra. In this
context, the quantitative comparison with theoretical predic-
tions can strongly support the analysis.

In the case of a positron trapped by a defect, the theoreti-
cal description is more complicated than for a delocalized
positron. Namely, the finite positron density may affect the
electronic structure besides by causing the local enhance-
ment at the positron also by changing the average electron
density. The system can be treated by the two-component
density-functional theory,10 which solves the mutually self-
consistent electron and positron densities. However, there
exists different schemes10–12 to treat the electron-positron
correlations in the two-component theory and they can lead
to quite different positron distributions. Moreover, there ex-
ists the so-called ‘‘conventional’’ method in which the elec-
tron density is calculated without the effect of the localized
positron2 and which therefore requires much less computa-
tional effort than a full two-component calculation. The pos-
itron lifetimes obtained within these different schemes are
quite similar. In contrast, the magnitude of the core annihi-
lation is very sensitive to the positron distribution. Therefore,
the comparison of the theoretical high-momentum spectra
with the experimental ones gives valuable information about
the validity of the different schemes to describe localized
positron states. In this work, we use only the conventional
scheme and show that the results compare quite well with
experiment. Further, we show that a large portion of the rel-
evant information about the positron distribution is obtained
directly from the total annihilation rates with core and va-
lence electrons without the actual calculation of the momen-
tum distribution. This enables an easy comparison of the
results of different schemes with experiments.

The theoretical background of our approach is given in
Sec. II, together with the practical considerations about the
calculations. The experimental method is briefly described in

Sec. III. In Sec. IV, we present results for the electron-
positron momentum distributions in several bulk metals and
semiconductors. The comparison with the experimental bulk
results tests mainly the description of the electron enhance-
ment at the positron. We present results also for semiconduc-
tor alloys and for defects in semiconductors along with the
measured spectra. This allows us to draw conclusions about
how faithful the theoretical description for the positron dis-
tribution is. Finally, our conclusions are presented in Sec. V.

II. THEORY

The Schro¨dinger equation for the two-particle system
forming the annihilating pair with position vectorsr1 and
r2 is written as
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is a one-particle Hamiltonian,Vi(r ) describes the effective
potential seen by the particlei , and V(r1 ,r2) is the pair
interaction. We will adopt the Pluvinage method13 to find an
approximate solution of this equation. Let us write the
two-particle wave function in the form
F(r1 ,r2)5G(r1 ,r2) f (r1 ,r2), whereG and f are two un-
known functions to be determined. The Schro¨dinger equation
becomes

2
\

2m S ¹6
2G

G
1

¹6
2f

f
12

¹6G•¹6f

G f D 1(
i51

2

Vi~r !1V~r1 ,r2!

5E, ~3!

with the notation¹65¹11¹2 and¹6
25¹1

21¹2
2 .

If one could findG and f , so that
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e being a constant, the two-particle Schro¨dinger equation
becomes separable:
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Above, G(r1 ,r2) describes the orbital motion of the two
particles ignoring each other, andf (r1 ,r2) describes the cor-
related motion. For smallr 125ur12r2u, we have the bare
Coulomb attractionV(r1 ,r2)521/r 12 and for larger 12, the
perfect screening givesV(r1 ,r2)50.

In general, one cannot find such aG and anf so thate is
a constant. Therefore, our approximation consists of taking
for e an average valueea, such as
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and considering¹6G•¹6f2eaF as a small perturbation.
The correlated motion is strongly dependent on the initial

electron statej ~without the presence of the positron!. Obvi-
ously, the localized electron states near the nuclei are less
affected by the positron than thes and p valence orbitals.
We approximate the orbital motion by a product of single-
particle orbitals as in the IPM, i.e.,

Gj~r1 ,r2!5c1~r1!c j~r2!, ~9!

wherec1 is the positron wave function andc j the electron
wave function corresponding to the statej . Then, we assume
that our potentialV(r1 ,r2) is a function of the distancer 12
only, which is strictly true in the bulk for a very small and a
very large r 12. Thus, we have solutions with the form
f j (r1 ,r2)5uj (r 12). This is similar to the well known Jastrow
approximation14 for the pair wave functionF. The adequacy
of the Jastrow approximation can be tested by considering a
model Hamiltonian of a positron-electron pair in a Coulomb
field produced by a point chargeZeff . By using the varia-
tional Monte Carlo in the Jastrow approximation,15 good
agreement with a more accurate energy calculation employ-
ing Hylleraas-type wave functions16 is obtained for
0.5,Zeff,1.

The above formulation leads to a local annihilation rate
for the statej ,

L j~ r !5pr e
2cuj

2~0!c1
2 ~r !c j

2~r !, ~10!

wherer e andc are the classical electron radius and the speed
of the light, respectively. It is possible to define the constant
term uj (0), such that the wave functionsc1 and c j are
normalized to unity and the total pair wave function is also
properly normalized.

In principle, the knowledge of the two-particle potential
allows the direct calculation of the wave functionuj (r 12).
For the annihilation rate, only the contact valueuj (0) is
needed. Therefore we will adopt a different approach, which
links uj (0) to the annihilation rate of the statej depending
only on the electron and positron densities. This annihilation
rate can be calculated using density functional schemes. By
integrating the local annihilation rate of Eq.~10! over ther
space, we find that

uj
2~0!5l j /l j

IPM ~11!

is the state-dependent enhancement. Above,l j5*dr L j (r )
andl j

IPM5pr e
2c*dr c1

2 (r ) c j
2(r ) are the actual annihilation

rate for the statej and its approximation in the IPM, respec-
tively. In order to obtain the state-dependent enhancement
uj
2(0) we calculatel j in the LDA ~Ref. 7! or in the GGA

~Ref. 8! for positron annihilation, i.e.,

l j
LDA,GGA5pr e

2cE dr gLDA,GGA~r !c1
2 ~r !c j

2~r !, ~12!

whereg(r ) is a local enhancement factor depending in the
LDA on the local electron density at pointr and in the GGA
also on the gradient of the electron density at that point. We
use forg(r ) the interpolation forms given in Ref. 8.

When the enhancement factoruj
2(0) is known, the mo-

mentum distribution for the electron-positron pair can be cal-
culated as

r j~p!5pr e
2cuj

2~0!u E dr exp~2 ip – r !c1~r !c j~r !u2.

~13!

This is the momentum distribution for the annihilation with
the electron statej . The total electron-positron momentum
distribution of the system is obtained by summing over dif-
ferent electron states. Equation~13! neglects the three-body
correlations that do not contribute significantly at high mo-
menta. However, this approximation can fail for the surfaces,
becauseV(r1 ,r2) is not screened outside the surface and
consequently is not a function of the radiusr 12 only.

In the present scheme, the shape of the positron wave
function is mainly determined by the repulsive interaction
with the positive ion charge and the correlation effects are
described by the Jastrow-like function. This picture could
break down if the positron localizes within a distance that is
smaller than the extent of the Jastrow function. Such a local-
ization for the positron at defects in solids is unlikely. This is
in accord with the conventional scheme,2 in which the poten-
tial for a localized positron depends only on the electron
density unperturbed by the presence of the positron.

An approximation frequently used for calculating the
electron-positron momentum distribution consists of averag-
ing the screening cloud over the electron statesj ,17

r j~p!5pr e
2cu E dr exp~2 ip – r !Ag~r !c1~r !c j~r !u2.

~14!

This approximation has been successfully used to describe
the low-momentum region, in which annihilation with va-
lence electrons dominates.6 In our previous work,5 we ap-
plied it also for the calculation of the core-electron part of
the Doppler spectra. However, the position dependence of
the enhancement factor causes in this approximation spuri-
ous effects at the high-momentum region, as will be shown
below in the beginning of Sec. IV.

A model in which one constant enhancement factor is
used for all core states has been succesfully used in describ-
ing the core-electron momentum distributions measured by
angular correlation of annihilation radiation~ACAR! for Al
or Cu.18–20 On the other hand, a momentum-independent
core enhancement factor has been found insufficient in de-
scribing the two-dimensional ACAR results for the alkaline
metal Li.21 This result may, however, be affected by the
positron annihilation in the oxide layer of the sample.22 The
momentum dependence of the core enhancement factor has
been discussed by Chibaet al.23 and by Šob.24 These works
indicate that the core enhancement factor is momentum de-
pendent, and the dependence is strong at the beginning of
each metal series Na-Al, K-Zn, Rb-Cd. This reflects the low
binding energies of the uppermost core levels and the corre-
sponding high core polarizabilities. The momentum depen-
dence of the core enhancement factor is then relatively weak
at the end of each metal series~Al, Ni, Cu, Sn!.

When restricting to a certain finite momentum region, our
present approach can also be considered as using the same
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constant enhancement factor for all core states. This is be-
cause the core annihilation for a given atom is dominated
over a wide momentum region only by the outermost core
orbital. However, when the momentum increases, the rela-
tive contributions of the deeper core states increase and be-
come even dominating.5 Thereby the state dependence of the
enhancement factor reflects a certain degree of momentum-
dependent enhancement.

In the present work, we calculate the core-electron wave
functions needed in the above equations, using a density
functional program for free atoms working in the LDA for
the electron exchange and correlation. The positron potential
is constructed as a sum of a Coulomb part and a correlation
part obtained in the LDA or in the GGA.8 For the positron
wave function, we assume an isotropic form around each of
the nuclei in the system. For practical purposes, the radial
part of the positron wave function around a specific nucleus
is approximated by the function

R10
1 ~r !5C8@erf~r /a!#b, ~15!

wherea andb are adjustable parameters andC8 is a normal-
ization parameter, which is not necessary to determine ex-
plicitly. We have used the linear-muffin-tin-orbital~LMTO!
calculation within the atomic-spheres approximation
~ASA!25 to determine the self-consistent electronic structure
and the ensuing positron wave function in the bulk systems.
The parametersa andb have been found to be specific to the
atom in question and rather transferable between different
solid state systems such as different compounds or even to
systems with point defects. A set ofa andb parameters is
given in Table I.

Figure 1 demonstrates the validity of the approximation
of Eq. ~15!. It shows the positron wave function in the fcc Al
calculated by the atomic-superposition method26,27 in differ-
ent directions with the Al nucleus in the origin. The wave
function is very isotropic near the nucleus and is quite well
described by the form of Eq.~15!, the parameters of which
are fitted to the spherically symmetric wave function ob-
tained in the LMTO-ASA method. The parametersa andb
obtained by fitting the wave functions around the Al nucleus
in such compounds as AlP, AlAs, and AlSb are close to
those obtained for the Al metal, and the shapes of the posi-
tron wave functions nearly coincide at distances shorter than

2 bohr from the nucleus. Because the electron wave func-
tions of the core states approach zero already before 2 bohr
in most cases of interest, the product of the electron and
positron wave functions needed in calculations remains, dis-
carding the normalization, nearly unchanged when moving
the atom from one system to another. As a matter of fact, the
small differences seen near the nucleus in Fig. 1 are mainly
due to the fact that the positron potential arising from the
self-consistent electron density is more repulsive than that
calculated using the non-self-consistent atomic-superposition
method.9 The good agreement between the two calculation
methods in Fig. 1 means that the fitting parameters could
also be determined by using the atomic-superposition
method.

The use of the free-atom core-electron wave function
~quantum numbersn and l ) and the isotropic positron wave
function in Eq.~13! results in a spherically symmetric mo-
mentum distribution corresponding to the ionI of the system

r I ,nl~p!54p
l I ,nl

l I ,nl
IPMpr e

2cU E
0

`

dr r 2RI ,nl
2 ~r !RI ,10

1 ~r ! j l~pr !U2,
~16!

whereRI ,nl
2 (r ) is the radial part of the electron wave function

and j l(pr) is the l th spherical Bessel function.l I ,nl and
l I ,nl
IPM are the partial annihilation rates calculated for the state

nl of the atomI using a position-dependent enhancement
@Eq. ~12!# and within the IPM, respectively. Due to the use
of the finite-range free-atom wave functions, the integration
can be continued to infinity and oscillations, which result if
the integration were abruptly cut, are avoided. The momen-
tum distribution, which is compared with the experimental
Doppler spectrum, is obtained by summing up the contribu-
tions of the core statesn,l of all atomsI in the system and
integrating over the high-momentum tail,

TABLE I. Positron wave function parametersa andb for dif-
ferent elements. In the last column we show the outermost core
states included in our calculations.

Material Z a b Outermost core state

Al 13 2.73 1.54 2p
Si 14 2.54 1.67 2p
P 15 2.27 1.81 2p
Ni 28 1.50 2.33 3p
Cu 29 1.53 2.28 3p
Ga 31 2.02 2.11 3d
Ge 32 2.09 2.16 3d
As 33 2.06 2.25 3d
In 49 2.05 2.73 4d
Sb 51 2.20 2.79 4d

FIG. 1. Positron wave function in the fcc Al in different direc-
tions. The atomic-superposition method is used. The function of Eq.
~15! fit to the positron wave function calculated with the LMTO-
ASA method is shown as a dashed line. The wave functions are
normalized to unity inside the conventional unit cell.
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r~pz!5(
I ,nl

E
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`

dp pr I ,nl~p!. ~17!

The division of the electron states to core and valence
states is a subtle question. The criterion is that the core-
electron wave functions are not affected when the solid is
formed from free atoms. Then the free-atom wave functions
can be used in calculating the momentum distributions. In
principle, this approximation becomes valid at momenta high
enough when deeper core states begin to dominate. This
point may be at quite high momentum values if there are
electron states in the system that are so delocalized that they
cannot be described on the basis of atomic core orbitals but
which, on the other hand, are relatively localized. The upper-
mostd band wave functions of transition or noble metals are
examples of this kind of state. We will discuss the problem
below in the case of Cu and GaAs. Our choices for the out-
ermost electron states considered as core states are shown in
Table I. These choices are usual also in the band-structure
calculations, in which the valence electrons should be distin-
guished from the core electrons to be treated, for example, by
the so-called frozen-core approximation. Naturally, all the
inner states are included in the calculation of the momentum
distribution, although the contribution of the innermost states
at the relevant momentum regions is very small, due to the
small annihilation rates.

The partial annihilation ratesl I ,nl andl I ,nl
IPM are calculated

in this work using either the LMTO-ASA or the atomic-
superposition method. In the case of defects and alloys with
very large unit cells, only the latter has been used. In the
atomic-superposition method, the electron density and the
Coulomb potential are constructed non-self-consistently by
overlapping free-atom densities and Coulomb potentials. The
electron-positron correlation effects are included as a corre-
lation potential and as an enhancement factor that are calcu-
lated using the superimposed electron density. The benefits
of the atomic-superposition method are the use of the full
three-dimensional geometry and its calculational speed,
which especially for the defects in solids is orders of magni-
tude higher than that in self-consistent electronic structure
calculations. As discussed below, the use of the non-self-
consistent electron density instead of the self-consistent one
may slightly change the annihilation rate with the core elec-
trons.

The adaption of the atomic-superposition method for de-
fects means that we use the conventional scheme for the
localized positron states. The two-component density func-
tional theory10 is computationally very demanding and its
application is also hampered by the poor knowledge of the
electron-positron correlation effects in constructing the po-
tential for the positron.12 However, the two-component den-
sity functional theory with the electron-positron correlation
formulated by Boron´ski and Nieminen10 gives very similar
positron distribution and annihilation characteristics as those
obtained using the conventional scheme.12 This gives justifi-
cation for the use of the conventional scheme.

An important point in calculating the partial annihilation
ratesl I ,nl is the treatment of the enhancement part of the
electron-positron correlation. The LDA gives positron life-
times, which are consistently shorter than the experimental
ones.8 The GGA remedies quite successfully this discrep-

ancy by reducing the annihilation in regions where the gra-
dient of the electron density is large. Therefore, GGA re-
duces the annihilation rates of the core electrons. After
demonstrating that the GGA scheme also gives momentum
distributions in a better agreement with experiments than the
LDA, we will adopt the GGA scheme for the rest of the
calculations in this work.

III. EXPERIMENTAL METHOD

The experimental technique for the detection of the core-
electron momentum distribution is the same as we have used
earlier in Ref. 5. The 511 keV positron annihilation line is
Doppler broadened by the amountDE5pLc/2, because of
the longitudinal momentum componentpL of the annihilat-
ing positron-electron pair. Due to the momentum conserva-
tion, the relative direction of the twog rays deviates from
180° by the small angleu5pT /m0c, wherepT is the trans-
verse momentum component andm0 is the electron mass.
The equivalent momentum componentpz5pL5pT can be
related to either the Doppler shift or the angleu by

pz52DE/c5um0c. ~18!

The Doppler broadening spectrumf (DE) can be measured
by a high purity~HP! Ge detector and the momentum distri-
bution f (pz) can thus be calculated from Eq.~18!. By plac-
ing anotherg detector in collinear geometry with the Ge
detector, the twog rays of (5116DE) keV can be simulta-
neously detected. This experimental procedure practically re-
moves the background radiation from the Doppler spectrum
and enables the detection of the positron-electron momentum
distribution even up top54031023m0c ~Ref. 5!.

The Doppler spectrum in this work was measured by a HP
Ge detector and a digitally stabilized multichannel analyzer
~MCA! system. In order to detect the two 511 keVg rays
emitted from the same positron-electron annihilation event, a
NaI scintillation detector was placed in collinear geometry
with the Ge detector. When pulses from both detectors ar-
rived, simultaneously the signal from the Ge detector was
recorded in the memory of the multichannel analyzer. The
pile-up rejection signal was used to gate the MCA and the
remaining pile-up effect was minimized by using a 2ms
shaping time in the spectroscopy amplifier. With this setup
the energy resolution, the full width at half maximum
~FWHM! of the Ge detector at 511 keV, was only 1.6 keV
5 6.3 31023m0c. The intensity of the remaining pile-up
component was only about 2% of the core annihilation spec-
trum atpz5(10240)31023m0c, and we subtracted it using
numerical procedures. A constant background was also sub-
tracted from all spectra.

The experiments were performed in bulk metals and semi-
conductors as well as in samples containing vacancy defects.
The measurements in Al, Ni, and Cu were done in well an-
nealed single crystals. The positron lifetime results in these
samples~170, 107, and 120 ps, respectively! indicate that the
samples are free of positron trapping at vacancy type defects.
The Si sample was grown by the floating zone refinement
method and its impurity concentration was very low~resis-
tivity .104V cm!. The Ge high-purity sample had an impu-
rity concentration of less than 1012cm23. The undoped
GaAs, InP, and GaSb samples were liquid-encapsulated Czo-
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chralski grown single crystals. The positron lifetime results
on all bulk semiconductor samples~218 ps for Si, 228 ps for
Ge, 231 ps for GaAs, 244 ps for InP, and 258 ps for GaSb!
also indicate that these samples are free of vacancy defects
acting as positron traps.

In order to investigate electron momentum distributions at
vacancy defects, we studied electron irradiated InP. After
annealing at 300 K, the vacancies present in semi-insulating
Fe-doped InP give a positron lifetime of 283 ps, whereas a
positron trap with a lifetime 267 ps is observed inn-type
S-doped InP. These vacancies have been identified as the
In vacancy ~283 ps! and the P vacancy~267 ps!,
respectively.5,28 However, the vacancy concentrations in the
samples are not large enough to induce complete positron
trapping, and the Doppler spectra have to be decomposed in
order to obtain the annihilation lines of positrons trapped at
vacancies. This can be achieved by combining positron life-
time and Doppler broadening experiments. Both the average
lifetime tav and the positron-electron momentum distribution
f (pz) are linear combinations of the bulk~subscriptb) and
vacancy~subscriptv) responses:

tav5~12hv!tb1hvtv , ~19!

f ~pz!5~12hv! f b~pz!1hv f v~pz!, ~20!

wherehv is the fraction of positron annihilations at the va-
cancy. Since the decomposition of the positron lifetime spec-
trum yields bothtv and tav, the momentum distribution
f v(p) can be solved from Eqs.~19! and ~20! provided that
the bulk distribution f b(p) is known. The decomposition
procedure increases the statistical scattering of the data, and
therefore the positron-electron momentum distribution for
the vacancy is often not as accurate as that in the bulk.

The Doppler spectrum in all the samples mentioned above
was measured by placing a22Na positron source between
two identical sample pieces. The positron source was pre-
pared by evaporating carrier-free22NaCl solution onto a 1
mm Al foil and the activity of the positron source was 17
mCi. A coincidence count rate of 170 s21 was obtained
when the Ge detector~efficiency 20%! was at a distance of
22 cm from the source and sample. The peak-to-background
ratio in this setup was 23104 and the total number of the
collected annihilation events was (224)3107.

In order to study alloying effects in the Doppler broaden-
ing spectrum, experiments were performed in 2.5mm thick
undoped Al0.25Ga0.75As and undoped Al0.36Ga0.15In 0.49P
overlayers grown by the molecular beam epitaxy technique.
These samples have been used earlier to study theDX cen-
ters. It was concluded that the undoped samples are free of
vacancy defects acting as positron traps.29–31 A low-energy
positron beam with an incident positron energy of 15 keV
was used for the Doppler broadening experiments of these
layers. With this positron energy, the contributions from the
annihilation events at the surface and in the substrate were
negligible. A coincidence count rate of 80 s21 was obtained
in the positron beam experiments with a peak-to-background
ratio of 23104. The total number of the collected annihila-
tion events was 23107.

IV. RESULTS AND DISCUSSION

In order to compare the experimental spectra and the
theoretical momentum distributions calculated by different
schemes they have to be properly normalized. The areas of
the experimental spectra are scaled to unity, whereas the ar-
eas below the theoretical curves are equal to

lc

l tot
5

( I ,nl
corel I ,nl

l tot
, ~21!

wherelc is the annihilation rate with all the core electrons of
the system andl tot is the total annihilation rate, i.e., the
inverse of the positron lifetime. In the GGA and LDA
schemes, the calculatedl tot values are used but, in the IPM
scheme, we have to use the experimental annihilation rate in
a way that is similar to Ref. 4. The theoretical positron life-
times used can be found in Ref. 8. With these normaliza-
tions, we obtain from the theoretical„r(pz)… and experimen-
tal „f (pz)… data the annihilation probability densities
„P(pz)… as a function of the momentum. In order to mimic
the effects of the finite experimental resolution, the theoreti-
cal curves are convoluted before the comparison with a
Gaussian function with a FWHM of 6.331023m0c.

Before showing results obtained with our theoretical
scheme, we will demonstrate the inadequacy of the old
scheme based on Eq.~14!. In Fig. 2, the theoretical core
momentum distribution calculated using Eq.~14! for the Al
metal is compared with the IPM result and the measured
spectrum. In order to show the theoretical trends as clearly as
possible, the convolution of the theoretical curves with the
Gaussian is not performed in this figure. The effect of the
enhancement in Eq.~14! is to raise especially the low-
momentum part, because the enhancement increases with de-
creasing electron density and therefore it weights preferably
the electron wave functions with the largest extent and the
lowest momentum. It can be also seen that the curve calcu-
lated using Eq.~14! comes for certain momentum values
close to and even crosses the IPM result. This kind of behav-
ior means that there are oscillations in the momentum-
dependent enhancementr j (p)/r j

IPM(p). These oscillations

FIG. 2. Positron annihilation probability densityP(pz) for bulk
Al. The experimental data~circles! are shown together with two
different theoretical approximations: IPM~solid line! and the old
scheme based on Eq.~14! ~dashed line!.
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have been reported already earlier.6,32 At the highest mo-
menta shown, the enhancementr j (p)/r j

IPM(p) is seen not to
approach unity, which is the natural IPM limit expected to be
valid for the most tightly bound core electrons contributing
in this region.4 The scheme of Eq.~14! is thus unable to
reproduce even the shape of the high-momentum part of the
experimental Doppler spectra. Moreover, these theoretical
results are very sensitive to the approximation of the en-
hancement factorg(r ) ~different LDA and GGA enhance-
ment forms!. Thus, the state selectivity of the enhancement
seems to be more important for the momentum distribution
calculation than for the annihilation rate calculations for
which the LDA and the GGA models give reasonable results.
In the following sections, we will compare the momentum
distributions calculated by our scheme with the measured
ones.

A. Simple bulk metals and semiconductors

In this section, we will concentrate on bulk metals and
semiconductors having a simple lattice with at most two
types of different atoms, in contrast to alloys discussed be-
low. The momentum distributions calculated for bulk Al and
Si, using Eqs.~16! and~17! within the IPM, GGA, and LDA
schemes, are compared with the experimental Doppler spec-
tra in Fig. 3. The LMTO-ASA results for the partial annihi-
lation ratesl j have been used~solid lines!. In Fig. 3, one
can see that at high momenta the shapes of the theoretical
curves agree well with the experimental behavior. This jus-
tifies the use of the model of Eq.~16! where the shape of the
momentum distribution is determined from the radial depen-
dencies of the electron and positron wave functions and from
the relative values of the partial annihilation ratesl j .

According to Fig. 3, the IPM approximation, which ne-
glects the correlated motion of the electron-positron pair,
leads to too low intensities in comparison with the experi-
mental curves. In contrast, the LDA gives too much annihi-
lation at high momenta. In the case of Al, the LDA enhance-
ment factor is about 2.5 for the 2p core orbital, which is
practically the only contributing orbital at high momenta.
The overestimation of the core annihilation is in agreement
with the result that the positron lifetimes calculated within
the LDA are shorter than the measured ones.8 Finally, the
momentum distributions calculated within the GGA agree
very well with the experimental spectra at high momenta.
For the Al 2p orbital, the GGA reduces the enhancement
factor to a value of about 1.7. It can be seen that the GGA
also slightly improves the shape of the momentum distribu-
tion relative to the IPM result. This is because the enhance-
ment for the highest core states contributing most strongly at
the low momenta is larger than the enhancement for the
deeper core states dominating at the high-momentum region.
We have found that the GGA results are also, for the other
bulk systems studied in good agreement with experiments
and, therefore, in the following the theoretical momentum
spectra, are calculated using only the GGA results.

The momentum distributions for Al and Si calculated us-
ing the partial annihilation rates obtained in the atomic-
superposition method are shown in Fig. 3 as dashed curves.
In the case of Al, the atomic-superposition result is slightly
abovethe LMTO-ASA result, but the difference is, in prac-

tice, negligible and hardly visible in the figure. The differ-
ence reflects the fact that for the metal the self-consistent
valence electron density is due to formation of metallic
bonds that are more delocalized than the non-self-consistent
superimposed density. The ions are then less screened and
more repulsive for the positron, thus decreasing the core an-
nihilation. In the case of Si, the atomic-superposition curve is
clearly below that calculated using the LMTO-ASA annihi-
lation rates, worsening the agreement between theory and
experiment. The difference can be explained by the fact that
in Si the valence electrons form covalent bonds between the
ions. In comparison with the atomic-superposition method
the electron density at the bonds leads to the transfer of the
positron density from the open interstitial regions towards
the ion core regions. This causes the increase of the core
annihilation rate. In the calculations for the simple bulk sys-
tems below, we have used the annihilation rates obtained
with the LMTO-ASA method.

Before showing more examples of the high-momentum
distributions, we want to give a better idea of the relative
importance of the core annihilation in different materials and
the differences between the GGA and LDA approaches for
the enhancement. Therefore, Table II lists the core-electron
contributions to the total annihilation rates in several cases.

FIG. 3. Positron annihilation probability densitiesP(pz) for
bulk Al, Si, Ge, anda-Sn. The experimental data~markers! are
shown together with the different theoretical approximations~IPM,
LDA, and GGA!. For thea-Sn, there exists no measured data. The
solid lines are obtained with the LMTO-ASA method. The dashed
lines for Al and Si represent the GGA results calculated with the
atomic-superposition method. In the case of Ge anda-Sn, only the
GGA model and the LMTO-ASA method have been used. The
theoretical curves are convoluted with a Gaussian in order to mimic
the finite experimental resolution.
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For Al, the core annihilation is mainly due to the 2p orbital.
The GGA reduces it by roughly one third. Also in the case of
Si, 2p is the dominant core orbital, but the core contribution
to the total annihilation rate is quite small, due to the large
open lattice space. The effect of the GGA on the relative core
contribution in Si is also small. For Ge and the III-V com-
pound semiconductors shown in Table II, the dominant core
orbital is thed orbital, which is highest in energy. The core
contributions for these materials are relatively high, due to
the spatial extent and high occupancy of thed orbitals. For
these materials, the GGA reduces the core contribution
slightly relative to the LDA values. The enhancement factors
for the outermost core shells~see Table I! are also given in
Table II. In the LDA, the enchancement factors are typically
slightly above 2, but for the uppermostd electrons of the
group III atoms they are around 3. The effect of the GGA is
the reduction of the enhancement factor, nearly indepen-
dently on the material, by 0.5–0.6.

Figure 3 demonstrates also how the characteristic fea-
tures of the given core-electron wave functions are reflected
in the Doppler spectra. Besides the different results for Al
and Si discussed above, results for the perfect Ge and Sn
crystals are shown. They are obtained by using the GGA
scheme for the partial annihilation rates. For both Al and Si,
the dominating core orbital is 2p and therefore the corre-
sponding momentum distributions have quite similar shapes
at high momenta. The magnitude is smaller for Si than for
Al, because in Si the positron density concentrates strongly
into the open interstitial region, decreasing the core annihi-
lation rate. In Ge, the core annihilation mainly takes place
with the 3d electrons. They are quite well localized in ther
space and therefore the momentum distribution decays more
slowly than in the case of Si. The higher intensity for Ge
reflects the relatively large core annihilation rate~Table II!.
The most important core level for Sn (a-Sn with the dia-
mond structure! is 4d. It has to be orthogonal against the
3d, which leads to a relatively large spatial extent and con-
sequently to a localization in the momentum space. Indeed
Fig. 3 shows that the curve for Sn decays much faster than
that for Ge when the momentum increases. The characteristic
behavior related to each core level can be used as a finger-
print when analyzing the chemical environment of the posi-
tron annihilating at a defect.5 The experimental momentum
distribution for Ge is also given in Fig. 3. It is seen to be in

good agreement with the theoretical one, increasing the cre-
dence to the treatment of the enhancement effects in the new
formalism.

Figure 3 shows the changes in the Doppler spectra seen
when the elements belong to differentrows of the Periodic
Table. For comparison, we show in Fig. 4 how the change of
the columnwill affect the qualitative features of the spec-
trum. We present both experimental and calculated spectra
for the Cu and Ni that belong to adjacent columns of the
Periodic Table. The positive charge of the nucleus is larger
in the case of Cu, and therefore the core electrons are more
tightly bound. This is reflected in a slightly smaller decay
rate of the momentum distribution, in both the theoretical
and experimental spectra, although the differences are very
small. Moreover, the increased binding of the core electrons
for Cu results in a smaller core annihilation rate and on av-
erage a smaller magnitude in the momentum distribution
than those for Ni. It should be noted that the difference be-
tween the theoretical and experimental results up to the mo-
mentum around 3531023m0c is due to the 3d electrons,
which, as discussed above, cannot be treated as core elec-

TABLE II. Core-electron contribution relative to the total annihilation rate (lc) and the enhancement
factorg for the outermost core-electron states~see Table I! in perfect bulk crystals. The results are given both
in the LDA and the GGA for positron annihilation.

Material lc
LDA ~%! lc

GGA ~%! gLDA gGGA

At. sup. LMTO At. sup. LMTO At. sup. LMTO At. sup. LMTO

Al 9.4 9.3 6.0 5.8 2.48 2.53 1.68 1.71
Si 2.7 3.1 1.9 2.3 2.30 2.29 1.61 1.63
Ni 13.2 13.9 10.5 11.3 2.16 2.16 1.55 1.56
Cu 12.6 11.7 10.4 9.3 2.11 2.12 1.48 1.50
Ge 9.4 9.9 7.6 8.3 2.75 2.61 2.07 2.01
GaAs 11.1 11.7 9.1 10.2 3.05, 2.51 2.93,2.43 2.30, 1.89 2.32,1.87
InP 13.8 12.9 11.6 11.0 3.37, 2.13 3.02,2.12 2.53, 1.53 2.13,1.54
GaSb 11.4 10.7 9.5 9.5 3.12, 2.89 3.23,2.80 2.33, 2.18 2.56,2.13

FIG. 4. Experimental and calculated positron annihilation prob-
ability densitiesP(pz) for bulk Ni ~open circles, dashed line! and
Cu ~closed circles, full line!. The theoretical curves are convoluted
with a Gaussian in order to mimic the finite experimental resolu-
tion. The dashed line gives the probability density for Cu when the
3d electrons are included.
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trons in band-structure calculations. Figure 3 shows also the
momentum distribution when the Cu 3d electrons are in-
cluded as core electrons. In this calculation, the 3d partial
annihilation rate is obtained by the atomic-superposition
method. The intensity of the distribution is overestimated,
although the decay rate agrees quite well with the experi-
ment. It is also interesting to note that the theoretical results
obtained without the 3d contributions show a difference be-
tween Ni and Cu, which is similar to the experimental result
including also the annihilation with the 3d electrons.

The behavior of the Doppler spectra given in Fig. 5 for
the bulk III-V compound semiconductors GaAs, GaSb, and
InP can also be understood by discussing the characters of
the most important core-electron levels contributing to the
core annihilation. In all cases the uppermostd electrons
cause the dominant contributions. In GaAs, all thed elec-
trons belong to then 5 3 shell and therefore the momentum
distribution decays relatively slowly. As shown in the figure,
the omission of the Ga and As 3d electrons leads to an in-
tensity clearly below the experimental values. Thus, in con-
trast to the case of Cu discussed above, it is important to
include the 3d electrons in order to have a reasonable de-
scription for the high-momentum region. In GaSb half and in
InP all of thed electrons belong to then 5 4 shell. As a
consequence, the steepness of the curves increases when go-
ing from GaAs to GaSb and further to InP. The bending
of the InP curve above the momentum of about
2531023m0c is due to the fact that the contribution of the P

2p orbital overcomes that of the In 4d orbital.5 The agree-
ment between the theory and experiment is excellent in the
case of InP. For GaAs and GaSb the shapes of the theoretical
distributions are in good agreement with the experimental
ones, but the theoretical curves are somewhat above the ex-
perimental spectra. This may reflect a slight overestimation
of the partial annihilation rate with the Ga 3d orbitals or
errors due to the use of the free-atom wave function instead
of the actual one in the crystal. The true enhancement factor
for the dominating Ga 3d orbitals may also have a momen-
tum dependence omitted in our model.

B. Alloys

In order to demonstrate how the experiment-theory com-
parison can be used to test the theoretical positron distribu-
tion in more complex structures with several different
types of atoms, we present results for the ternary
alloy Al 0.25Ga0.75As and for the quatenary alloy
~Al 0.7Ga0.3) 0.51In 0.49P. For the former, the theoretical results
are based on the partial annihilation rates calculated using
the LMTO-ASA method, whereas for the latter, the atomic-
superposition method had to be used due to the large unit
cell.

In Fig. 6~a!, we present experimental and calculated Dop-
pler spectra for bulk Al0.25Ga0.75As compared with those for
GaAs. According to both the theoretical and the experimen-
tal curves the introduction of Al atoms, which have nod
electrons, reduces the magnitude of the Doppler spectrum.
According to the theory, the reduction is slightly less than
20%. This is more than the Al atomic concentration of
12.5%, because of the relaxation of the positron density to-
wards the open regions created around the smaller Al atoms.
The interpretation is more difficult in Fig. 6~b!, where we
compare ~Al 0.7Ga0.3) 0.51In 0.49P with the pure InP. The
curves are seen to cross each other twice, first around
2031023m0c and again above 3031023m0c. This behav-
ior can be explained as follows. At small momenta the curve
for ~Al 0.7Ga0.3) 0.51In 0.49P has a smaller magnitude, since the
contribution of In 4d is smaller than in InP. Above
2031023m0c, the contribution of In 4d is already signifi-
cantly reduced, and Ga 3d becomes dominating. It gives a
broader distribution than the In 4d and the curve for
~Al 0.7Ga0.3) 0.51In 0.49P rises above the InP curve. However,
the In 4d contribution has a small but finite tail at very large
momenta and this causes the curves to cross again at about
3531023m0c where, in turn, the Ga 3d contribution has
almost died out. This effect is more pronounced in the case
of the calculated curves, which might suggest that the tail of
In 4d is an artifact of the calculation. In this region, how-
ever, the scatter in the experimental data becomes too large
for any strict comparison.

The good agreement between theory and experiment
shows that the present method is able to handle correctly the
spatial distribution of the positron wave function. The
change in the chemical composition in one sublattice of a
compound semiconductor alters the shape of the positron
wave function which, in turn, causes changes to the Doppler
spectrum. The fact that these changes can be reproduced in
our calculations gives confidence to the theoretical scheme
and to the GGA.

FIG. 5. Experimental~markers! and calculated~lines! positron
annihilation probability densitiesP(pz) for GaAs, GaSb, and InP.
The theoretical curves are convoluted with a Gaussian in order to
mimic the finite experimental resolution. The dashed line gives the
probability density for GaAs when the Ga and As 3d electrons are
excluded.
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C. Defects in semiconductors

The main use of the Doppler broadening technique of
positron annihilation will be in the spectroscopy of defects in
solids. In our previous paper,5 we demonstrated how it can
be used with the accompanied theoretical analysis in the de-
fect identification. In this work, we show how the compari-
son of the theoretical and experimental Doppler spectra can
be used to draw conclusions about the spatial distribution of
the localized positron state. This is done in the context of
some representative examples for defects in semiconductors,
which have in recent years been subject of intensive studies

by positron annihilation methods. However, first we have to
consider some technical points.

Experimentally, the magnitude of the core annihilation
rate is often monitored by the so-calledW parameter of the
Doppler spectrum, defined as

W5
AW

Atot
, ~22!

whereAW5*p1

p2f (pz)dpz andA tot5*0
` f (pz)dpz , f being the

measured spectrum. The momentum windowp1 - p2 used in
our experimental work, and therefore also used in our theo-
retical calculations, is the interval~15–20!31023m0c.
Within this window, the valence contribution has died out
enough in the comparison with the core contribution and, on
the other hand, the experimental background is not yet dis-
turbingly large.5

In practice, the quantity used in the defect identification is
the relativeW parameter,

Wrel5Wdefect/Wbulk , ~23!

i.e., the ratio between theW parameters for the defect and
perfect bulk systems. The relativeW parameter allows a di-
rect comparison between the defects in different materials.
From the theoretical point of view,Wrel is a quantity that can
be used to test the spatial distribution of the localized posi-
tron. This is because it is not very sensitive to the enhance-
ment model~GGA or LDA! used. Moreover, the first ap-
proximation to it is given directly from the calculated core
and total annihilation rates,

Wrel'~lc /l tot!
defect/~lc /l tot!

bulk, ~24!

without the calculation of the momentum distribution. The
approximate values agree in many cases within 1–2 % with
the theoreticalWrel calculated using the momentum distribu-
tion and the optimal experimental window~see Table III!.
The agreement requires that the shapes of the momentum
distributions for the bulk and the vacancy are rather similar.
ThenWrel actually reflects the changes in the relative inten-
sity of the core annihilation and it should remain practically
constant, when another window at higher momentum is used.
However, the approximative determination ofWrel may not
be accurate enough, for example, when a vacancy-type de-
fect is decorated by impurity atoms with a core-electron
structure differing remarkably from the host atoms. An ex-
ample of such a defect is the P vacancy–Zn complex, dis-
cussed in our previous work.5

We calculate the annihilation characteristics for the de-
fects in semiconductors using the atomic-superposition
method. A supercell geometry with periodic boundary con-
ditions is used. The size of the supercell for the zinc-blende
structures studied is 216 atomic sites. In the case of ideal
vacancies, one site is left unoccupied and the neighboring
ions are not allowed to relax from their ideal lattice posi-
tions. The moving of the ions in the atomic-superposition
method is straightforward and the effects on positron annihi-
lation characteristics can be studied. However, the method
cannot, of course, determine from first principles the ground-
state ionic positions. The differences in the electronic struc-
ture between the different charge states are not taken into

FIG. 6. ~a! Experimental ~markers! and calculated~lines!
positron annihilation probability densitiesP(pz) for bulk
Al 0.25Ga0.75As and GaAs. The solid~dashed! line represents the
calculated GaAs~Al 0.25Ga0.75As! and the closed~open! circles rep-
resent the experimental GaAs~Al 0.25Ga0.75As!. ~b! Experimental
and calculated positron annihilation probability densitiesP(pz) for
bulk ~Al 0.7Ga0.3) 0.51In0.49P and InP. The solid~dashed! line repre-
sents the calculated InP@~Al 0.75Ga0.25) 0.50In0.50P# and the closed
~open! circles represent the experimental InP@~Al 0.7Ga0.3) 0.51In

0.49P#. The theoretical curves are convoluted with a Gaussian in
order to mimic the finite experimental resolution.
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account in the atomic-superposition method. However, it has
been shown that the dependence of the positron lifetime on
the charge state is quite small if the ionic relaxation is
omitted.33,34 Thus, the positron lifetime depends on the
charge state mainly through the ionic relaxation. We can
benefit from this fact when analyzing the experimental re-
sults. A relaxation pattern, which reproduces the experimen-
tal positron lifetime can first be searched for. Thereafter it
can be checked if the calculated momentum distribution
and/or theWrel parameter agrees with the experiment,
thereby supporting the defect identification.

In semiconductors, the positron probes only neutral or
negatively charged defects.2 For GaAs and InP, which are
the materials of our examples, the atomic-superposition
method within the GGA scheme reproduces well the experi-
mental bulk lifetime values8 ~see Table III!. The lifetimes
calculated for the ideal cation vacancies are very close to the
values extracted from experiments. As a matter of fact, in the
experiments, the Fermi level is around the middle of the
band gap and therefore the cation vacancies are in a negative
charge state, presumably in the three state. According to the
theoretical calculations,12,35 the ions neighboring the
‘‘clean’’ negative cation vacancies tend to relax inwards to-
wards the center of the vacancy. The good agreement ob-
tained in the positron lifetime for the ideal cation vacancies
means that the localized positron has a tendency of pushing
the nearest neighbor atoms outwards close to their ideal va-
cancy positions. In the outward relaxation, the reduced repul-
sion between the positron and the ions compensates the elas-
tic energy stored in the lattice. This picture is in accordance
with recent two-component density functional calculations
for the triply negative Ga vacancy (VGa

23) in GaAs.12

The situation for the anion vacancies is more complicated,
because they can exist in different charge states depending
on the experimental conditions and the ionic relaxation may
change drastically when the charge state changes.11,35More-
over, the relaxation patterns are complicated due to the
symmetry-breaking Jahn-Teller relaxation. However, in the
case of a singly negative P vacancy (VP

2) in InP, the mea-
sured positron lifetime is, according to Table III, close to that
calculated for the ideal vacancy.

Figure 7 shows the comparison between the momentum
distributions for the In and P vacancies in InP. The theoreti-
cal curves are in a reasonable quantitative agreement with
experiment, whereas in our previous work,5 employing the
theory based on Eq.~14! only, a qualitative agreement was
possible. As discussed previously,5 the difference between

the In- and P-vacancy spectra is due to the fact that in the
VP the positron annihilates with a large probability with the
4d core electrons of the neighboring In ions. For the positron
trapped by the In vacancyVIn , the annihilation with the In
4d electrons still dominates the core annihilation, but its in-
tensity is smaller due to the larger distance of the second-
neighbor In ions from the center of the vacancy. This can be
seen in Fig. 8, which shows that the positron wave function
at VIn is, due to spilling into the open interstitial regions,
relatively large still in the close vicinity of the second nearest
neighbor In ions. The good agreement between the theoreti-
cal and experimental momentum distributions is strong evi-
dence for the ability of the conventional scheme to describe
correctly the spatial extent of the positron state. Especially in
the case ofVIn the agreement is not a trivial result, because it
requires an accurate description of the overlap between the
positron density and the In ions, which are the next nearest
neighbors of the vacancy.

The experimental and theoretical relativeW parameters
are collected in Table III. TheWrel parameters calculated for
the ideal cation vacancies reproduce fairly well the experi-
mental values. In fact, relaxingVIn in InP inwards by
;4% of the bulk bond length gives the lifetime of 280 ps
andWrel 0.71, which are very close to the experimental val-
ues. The inwards relaxation is also in agreement with recent

TABLE III. Theoretical and experimental positron lifetimest andWrel parameters. The theoretical results
are obtained with the atomic-superposition method using the GGA enhancement for ideal~unrelaxed! vacan-
cies.

Material vacancy tGGA ~ps! tEXP ~ps! (lc /l tot)
defect/(lc /l tot)

bulk Wrel
GGA Wrel

EXP

GaAs, bulk 232 231a

GaAs,VGa 265 260a 0.75 0.77 0.74
InP, bulk 248 244b

InP,VIn 297 283b 0.60 0.63 0.70b

InP,VP 262 267b 1.03 1.02 0.94b

aFrom Refs. 37 and 38.
bFrom Ref. 5.

FIG. 7. Experimental~markers! and calculated~lines! positron
annihilation probability densitiesP(pz) for the P vacancy~closed
circles, full line! and the In vacancy~open circles, dashed line! in
InP. The theoretical curves are convoluted with a Gaussian in order
to mimic the finite experimental resolution.
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first-principles calculations.36 Moreover, similar relaxation
has been found forVGa

23 in GaAs.19 The theoreticalWrel pa-
rameter for the ideal P vacancy in InP is larger than unity.
The relative core contribution to the total annihilation rate is
larger for the idealVP than for the bulk, because of the large
annihilation rate with thed electrons of the In atoms neigh-
boring the vacancy. The experimentalWrel parameter for
VP is about 10% smaller than the theoretical one for the ideal
vacancy. According to Table III, the experimental positron
lifetime is somewhat longer than the theoretical positron life-
time. Both experiments therefore suggest a small outward
relaxation forVP. However, a simple breathing-type relax-
ation does not simultaneously bring the calculatedWrel pa-
rameter and the positron lifetime in such a good agreement
with experiment as in the case of VIn .

In Ref. 12 theWrel parameter was estimated for the triply
negative Ga vacancy in GaAs using Eq.~24!. The system
was treated using the conventional scheme for the localized
positron state and also applying two different schemes of the
two-component density-functional theory. One of the two-
component schemes is based on the construction by Boron´-
ski and Nieminen,10 in which the electron-positron correla-
tion energy at a given point depends both on the electron and
positron densities at that point. In the other scheme proposed
by Gilgienet al.,11 the electron-positron correlation energy is
taken from the limit where the positron density vanishes and
thereby the correlation energy depends only on the electron
density. All three schemes give similar positron lifetimes in
reasonable agreement with experiment. TheWrel parameters
for the ideal VGa estimated from the results of the conven-
tional scheme and from those of the Boron´ski and Nieminen
two-component theory are similar in magnitude, about 0.6–
0.7. According to Table III, this value is in agreement with

experiment. The scheme by Gilgienet al. gives forW rel an
estimate of about 0.35. The low value reflects a strong pos-
itron localization in the scheme by Gilgienet al. and is in
clear disagreement with experiment.

V. CONCLUSION

Theoretical calculations for positron wave functions in
solids have so far been used mainly for the estimation of the
positron lifetimes and thereby for supporting the experimen-
tal defect identification. The positron lifetime is a parameter
sensitive mainly to the open volume of a defect. The mea-
surement of the core-electron part of the momentum distri-
bution of the annihilating positron-electron pairs has been
shown to give information on the chemical environment of
the annihilation.5 Therefore, a theoretical method combining
the lifetime calculation and the reliable estimation of the
core-electron contribution to the annihilation spectrum is
needed for supporting the interpretation of the experimental
results and the defect identification.

The comparisons of the calculated momentum distribu-
tions with the measured ones are crucial tests for the theories
of positron states in solids. This is because the momentum
distribution is much more sensitive to the positron distribu-
tion than the positron lifetime. This is true for the delocalized
positron states, but especially in the case of localized posi-
tron states at defects, the comparison of the theoretical and
experimental momentum spectra can be used to judge be-
tween different theoretical models.

In this work, we have developed an improved theory for
the calculation of the core electron part of the momentum
distribution of the positron annihilation radiation. Our theory
is based on the two-particle picture of annihilating positron-
electron pair. In practice, the momentum distribution for
each electron state is calculated using the IPM approxima-
tion and adding up the individual contributions, weighted by
the corresponding partial annihilation rates. The partial rates
are calculated within the GGA for the positron annihilation.
The good agreement between the calculated and experimen-
tal results for several bulk systems justifies the assumptions
made in the theory. Especially, in the momentum region
where the uppermost core electron states dominate the cur-
rent method is found superior to the previous approaches.4,5

In this region, the effects of the GGA in calculating the par-
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tion. The results for vacancies in semiconductors support the
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Moreover, they demonstrate the versality of the combined
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ments with the accompanied theoretical calculations as an
efficient tool for defect identification.
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30J. Mäkinen T. Laine, J. Partanen, K. Saarinen, P. Hautoja¨rvi, K.
Tappura, T. Hakkarainen, H. Asonen, M. Pessa, J. P. Kaup-
pinen, K. Vänttinen, M. A. Paalanen, and J. Likonen, Phys. Rev.
B 53, 7851~1996!.

31T. Laine, J. Ma¨kinen, K. Saarinen, P. Hautoja¨rvi, C. Corbel, M.
L. Fille, and P. Gibart, Phys. Rev. B53, 11 025~1996!.
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