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Photon-echo attenuation in rare-earth-ion-doped crystals
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We study the optical properties of rare-earth-ion-doped inorganic crystals with an emphasis on the depen-
dence of two-pulse photon echoes on the excitation density in the system. The experimental investigations
concentrate on Pr31:Nd31:Eu31 codoped Y2SiO5 and YAlO3 crystals at low temperatures. With two pulses of
one laser the echo is induced in one ion species and with a third, ‘‘scrambler’’ pulse of a second laser another
species is excited. These scrambler excitations lead to a dephasing and thus to an echo attenuation which
depends on the strength, frequency, and time of the scrambler pulse. The spectral sensitivity of the echo
attenuation is used for a spectroscopic technique: ‘‘photon-echo attenuation spectroscopy.’’ As a function of
the delay timets between the scrambler pulse and the onset of the two-pulse echo sequence the attenuation
shows a very specific behavior dictated by the excitation-induced frequency shifts~EFS’s!. For ts between the
two echo-inducing pulses the echo intensity is partially regained by the ‘‘dephasing-rephasing balancing’’ of
the reversible EFS’s. For the theoretical description a stochastic model is introduced and the dephasing by
excitation-induced lattice vibrations and by EFS’s are analyzed in detail. The present results are discussed in
the light of previous experimental and theoretical investigations.@S0163-1829~96!05247-2#
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I. INTRODUCTION

Photon-echo measurements have been intensively ap
to study coherent optical phenomena in many materi
While at the beginning of these studies the experiments w
designed to investigate the nature of the coherence, rece
photon echoes have been used to gain information abou
physical properties of the system hosting the echo genera
species. Because the coherence is very sensitive to fluc
tions in the environment photon echoes can be used for
investigation of weak effects, such as dynamical proces
resulting from the ubiquitous ‘‘two-level systems
~TLS’s!.1–10 A particular role in these investigations
played by rare-earth-ion-doped inorganic crystals; their o
cal properties are very appropriate for the study of vario
dephasing mechanism. The high optical frequency selecti
of these crystals, which can be of the order of kHz, combin
with the high frequency resolution of the time domain tec
niques have rendered possible the study of phenomena
amenable by other techniques.11–24

Very small perturbations in the environment of a dopa
ion lead to changes in its transition frequency which in tu
cause a dephasing in the excitation strong enough for de
tion. These perturbations may arise from stationary therm
activated processes, such as lattice vibrations or spin flip
magnetic compounds in the crystal. However, also the e
tations involved in the echo inducing process give rise t
phase randomization. For example, the local electrostatic
magnetic fields at a probe ion are modulated by the exc
tion of neighboring ions. This induces an additional, nonth
mal dephasing that depends on the excitation density, i.e
the ion concentration, the oscillator strength, and the la
pulse intensity.

In ‘‘pure’’ two-pulse photon-echo experiments, the exc
540163-1829/96/54~24!/17493~15!/$10.00
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tation density can be varied by changing the concentratio
the species participating in the echo process or by chan
the laser intensity. For instance, Cooper, Olson, and Fay25

measured the echo-decay rate as a function of impurity c
centration in mixed molecular crystals. Similarly, the ec
intensity depending on the frequency position within the
homogeneously broadened band was investigated by Sh
and Macfarlane.11 Alternatively, experiments were carrie
out in which the intensities of the two pulses relative to ea
other were varied.12–14 It was found that the behavior of th
echo intensity decay changes dramatically when the firs
second pulse was chosen to be strong; also nonexpone
decay was observed. Both effects were interpreted as re
ing from excitation-induced frequency shifts.

More recently, the two-pulse photon-echo experime
were extended by adding a third, scrambler pulse.12,13,15,16In
these experiments the frequency of the scrambler pulse
positioned in the same transition band12,13 or scanned over
the resonances of another impurity species.15,16By the varia-
tion of the intensity, the frequency, and the delay timets
between the scrambler pulse relative to the echo-pulse
quence several experimental parameters are at disposal
technique of bichromatic optical excitations is similar to t
photon-echo nuclear double-resonance~PENDOR! technique
introduced by Hu, Leigh, and Hartmann.26 This technique is
the optical analog of the spin-echo ENDOR and consists
monitoring the photon-echo intensity as a function of an
plied rf field with the frequency tuned over neighboring io
resonances26 or over sublevels of the probe ions.27

The interpretation of the observed excitation-density
pendent dephasing is primarily based on excitation-indu
frequency shifts~EFS’s!. Frequency shifts were considere
in the analysis of PENDOR resulting from nuclear tran
tions in the vicinity of the optically active species; fo
17 493 © 1996 The American Physical Society
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17 494 54S. B. ALTNER, G. ZUMOFEN, U. P. WILD, AND M. MITSUNAGA
pure optical experiments EFS’s were first taken into acco
by Taylor and Hessler.28 EFS’s originate from the changes o
the electrostatic properties of a species when excited. C
sequently, the field in the vicinity of that species is chang
and in turn this field change induces a Stark effect in ano
guest species; the corresponding shift in the transition
quency leads to a dephasing. This interpretation is stron
supported by the observation of dephasing resulting from
externally applied voltage.19,20 The electric field induces
Stark shifts in the transition frequencies and these sh
modulate the echo intensity. The two effects, EFS’s a
Stark shift, differ in field-strength distribution: for EFS’s th
field at a probe species is random due to the randomne
the environment while for an applied voltage the elect
field is homogeneous in the system.

Basically, EFS’s result from the diagonal interactions b
tween the guest species which contrast with the off-diago
resonance interactions.29,30The latter were considered in th
analysis of the echo intensity as a function of the las
frequency position within the inhomogeneously broaden
band. The interplay between the diagonal and off-diago
interactions in excitation density-dependent photon ech
has not been clarified so far. The shifts due to off-diago
interaction depend on the difference between the echo
quency and the scrambler frequency. If the frequency dif
ence is much larger than the resonance frequency the dep
ing by resonance interaction can be disregarded.30 If,
however, the two frequencies are identical or close to e
other the off-diagonal interactions may contribute to t
excitation-induced dephasing. This has to be considered
ticularly in ‘‘pure’’ two-pulse photon-echo experiments.

Another mechanism, leading to an excitation dens
dependent dephasing, originates from excitation-induced
tice vibrations~ELV’s!. The nonradiative decay of the ele
tronic excitation is accompanied by the dissipation of la
amounts of electronic energy into nonequilibrium phono
Scattering processes of these phonons at electronically
cited species induce a phase randomization. Reabsorptio
nonequilibrium phonons were considered by Macfarlane
Meltzer31 and phonon scattering was accounted for by B
and Kachru21 for the interpretation of their observations th
the echo attenuation changes when the focus of the las
varied.

In our experiments we concentrate on bichromatic m
surements of two-pulse photon echoes in multiple rare-e
ion-doped crystals. With two lasers two different ion spec
are excited. With the first laser the photon echo of the pr
ions ~A ion! is triggered; with the pulse of the second las
another ion species~B ion! is excited. This pump-probe
scheme allows for independent control of the two-pulse p
ton echoes and of the excitation-induced dephasing.15 By
choosing well-separatedA- andB-ion transition frequencies
the dephasing by resonance interaction is avoided. The t
nique with two lasers and two optically active species h
been proposed as a novel type of time and frequency
solved spectroscopy, ‘‘echo-demolition spectroscopy’’16 also
termed ‘‘photon-echo attenuation spectroscopy’’~PEAS!;17

basically it is a double-resonance type of spectroscopy.
Theoretically, Klauder and Anderson2 in their seminal pa-

per introduced a model for the analysis of several cohere
phenomena on the basis of flipping TLS’s. This model, a
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called the ‘‘sudden-jump’’ model has been extended es
cially for the study of dephasing in glass
environments.3,5–10 The fluctuations are assumed to res
from interactions between the species involved in the e
process and the TLS’s randomly placed in the system.
TLS’s are characterized by sudden jumps between the
states with specific rates which depend on the system pa
eters and on the temperature. This model was applied in
study of EFS’s by representing the two states of the TL
by the ground and excited state of theB ions.17 The elec-
tronic transitions of the scrambler species are taken as
chastic events, i.e., the optical active species are excited
chastically according to the excitation probability and th
remain excited until they suddenly relax to the ground st
with a probability according to an exponential decay la
According to this approach the echo attenuation as a func
of the delayts is characterized by a unique behavior whi
allows for an identification of the dephasing by EFS’s. Th
behavior follows from a partial dephasing-rephasing bala
ing ~DRB! which is a consequence of the reversibility
EFS’s. In this paper we extend our previous experimen
and theoretical considerations and show that the DRB is
bust against various modifications of the model.

The paper is structured as follows. In Sec. II the mode
reviewed and the two mechanisms, dephasing by EFS’s
dephasing by nonequilibrium phonons, are studied. In S
III the frequency and time-resolved experimental results
tained from Pr31:Nd31:Eu31 codoped Y2SiO5 and YAlO3
crystals are presented and the corresponding spectrosc
data are tabulated. The results are discussed in Sec. IV
special attention to previous observations. Further theore
results are given in the Appendix.

II. THE STOCHASTIC APPROACH

We assume that the system responsible for the echo
cess consists of an ensemble of noninteractingA ions. For an
optically thin sample the echo intensity is

I~ t12,ts!5uP~ t12,ts!u2, ~1!

where, recalling,ts denotes the time instance of the scra
bler pulse relative to the time of the first pulse which
assumed to take place at timet50. t12 is the pulse separation
time andP(t12,ts) denotes the system polarization in th
rotating-frame approximation32,33

P~ t12,ts!52 1
2 icm sin~A1!sin

2~A2/2!R0~ t12!R~ t12,ts!,
~2!

Aj is the area of thej th excitation pulse andc is the concen-
tration of theA ions.R0(t12) is the echo attenuation due t
the excitation lifetimes and due to thermally activated p
cesses. We introducedR(t12,ts) to describe the dephasin
induced by the electronically excited neighborhood. It is su
posed that the echo is recorded at the low excitation limit
that the density of theA-ion excitation does not significantly
contribute to the total excitation density. We concentrate
clusively on the excitation-induced dephasing and thus
the reduced intensity,



u
cy

en

om
itu
t
th

in
n

c
as
ia
re

th
te
-

,
e

ties

-
nd

em
a

-
he

al

his

a-

by

s of
o-

as

up-
’s
e
ur-
an-
on

th
ta
’s.
;
ig
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I~ t12,ts!
I0

5uR~ t12,ts!u2, ~3!

whereI0 is the echo intensity with the scrambler pulse sh
off. R(t12,ts) is assumed to result from transition frequen
fluctuations2,32

R~ t12,ts!5K exp i F E
0

t12
v j~ t !dt2E

t12

2t12
v j~ t !dtG L , ~4!

wherevj (t) is the transition frequency of thej th A ion with
fluctuations resulting exclusively from the time-depend
shifts induced by the scrambler excitations.

Excitation-induced frequency shifts

We first study the dephasing by EFS’s which results fr
the excited-state environment. For this process three s
tions are relevant:~a! If the scrambler pulse is applied a
timests before the first echo pulse the EFS’s are larger in
dephasing than in the rephasing period.~b! If ts is located in
the time range of the rephasing period only the rephas
process is perturbed; in both cases an echo attenuatio
sults. ~c! If, however, the timets is in the range of the
dephasing period between the first and the second e
pulse, the phase perturbations in the dephasing and reph
periods can be balanced; thus the echo intensity is part
regained. This is more obvious from Fig. 1 where the th
situations~a! to ~c! are schematically illustrated.

For the description of this process we make use of
previous analyses of the sudden-jump and rela
models.2,6,7,9,17,34,35We write for the time-dependent elec
tronic transition frequencyvj (t) of the j th A ion

v j~ t !5v j01(
k

e jkjkuk~ t !, ~5!

FIG. 1. Schematic illustration of the dephasing by EFS’s for
three different cases discussed in the text. The lines, following s
cases, denotev j (t) and depict the temporal relaxation of the EFS
The shaded areas indicate the contributions to the phase shift
areas of the rephasing period contribute with a negative s
Dephasing-rephasing balancing can take place in case~c!.
t
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where the sum runs over all lattice sites of possibleB-ion
positions.ejk is the frequency shift of theA-ion transition
induced by the excitation of aB ion at a displacementr jk ; it
is of the form4,36

e jk5^f je
A fke

B uVjkuf je
A fke

B &2^f je
A fkg

B uVjkuf je
A fkg

B &

2^f jg
A fke

B uVjkuf jg
A fke

B &1^f jg
A fkg

B uVjkuf jg
A fkg

B &,

~6!

wheref denotes the wave functions of theA andB ions and
where the indicesg ande refer to ground and excited state
respectively. This expression describes the change in thA
ion transition frequency caused by theB-ion excitation. The
two center expansion in terms of electrostatic proper
leads to multipolar interactions.

The jkuk(t) term in Eq.~5! is introduced to account ex
plicitly for the randomness of the spatial configuration a
for the stochastic nature of theB-ion excitations.jk is an
indicator variable indicating whether thekth site is occupied
by an excitedB ion at timet5ts ,

Pj5 H ~12p!,
p,

j50
j51, ~7!

wherep is the dimensionless excitation density in the syst
denoting the probability of a lattice site to be occupied by
B ion that is excited at timets . Accordingly, j takes the
value 0 with probability 12p and the value 1 with probabil
ity p. u(t) gives the stochastic aspect of the model with t
B-ion excitation initiated atts and surviving until timet f , so
that

u~ t !5 H1,0, ts,t,t f
otherwise. ~8!

The decay timet f is distributed according to the exponenti
probability density

Pt f
5ge2g~ t f2ts!, ~9!

with g51/T 1
B as the decay rate defined above. Basic in t

description is the independence of theB ions so thatPj and
Pt f

apply independently to all possible lattice sites. Equ
tions ~5!, ~7!–~9! provide a clearly outlined model which
allows for the calculation of the dephasing due to EFS’s
averaging over spatial and temporal configurations.

This model was used to generate the EFS trajectorie
Fig. 2. They were calculated for a cubic lattice and for dip
lar interactions. For the initial timet50 lattice sitesk were
chosen randomly within a sphere of 105 lattice sites accord-
ing to the relative occupation probabilityp51022. For these
sitesjk was set to one and otherwise to zero. The EFS w
then calculated from the sum over these sites(ke jkjk . For
each occupied site,jk51, a lifetimet f was chosen randomly
according to an exponential decay law with the rateg. At
these times the correspondingjk were reset to zero. This
procedure leads to the relaxing trajectories shown in the
per part of Fig. 2. In the lower part of the figure the EFS
are plotted as a function of exp~2gt! to achieve a sequenc
of events according to a Poissonian distribution of occ
rence. The corresponding pattern is typical for Cauchy r
dom walks; the trajectories are characterized by jumps
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17 496 54S. B. ALTNER, G. ZUMOFEN, U. P. WILD, AND M. MITSUNAGA
many scales and by the self-affine property.37 The pattern of
these trajectories are very different from the schematic o
in Fig. 1. Although the trajectories in Fig. 2 indicate th

FIG. 2. Computer simulation of EFS’s trajectories. Plotted
three realizations of time-dependent EFS’s calculated from the
cedure discussed in the text. In the upper figure the trajectories
plotted as a function of time, in the lower figure as a function
e2gt, respectively. The Cauchy random-walk characteristics and
self-affine property are evident.
es

perfect balancing of the accumulated phase has vanis
probability a partial balancing still appears feasible.

The accumulated phase ofj th A ion is

E
0

t12
v j~ t !dt2E

t12

2t12
v j~ t !dt5(

k
e jkjkuk~ ts!, ~10!

where

uk~ ts!5E
0

t12
uk~ t !dt2E

t12

2t12
uk~ t !dt. ~11!

uk(ts) is a random variable depending on the stochastic
cay timet f which enters throughu(t). We obtain

R~ t12,ts!5K)
k
exp„i e jkjkuk~ ts!…L

$j,t f %

, ~12!

where the average has to be taken over the initialB-ion
excitation configurations and over the stochastic decay tim
Accounting for the independence ofPj andPt f

the averages
can be taken over the individual lattice sites independen

R~ t12,ts!5)
k

^exp„i e jkjkuk~ ts!…&~j,t f !k
. ~13!

The j average yields

R~ t12,ts!5)
k

$12p@12Sjk~ ts!#%, ~14!

where

Sjk~ ts!5^exp@ i e jku~ ts!#& t f . ~15!

Sjk(ts) is a quantity that was studied previously;15 the ex-
plicit expression reads

e
o-
re
f
e

y can
small

the
r

Sjk~ ts!55
11

i e

g2 i e
egts1

i e

g1 i e
eg~ ts22t12!2

2i eg

g21e2
eg~ ts2t12!1 i et12, ts<0

g

g2 i e
1

i e

g1 i e
eg~ ts22t12!2 i ets2

2i eg

g21e2
e~g2 i e!~ ts2t12!, 0,ts<t12

g

g1ie
1

ie

g1ie
e~g1ie!~ts22t12!, t12,ts<2t12

~16!

wheree5ejk . Equations~3!, ~14!, and~16! represent an exact solution of the problem within the model assumptions; the
be applied for the detailed calculation of the echo attenuation for a particular lattice structure and interaction law. Forp
expression~14! can be approximated by

R~ t12,ts!.expH 2p(
k

$12^exp@ i e jku~ ts!#& t f%J . ~17!

We consider the multipolar description of the interaction potential. The dipole-dipole approximation gives

e jk5e0~r 0 /ur jku!3k~V!, ~18!

wheree0 denotes the interaction of dipoles at a unit distancer 0 and depends on the differences between the dipoles of
excited and the ground state for theA andB ions, respectively, according to Eq.~6!. Dielectric corrections to the dipola
interactions originating form the polarizable hosting environment are thought to be included in the constante0. k gives the
angular dependence
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k~V!5~ d̂A ,d̂B!23~ r̂ ,d̂A!~ r̂ ,d̂B!, ~19!

whered̂A,B and r̂ are unit vectors for the dipoles and the displacement, respectively.V denotes the set of angles defining t
corresponding spatial orientations. Tacitly we have assumed that the orientation of theB-ion dipoles is the same for all sites
In the continuum approach Eq.~17! yields

R$ ln R~ t12,ts!%.2K 4r0ppE
0

`

dr r 2$12cos@e0~r 0 /r !3ku~ ts!#%L
V,t f

52C1p^uu~ ts!u& t f , ~20!

wherer0 denotes the site density. Only the real part is considered because the imaginary part cancels in Eq.~3!. The constant
in Eq. ~20! is

C15~2/3!p2e0r 0
3r0^uku&V . ~21!

The dimensionless quantity^uku&V is of the order 1. For the particular case with theA dipole parallel to theB dipoles we have
^uku& i54/A27 and for the case of theA dipole perpendicular to theB dipoles ^uku&'52/p, respectively. The calculation o
^uu(ts)u& t f gives

17

g^uu~ ts!u& t f5H ~12e2t12g!2etsg, ts<0

~2e2~2t122ts!g2e22t12g22e2t12g1e2tsg!etsg, 0,ts<t12

~12e2~2t122ts!g!, t12,ts<2t12.

~22!
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From Eqs.~3!, ~20!, and~22! the echo intensity depending o
ts exhibits a specific behavior, as shown in Fig. 3. For
time regimests,0 and t12,ts,2t12 the logarithm of the
echo intensity follows a behavior dictated by one expon
tial. In the intermediate regime 0,ts,t12, the behavior is
more complicated; the echo intensity may show a local ma
mum ts,max5g21ln@(112et12g)/4#, t12g.ln~3/2!.17 This maxi-
mum is a signature of the dephasing by EFS’s.

In Fig. 4 the echo attenuation as a function oft12 is shown

FIG. 3. Theoretical echo intensities as a function of the ti
delay ts . The function2C1p^uu(ts)u& of Eq. ~20! is given by full
lines for variousgt12 values as indicated and forC1pg2151. To
highlight the difference between the behaviors of the attenuation
to ELV’s and EFS’s, Eq.~26! is given by dashed lines with th
value ofpDg21 chosen so that the corresponding full and dash
lines match forts,0 and for the cases ofgt1251 and 2.
e

-

i-

for two fixed ts values:ts50 and ts5t12. A very different
decay is observed for two cases. Settingts50 andts5t12 in
Eq. ~22! and expanding for smallgt12, we obtain
ln@I~t12,ts50!/I0#;2~gt12!

2 and ln@I(t12,ts5t12)/I0#
;2gt12. Thus the echo intensity follows approximately a
Gaussian in the former and an exponential decay in latt
case.

Excitation-induced lattice vibrations

We now focus on the dephasing due to ELV’s. We as
sume that part of the electronic energy is dissipated into la
tice vibrations which may be highly excited localized vibra
tions or propagating phonons. Localized lattice vibration

e

y

d

FIG. 4. Theoretical echo intensities as a function of the inte
pulse timet12. Plotted isI(t12,ts)/I0 for ts50 as full lines and for
ts5t12 as dashed lines, respectively, and for twop values, as indi-
cated. The parameters aree0r0r 0

3/g51 andd̂Ai d̂B .
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17 498 54S. B. ALTNER, G. ZUMOFEN, U. P. WILD, AND M. MITSUNAGA
relax and eventually merge into propagating phonons.
dephasing is assumed to result from elastic- and inela
scattering processes of nonequilibrium phonons at electr
cally excited ions. A scattering event at an excitedA ion is
associated with a sudden frequency excursion giving rise
dephasing. The efficiency of the dephasing depends on
frequency, the mean free path, and the lifetime of
phonons.38 On one hand, we assume that the lifetime of t
phonons until thermalization is short if compared with t
electronic excitation lifetimes or dephasing times. Theref
the limiting process for the nonequilibrium phonon density
the electronic excitation decay and thus the nonequilibri
phonon density is proportional to the electronic excitat
density. From this follows also, for example, that noneq
librium phonons generated earlier than the first ec
inducing pulse do not lead to a significant dephasing and
be disregarded. On the other hand, it is supposed that
lifetime is sufficiently long so that scattering events w
A-ion excitations are guaranteed.

Two different situations result from these assumptio
the scrambler pulse occurs before or after the first ec
inducing pulse. Relevant for the dephasing are the numbe
scattering events, i.e., the number of excitation dissipa
events during the echo dephasing-rephasing process.
ts,0 nonthermal lattice vibrations are generated during
whole dephasing-rephasing period 0,t,2t12 and the result-
ing echo attenuation depends only on the scrambler ex
tion density at timet50. The situation is similar forts.0.
Only the time period 2t122ts enters the calculations. Thu
by increasingts the echo attenuation is reduced. The scat
ing processes lead to a phase randomization irrespectiv
whether the polarization is in the dephasing or rephas
stage. Consequently, the strongest attenuation is expect
take place forts50.

The dephasing by ELV’s contrasts with the dephasing
EFS’s. The energy excursions induced by phonon-scatte
processes are fast relative to the coherence phenomena.
sequently, correlations between phonon-induced freque
fluctuations of the de- and rephasing period are neglig
and a DRB can thus be ruled out. The experimental te
nique based on two species excitations provides fortuit
conditions for discriminating the competing effects.

For the description of this process we suppose unspec
nonequilibrium phonons and assume that the scatte
events lead to frequency fluctuationsD(t) which can be ap-
proximated by white noise. More explicitly, the fluctuatio
D(t) ared correlated and Gaussian distributed so that

^D~ t !&50, ^D~ t !D~ t8!&52d~ t2t8!pDe2g~ t2ts!,
~23!

wherep has the same meaning as in Eq.~7!. D is a constant
and the exponential behavior accounts for the fact that
probability of the scattering events decays as the num
density of survivingB-ion excitations.g51/T 1

B is the decay
rate which is considered to be identical for allB ions in the
system. From a second cumulant expansion, we obtain

lnR~ t12,ts!52 1
2K2 , ~24!

where
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K252pDE
max~0,ts!

2t12
e2g~ t2ts!dt. ~25!

For the dephasing we find

lnR~ t12,ts!5H 2g21pDegts~12e22t12!, ts,0

2g21pD~12e2g~2t122ts!!, 0,ts,2t12
.

~26!

For fixedt12 the behavior of lnR(t12,ts) as a function ofts is
governed by one exponential both forts,0 and forts.0 and
shows a minimum atts50. Thus the attenuation is stronge
for ts50 as we have anticipated. For fixedts and as function
of t12 the expansion of the right-hand side~rhs! of Eq. ~26!
leads to an exponential decay ofR(t12,ts) which holds for
small gt12 values. This exponential decay is reminiscent
the decay due to the interaction with thermally activated p
cesses which have been established to lead to expone
decays. Thus from this behavior no distinction between
thermally activated and excitation-induced effects can
made. However, by variations of temperature and excita
density a discrimination is possible. In Fig. 3 the echo
tenuation by ELV’s and EFS’s are compared; the very d
ferent behavior is obvious from the presentation.

Dephasing by ELV’s was reported in Ref. 21 and a sim
lar interpretation was introduced for the electronic level
population by repeated resonant phonon emission and
sorption in Ref. 31. In our experimental investigatio
dephasing by ELV’s could not be traced. We stress that
approximations introduced for modeling the ELV’s may n
hold strictly. Nevertheless, it is thought that the present
scription captures the main effect. Moreover, the introd
tion of ELV’s is appropriate here, because ELV’s can
considered as a representative of excitation-induced dep
ing resulting from irreversible frequency shifts.

III. EXPERIMENTAL INVESTIGATIONS

The setup

The experimental setup, schematically depicted in Fig
consists of a classical collinear photon-echo arrangem
and in addition, of a second, counterpropagating beam,
ing as the scrambler. The cw output of an Ar1-ion laser
pumped Coherent-Radiation CR 699 single-mode dye la
was fed through a doublet of acousto-optic modulat
~AOM’s 1 and 2, Matsushita EFL 200! that produced pulses
of 1.5-ms length. These pulses were used to induce pho
echoes which were detected with a photomultiplier. A th
AOM of the same type was used to prevent the detector fr
saturation by selective opening at the expected echo ti
The peak intensities of the pulses were of the order kW/c2

and led to reasonably strong echoes. To minimize the p
turbing effects of spectral hole burning, the laser was rep
tively scanned over a range of 200 MHz within one seco
The echo sequence was repeated at a rate of 100 Hz, a
ages were taken over several tens of sequences for one
point.

In the case of spectroscopic measurements a second l
an Ar1-ion laser pumped Spectra Physics 375B tunable
ear dye laser, was used to induce the excited-state env
ment to be probed by the echo sequence of the first laser.
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scrambler laser with cw output power of 3 W was gated by a
fourth AOM’s to produce pulses of 10–100-ms duration.
These pulses were sent through the crystal count
propagating to the echo-inducing pulses. The overlap of t
scrambler and echo laser beams was carefully optimized
induce a feasible echo attenuation. The spectral width of
scrambler laser was 40 GHz, which lead to an instrume
limited resolution for some of the spectral features as is o
served in the figures presented below. In the case of the D
experiments a Spectra Physics/Quanta-Ray Nd:YAG DC
pumped-pulsed dye laser system PDL-2 was used, wh
generated pulses of kW power in bursts of approximately
ns. Thus the total scrambler energy was the same for b
setups; however, the pulses were much shorter in the D
experiments.

Y2SiO5 and YAlO3 doped with rare-earth ions are known
for their very long dephasing times since only very few ma
netic compounds are present in these systems.23,24 By spin
flip flops these compounds give rise to a phase randomi
tion. Owing to the small concentrations of these compoun
the measurement of dephasing rates in the order of kHz
feasible. We used Eu31:Pr31:Nd31 codoped Y2SiO5 and
YAlO3 crystals of 10-mm length. The concentrations of th
dopants were nominally 0.1%, 0.01%, and 0.01%, resp
tively. The samples were held in an Oxford flow cryostat
temperatures of 6–7 K. At these temperatures thermally
tivated dephasing is negligible which is obvious from Fig.
where two-pulse photon-echo measurements of the homo

FIG. 5. Experimental setup for the echo-attenuation expe
ments. Depending on the type of the experiment, either the ga
cw system or the pulsed system is used as the excitation-induc
light source. For clarity, the scrambler and the echo beams are
parallel to each other. AOM’s denotes the acousto-optic modulat
PMT the photomultiplier tube, and PDL the pulsed dye laser, r
spectively.
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neous linewidthsGhomare displayed for Eu
31:Y2SiO5 and for

Eu31:YAlO3. In this study we were interested only in th
temperature dependence of the echo-decay rates; ther
the usual zero-intensity extrapolation and the application
static magnetic fields was omitted. In case of Y2SiO5 the
onset of the thermally induced homogeneous line broaden
takes place at 8 K. The data were fit to aT7-Debye law
which accounts for two-phonon Raman processes.39,40Good
agreement with the experimental observations was obta
which makes sense because the electronic excited stat
volved in the echo process is clearly separated from ne
boring electronic levels, so that a one-phonon-assisted
population cannot take place. The Debye temperatures
these crystals are unknown; thus it is not clear whether
difference in the rise of the linewidths with increasing tem
perature is because of different Debye temperatures or
ferent electron-phonon couplings of the two systems.
conclude that for the interpretation of the echo-attenuat
spectra recorded at 6–7 K thermally activated dephasing
be disregarded.

Experimental findings

We first report on the echo attenuation as a function of
scrambler wavelength. The echo-inducing laser was set o
the Pr31 1D22

3H4 transition of Y2SiO5 and of YAlO3 and
onto the7F02

5D0 transition of Eu
31 site 1 in Y2SiO5 and of

Eu31 in YAlO3. In parallel the scrambler laser was tune
over the range of 575–610-nm limited by the Rhodamine
laser dye. The scrambler pulses were of 100-ms duration and
were triggered 100ms ~Y2SiO5! and 220ms ~YAlO3! before
the onset of the first echo pulse. The echo intensity w
recorded as a function of the scrambler frequency; the c
responding spectra for Y2SiO5 and YAlO3 are shown in Figs.
7 and 8, respectively. The traces show that the echo att
ation is strong for resonances between the scrambler
quency and the transition frequencies of the codoped spe

i-
ed
ng
ot
r,
-

FIG. 6. Temperature dependence of the homogeneous linew
Ghomof the Eu

31 7F02
5D0 transition measured by two-pulse photo

echoes. The onset of the temperature dependence of the deph
occurs at lower temperatures in the Y2SiO5 than in YAlO3. The
symbols give the experimental values and the full lines are fit
curves according to theT7 law.
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and the attenuation is absent where none of these sp
absorbs, independent of the frequency gap between sc
bler and echo-inducing laser. These observations clearly
port the interpretation in terms of nonresonant excitati
induced dephasing.

For comparison the transmission and fluorescence ex
tion spectra are also presented in Figs. 7 and 8; they con
the observations by PEAS. All three types of spectra w
recorded with approximately the same experimental par
eters of the lasers which were used to induce the scramb
and the fluorescence, and to probe the transmission. W
regard of the signal-to-noise ratio, the echo-attenuation s
tra turn out to be superior to the transmission spectra but
quite as noiseless as the fluorescence excitation spectr
the latter case, different detectors had to be used becau
the different frequency ranges of the codoped ion emissio
Further, a monochromator~Nikon, P250! and lock-in ampli-
fication ~Stanford Research SR850 DSP! were used to dis-
criminate the emissions of different species. Such refi
ments in the detection procedure are not necessary in
echo-attenuation experiment, since it is always the pho
echo of the same transition which is monitored whereas
spectral selectivity enters by a second perturbing mechan

FIG. 7. Comparison of echo-attenuation, transmission, and fl
rescence excitation spectra obtained from Pr31:Nd31:Eu31 codoped
Y2SiO5 crystals. The echo-attenuation spectrum of the upper
was recorded with the echo laser tuned onto the Eu31 7F02

5D0
transition of site 1. Transmission and fluorescence excitation s
tra are shown in the lower box. The spectral features are numb
ascendantly with increasing wavelength; corresponding reson
wavelengths and excited-state lifetimes are listed in Table I.
ies
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The measured transition wavelengths of the Eu31:Pr31:Nd31

codoped Y2SiO5 and YAlO3 are summarized in Tables I an
II. The accuracy of the wavelength measurements was
ited by the poor frequency calibration of the linear dye las
The spectra were recorded as a function of the position
steppermotor which was driving a frequency tuning etal
The position values were then transformed into wavelen
units using a calibration based on known transition wa
lengths of Eu31, Nd31, and Pr31 YAlO3,

41–43 the estimated
accuracy is 0.1–0.2 nm. The transition wavelengths of
Y2SiO5 dopings observed in this study were previously
ported except those of Nd31. Within the given accuracy the
wavelengths presented in the tables for Pr31 and Eu31 are in
agreement with the values reported in Refs. 24, 44.

Because several experimental parameters can be va
freely, there is nostandardphoton-echo-attenuation spe
trum and the declaration of the applied parameters is an
tegral part of the spectrum. This is illustrated in Fig. 9 whe
spectra are shown for two different delay timests . The two
traces represent portions of the Y2SiO5 attenuation spectrum
analogous to the one given in Fig. 7. The echo laser w
tuned to the Eu31 site 1 transition and the interpulse tim
was t125150 ms. The lower trace was recorded forts5100
ms and the upper spectrum forts51000ms. Notably, in the
latter case only the long-living Eu31 excitations contribute to
the echo attenuation whereas the excitation of the o
codoped species has disappeared.

o-

x

c-
ed
ce

FIG. 8. Same as Fig. 7 but for spectra obtained fro
Pr31:Nd31:Eu31 codoped YAlO3 crystals with the echo laser in
resonance with the Eu31 7F02

5D0 transition. Corresponding spec
tral and temporal data are listed in Table II.
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TABLE I. Compilation of spectroscopic data for the Pr31:Nd31:Eu31:Y2SiO5 crystal measured by PEAS and by absorption and fl
rescence spectroscopy. The relative errors, given in parentheses in the last column, are calculated from rms values for transition
same upper electronic states.

Species Transition
Vacuum wavelengtha ~nm!
~line number in Fig. 7!

Fluorescence lifetimeT1
b ~ms!

~previously reported valuesa!

Excited-state lifetimeT1 ~ms!
by echo attenuation

and rel. error

Eu ~site 1! 7F0–
5D0 580.0~10a! 1.87 ~1.9! 1.67 ~8%!

Eu ~site 1! 580.2~10b! 1.58 ~1.6! 1.43 ~6%!

Pr ~site 1! 3H4–
1D2 578.1~7!, 588.0~15!, 597.8~20!, 0.16 ~0.16! 0.18 ~9%!

603.7~22!, 605.9~23!

Pr ~site 2! 570.8~1!, 574.8~3!, 596.7~19!, 0.21 ~0.22!
0.20 ~6.5%!c

607.9~24!

Nd ~site 1! 4I9/2– 575.4~5!, 576.9~6!, 579.6~8!, 0.25 ~2! 0.26 ~6.5%!
4G5/21

2G7/2 582.6~11!, 584.3~13!, 588.3

~16!, 594.6~18!

Nd ~site 2! 573.5~2!, 575.2~4!, 580.0~9!, 0.33 ~2!

583.9~12!, 587.6~14!, 590.1 0.33~5%!d

~17!, 597.9~21!

aFor comparison see Refs. 22 and 49.
bMean value of all lines.
cLines 1 and 3 do not show enough scrambling.
dLines 4, 5, and 9 are burried by Nd~site 1! lines.
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We now focus on the echo attenuation as a function of
delayts . In Fig. 10 we present experimental results obtain
for Pr31 and Nd31 in Y2SiO5 and for four different scramble
pulse lengths. These results are compared with the pre
tions of Eqs.~20!–~22!; good agreement is obtained in a
cases. According to the predictions the temporal behavio
the echo intensity as a function ofts in the regimets,0
follows an exp-exp law with the rate equal tog5(T 1

B)21.
The lifetimes fitted to the four data sets were the same wi
the accuracy of the measurements. For most of the str
resonances such time-resolved measurements have bee
ried out. The fitted lifetimes are summarized in Tables I a
II together with corresponding lifetimes obtained from flu
rescence excitation measurements. We notice a good a
ment between the two sets of data. With the PEAS met
e
d

ic-

of
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ng
car-
d

ee-
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one is thus able to distinguish between different species
means of their excited-state lifetimes. The lifetime of a no
frequency selective species is also given in Table II. T
species was observed only for the YAlO3 crystal; its lifetime
is similar to the other listed values, its origin, however,
unclear.

From Eqs.~20!–~22! and from Fig. 4 it is obvious that for
ts,0 the observed excitation density dependent attenua
cannot be attributed either to EFS’s or to ELV’s process
Therefore we focused on the regime 0,ts,2t12. To assure
quasi-instantaneous scrambling excitation, the high-po
pulsed dye laser instead of the gated cw laser was use
these experiments. The experimental results were prese
in Fig. 3 of Ref. 17. The echo intensity recovery was fou
to reach a maximum at 8065 ms for all laser intensities, in
TABLE II. Same as Table I, except for the Pr31:Nd31:Eu31:YAlO3 crystal.

Species Transition
Vacuum wavelengtha ~nm!

~line number in Fig. 8!
Fluorescence lifetimeT1

b ~ms!
~previously reported valuesa!

Excited-state lifetimeT1 ~ms!
by echo attenuation

and rel. error

Eu 7F0–
5D0 581.7~5! 1.77 ~2.0! not enough line

strength
Pr 3H4–

1D2 587.4~7!, 595.8~10!, 598.4~11!, 0.17 ~0.18! 0.18 ~9%!

600.6~12!, 610.7~13!
Nd 4I9/22 573.0~1!, 575.8~2!, 577.6~3!, 0.18 ~0.18! 0.19 ~7%!

4G5/21
2G7/2 578.2~4!, 584.3~8!, 587.2~8!,

589.5~9!

Unknown nonselective 0.24~7%!

aFor a comparison see Refs. 17, 46, 47, 48.
bMean value of all lines.
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agreement with the prediction of 79ms obtained fort125200
ms andg215T1

Nd5245ms. Also the scaling properties wer
examined and a reasonable data collapse on a single m
curve was observed.

IV. DISCUSSION

The combination of careful measurements and theore
developments allow now for an accurate detection and
scription of the excitation density-dependent photon-echo
tenuation in rare-earth ion-doped inorganic crystals. T
dephasing by excitation-induced frequency shifts manife
itself extraordinarily by the dephasing-rephasing balanci
the observation of this effect indicates very strongly the e
attenuation by excitation-induced frequency shifts. It can
detected by choosing appropriate transitions of the echo
ducing and of the scrambler species. By means of the PE
quantitative spectral information about the guest species

FIG. 9. Temporal selectivity of the echo-attenuation spectr
copy. The intensity is plotted for the echo induced in the7F02

5D0
transition of Eu31 site 1 in Y2SiO5 for different values of the delay
time ts . Lower trace forts5100ms: all codoped species are visibl
upper trace forts51000ms: only the transitions of the long-living
Eu31 excitations of the two sites are visible.

FIG. 10. Excitation-induced echo attenuation forts,0. The ech-
oes were generated for the7F02

5D0 transition of Eu31-site 1 in
Y2SiO5. The upper traces give the attenuation with the scram
laser tuned onto the Pr31-site 1 transition at 605.81 nm~line Nr. 23
in Fig. 7! and the lower traces with the scrambler laser tuned o
the Nd31-site 1 transition at 584.40 nm~line Nr. 13 in Fig. 7!. The
scrambler pulse lengths were from top to bottom 7, 13, 25, and
ms. The fittedT1 values are the same within the experimental erro
ter

al
e-
t-
e
ts
;
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e
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S
nd

about the system can be obtained.
Because of the time and frequency analogy additio

verification of the EFS’s can be achieved by the measu
ment of the excitation density-dependent line broadening
experiments under current considerations a spectral ho
burnt into the transition of one species and is examined s
ject to a strong scrambler excitation density in the syste
This technique is expected to provide independently the
rameter 2C1p as obtained from echo-attenuation measu
ments. To calculate 2C1p from first principles further infor-
mation about the guest species and the host system
required.C1 depends on the dipole-moment differences
the two species involved, on the dielectric corrections, a
on the geometric arrangement of the guest species in
system.p depends on the transition probability and the co
centration of the scrambler species. By independent exp
ments based on Stark shifts induced by an applied elec
field the dipole-moment differences and their geometry
the crystal can be determined.45 Together with data from
dielectric and fluorescence measurements thea priori calcu-
lation of the parameter 2C1p appears feasible.

Our theoretical considerations are based on a stocha
approach for the description of the scrambler excitations
leads to a surprisingly accurate description of the obser
echo attenuation. The extension of the derivations to thr
pulse stimulated photon echoes plus scrambling is strai
forward. The approach of the present work is similar to th
of the sudden-jump model based on TLS’s, which oscill
stochastically between their two possible states. Accoun
for all possible realizations of jump sequences between
two states makes a statistical analysis cumbersome. The
ation is simpler in the present model where the scramb
excitations play the role of TLS’s which can change th
states only twice: excitation and deexcitation. The derivat
of analytical expressions is thus facilitated.

In our study we compared the echo attenuation by ELV
and by EFS’s to each other. Our experimental findings co
be interpreted on the basis of EFS’s exclusively. Howev
we point out that forts,0 we cannot discriminate betwee
the two effects because they lead to identical behaviors
order to distinguish between the two contributions thets
range has to be extended to positive values. Bai and Kac
concluded from their experiment on ion-doped inorga
crystals that propagating nonequilibrium phonons are es
tially responsible for the dephasing at strong excitat
density.21 We believe that this conclusion could be corrob
rated by experiments with two different guest species co
bined with variations of the laser foci.

From our analysis we are able to comment on the tw
pulse laser experiments with a strong first or second pu
Disregarding for a moment the resonance interaction, i
rough approximation we may assume that the strong puls
identical to the scrambler pulse and that the weak pulse
duces the echo at the low-intensity limit. Strong first or se
ond pulse correspond to the two casests50 and ts5t12 as
considered in Fig. 4. This approximation allows for th
analysis of the echo intensity in terms of Eqs.~20!–~22!. The
observed nonexponential in the former and the fast expon
tial echo decay in the latter case, respectively are t
evident.12–14

At this instance the question arises of how the resona
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interaction comes into play in two-pulse photon echoe30

Disregarding the phonon-assisted energy-level repopula
the echo attenuation by resonance interaction depends
cially on the difference between the transition frequencies
the interacting species. Therefore, the echo attenuation
resonance interaction depends on the energy-level dens
the frequency position of the echo. Consequently, suppo
a constant excitation density induced by the laser pulses
dephasing by resonance interaction is a function of the
quency position within the inhomogeneously broaden
band, which is contrary to the dephasing by EFS’s. Roug
the dephasing depends solely on the excitation density in
system and, again supposing a constant excitation den
the frequency position within the inhomogeneously bro
ened band is of no importance. While the interpretation
experimental echo intensities in terms of EFS’s is straig
forward, the analysis in terms of resonance interaction se
to be complicated; further theoretical and experimental
vestigations are required to shed light on this problem.
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APPENDIXES

In these Appendixes, we present further theoretical res
on excitation-induced frequency shifts relevant for future
perimental investigations. We begin with the question
how manyB ions contribute typically to the echo attenu
tion.

APPENDIX A: NUMBER OF INTERACTING IONS

We consider Eq.~16! noticing that the behavior of the rh
as a function ofe shows a crossover atg5e. Thus one is able
to distinguish between close and distantB ions by defining a
characteristic radius (Rc/r 0)

35e0/g.
5 We also introduce an

outer radiusRn which spans a sphere ofn lattice sites. Mak-
ing use of Eq.~20!, we find

R$ lnR~ t12,ts!%

.24pr0pF E
Rmin

Rc
r 2 dr

1
1

2
e0
2^u2~ ts!&^k

2&r 0
6E

Rc

Rn
dr r24G , ~A1!

whereRmin is the smallest possible distance to aB ion. The
first term is obtained by observing that for large argume
the cosine function in Eq.~20! oscillates rapidly as a function
of r , so that its contribution can be disregarded. The sec
term results from the second-order expansion. Integra
yields
n,
ru-
f
by
at
ng
he
e-
d
y,
he
ty,
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lts
-
f

s
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n

R$ lnR~ t12,ts!%.2
4p

3
r0pFRc

32Rmin
3 1

1

2
r 0
6e0

2^u2~ ts!&^k
2&

3~Rc
232Rn

23!G . ~A2!

We note that for experimentally typical situations wit
e0/g@1 and accounting for~4p/3!r0Rmin

3 .1 the correction
resulting from the lower integration limitRmin is small.
Therefore the lower integration limit set to zero in Eq.~20! is
a reasonable approximation. Alternatively, we may write

R$ lnR~ t12,ts!%

.24pr0pF E
0

`

•••2E
Rn

`

•••G
.2pFC1^uu~ ts!u&2

2p

3
r0r 0

6e0
2^k2&^u2~ ts!&Rn

23G .
~A3!

Equating (4p/3)r0Rn
35n, we see that Eqs.~A2! and ~A3!

converge with an increasing number of sites as 1/n. We es-
timate the numberN of excitedB ions fromN5pn. Only a
finite number of excitations contribute significantly to th
attenuation. Nevertheless, Eqs.~A2! and ~A3! also make
clear that the question of how manyB-ion excitations con-
tribute to the attenuation cannot be strictly answered; t
number depends on the percentage of the attenuation t
covered by the estimate, on the parameters and on the de
of the model. In Fig. 11 we present the relative echo intens
as a function ofts for various numbersn. The curves dem-
onstrate the convergence towards the asymptotic result.

APPENDIX B: EXCITATION-INDUCED LINE
BROADENING

Usually the relationship between the time and frequen
domain experiments is pointed out. Here we are intereste
the analogy between the echo attenuation and the line bro
ening due to EFS’s. Because of the finite lifetime of t
scrambler excitations the line broadening is transient.

FIG. 11. Convergence of the echo attenuation with increas
numbern of lattice sites to the asymptotic limit. The full lines giv
the result of Eq.~14! with the product restricted to then-nearest
sites, where then values are as indicated. The dashed line is t
asymptotic limit according to Eqs.~20!–~22!. Further parameters
are set:p51023, e0/g5103, d̂A'd̂B , andgt1251.
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We first wish to comment on the instantaneous spec
diffusion which results from(ke jkjkuk(t) in Eq. ~5!. This
sum represents a random frequency due to the randomne
indicator variablesjk and due to the stochastic property
u(t). In order to obtain statistical insight into the EFS’s a
its time evolution we may reason as follows.46 For small
excitedB-ion densitiesp one may consider the above sum
to be a sum of independent and equally distributed variab
This is more obvious if the terms in the sum are though
have been assembled randomly. The distribution of the v
ables follows from the spatial dependence of the interac
and from the spatial density of theB ions. Considering
ue(r )u;r23 for dipolar interactions andP(r );r 2 for the
spatial probability density of theB-ion excitations, we obtain
for the jump probability distribution

P~e!;ueu22, ueu<emax. ~B1!

We note that this corresponds to the asymptotic behavio
a Lorentzian. Together with the idea of randomly a
equally distributed variables the calculation of the sum
reminiscent of random walks with a structure function bas
on the Lorentzian distribution. The corresponding evolut
is termed Le´vy flights47,48 or ‘‘Lorentzian diffusion.’’ 2 In
Eq. ~B1! the power-law behavior ofP~e! is limited to the
range ueu<emax, whereemax is due to the smallest possib
displacement to a neighboring site.

Although the line broadening has been studied for
sudden-jump model,49 we repeat the derivations to highligh
the parallelism between the time and frequency domain
scription. For the shapeP(v,t) of the time-dependent line
broadening we write

P~ṽ,t !5 K dF ṽ2( 8
k

e jkjkuk~ t !G L
$j,t f %

, ~B2!

where we have setṽ5v2v j0. In Fourier (ṽ→z) space the
configuration average can be carried out; we obtain

P~z,t !5)
k

$12pe2~ t2ts!g@12exp~ i e jkz!#%, ~B3!

which is analogous to Eq.~14! of the corresponding dephas
ing process. For smallp, dipolar interactions, and the con
tinuum description we find

lnP~z,t !.24pr0pe
2~ t2ts!g

3E
0

`

dr r 2H 12 K expF i e0S r 0r D 3kzG L
V

J
52pe2~ t2ts!g@C1uzu1 iC2z#, ~B4!

whereC1 is the constant of Eq.~21! and where

C252~2/3!pe0r0r 0
3K E

0

`

dx x22sin„k~V!x…L
V

.

~B5!

For d̂A'd̂B one hasC250, while for d̂Ai d̂B the integration is
involved50

C252
4p2e0r0r 0

3

9)
F)1 ln

12)

11)
G.20.66e0r0r 0

3.

~B6!
al

s of

s.
o
ri-
n

of

s
d
n

e

e-

In frequency space expression~B4! corresponds to a Lorent
zian with a width of 2C1pe

2(t2ts)g and is centered a
2C2pe

2(t2ts)g. It follows that the broadening relaxes exp
nentially while the specific shape is time invariant. Figure
shows the line shape calculated numerically from the Fou
back transform of Eq.~B3! for various occupation probabili
ties p. For largerp values the particular pattern in the line
shape results form the discrete structure of the lattice. T
pattern disappears with decreasingp and the shape con
verges to the asymptotic limit with the center shifted acco
ing to Eq.~B4!.

APPENDIX C: NONDIPOLAR INTERACTIONS

We now investigate how the specific behavior of the ec
attenuation depends on the interaction range. We cons
higher-order multipolar interactions,

ueu;cr2s, ~C1!

wheres denotes the range of interaction; fors53 we recover
the dipolar situation. We disregard the angular depende
which is complicated and not of relevance here. Analogo
to Eq. ~17!, we have

R$ lnR~ t12,ts!%

.K 24pr0pE
0

`

dr r 2$12cos@cr2su~ ts!#%L
t f

.

~C2!

Integration yields

R$ ln R~ t12,ts!%.2Cbp^uu~ ts!ub& t f , ~C3!

where we introducedb53/s and where the constant read
Cb5(2/3)p2r0c

b csc~bp/2!/G~b!, which forb51 andc5e0
reproducesC1 of Eq. ~21!. We also find

FIG. 12. Line broadening due to EFS’s.P(ṽ,t) calculated from
Eq. ~B3! is plotted in the rescaled representation as full lines
severalp values, as indicated and fort5ts , a cubic lattice,d̂Ai d̂B ,
e0r0r 0

3/g51. The asymptotic form according to Eq.~B4! is given as
a dashed line.



gb^uu~ ts!ub& t f5

etsgg̃~11b,t12g!1e2~2t122ts!gg̃~11b,2t12g!, ts<0

g̃@11b,g~ t122ts!#1~gts!
be2~2t122ts!g

22~ t122ts!g
~C4!
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5 1e $g̃@11b,2g~ t122ts!#1g̃~11b,gts!%, 0,ts<t12

gb~2t122ts!
be2~2t122ts!g1g̃@11b,g~2t122ts!#, t12,ts<2t12,
n
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where g̃(b,x) stands for the incomplete gamma functio
g̃(b,x)5* 0

xe2ttb21dt and for negative arguments
g̃(b,2x)5* 0

xettb21dt, respectively.51 The behavior ofR as
a function of t12 or of ts is not obvious from Eq.~C4!. A
series expansion of theg̃ function would allow us to study
the asymptotic behavior for particular cases. Here we m
use of Eqs.~C3! and ~C4! to demonstrate numerically th
dependence of the attenuation on the interaction range. F
Fig. 13 it becomes clear that the DRB dominates the beh
ior for the intermediate regime 0,ts,t12 also for interac-
tions of shorter range than for dipolar interactions.

APPENDIX D: EXCITATION DENSITY VARIATION

So far we have considered the situation of spatially
mogeneously distributed excitations. For the experiments
ion-doped crystals this condition is not fulfilled. From th
transmission spectra in Fig. 7 it is clear that depending on
transition a considerable amount of light is absorbed by
system. Considering the Lambert-Beer law the inhomoge
ity of the B-ion excitation density relative to theA-ion den-
sity is evident. Furthermore, transverse to the propagat
the laser intensity is not homogeneous either; usually
laser intensity is considered to be Gaussian distributed tr
verse to the direction of propagation.

To see the primary effect of the density variations,
account for two approximations. We concentrate solely
the dephasing by EFS’s and we assume that density v
tions are negligible on scales given by the range of sign
cant interactions leading to EFS’s. Thus the averaging o
the configurations of excited environments and over
long-range excitation density variations can be taken in
pendently. Based on Eq.~20!, we write

FIG. 13. Echo attenuation for different multipolar interactio
rangess. Plotted is2gb^uu(ts) u

b& of Eq. ~C4! for gt1251.5, where
the s values are as indicated.
,

e
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e
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e
-

R~ t12,ts!.K expF2K 4r0ppE
0

`

dr r 2

3$12exp@ i e0~r 0 /r !3ku~ ts!#%L
V,t f

G L
p

,

~D1!

where the average is taken over the density variations. Eq
tion ~D1! can be cast into

R~ t12,ts!.E dp r~p!exp~2pG!, ~D2!

where r(p) denotes theA-ion excitation density weighted
B-ion excitation density, as will become clear below a
where

G5C1^uu~ ts!u& t f1 iC2^u~ ts!& t f , ~D3!

with C1 of Eq. ~21! andC2 of Eq. ~B5!. For completeness we
also give

g^u~ ts!& t f5H ~12e2t12g!2etsg, ts<0

122e2~ t122ts!g1e2~2t122ts!g, 0,ts<t12

e2~2t122ts!g21, t12,ts<2t12.
~D4!

First we assume that the densityp of scrambler excitations
follows a Gaussian distribution

r~p!;exp@2~p2 p̄!2/2s2#, ~D5!

wherep̄ denotes the mean value of the concentration ans
is the standard deviation. Averaging gives

R~ t12,ts!.
*0

`exp@2pG2~p2 p̄!2/~2s2!#dp

*0
`exp@2~p2 p̄!2/~2s2!#dp

. ~D6!

For s!p̄ the lower integration limit can be shifted to2`.
Integration then yields

R~ t12,ts!.exp~2 p̄G1s2G2/2!, ~D7!

which corresponds to the second-order cumulant expans
It shows a progressive effect: the larger is the absolute va
of G the more the attenuation is weakened. We also note
the scaling property is lost so that the correspond
ln@I(t12,ts)/I0#/p data for different excitation densitiesp do
not collapse on a single curve anymore. It turns out that
Gaussian density variation is instructive to see how the e
attenuation is influenced by weak excitation-density fluct
tions.
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We now consider the case of a Gaussian spatial lase
tensity distribution transverse to the propagation of light. F
this situation we find

R~ t12,ts!;E
0

`

dr r 2e2~r2/2sA
2

!exp~2pB0e
2~r2/2sB

2
!G!,

~D8!

wherepB0 denotes theB-ion concentration at the center o
the distribution andsA andsB are the standard deviations o
the transverse laser intensity distributions of the echo ind
ing and the scrambler laser, respectively. A concentric ge
etry of the two lasers is supposed. The first Gaussian in
integrand gives the density ofA ions experiencing the corre
sponding density ofB ions, which is also Gaussian distrib
uted. By rearranging the variables we reproduce the struc
of Eq. ~D2!, but with the densityr(p) given as

r~p!5HNpa21Aln~pB0 /p!, 0,p,pB0

0, otherwise,
~D9!

where

a5sB
2/sA

2, N215AppB0
a /~2a3/2!. ~D10!

For a51, r(p) shows a logarithmic divergence forp→0.
We are not aware of an analytical solution of the integrat
over p so that we have to resort to numerical procedur
Numerical results are shown in Fig. 14 fora53

2. The inset
shows the corresponding densityr(p); we notice a broad
distribution ofp values. Despite this broadness the atten
tion behavior is similar to that of the homogeneous situati
We have observed a similar behavior for density variatio
lf,

in

y

,

n-
r

c-
-
e

re

n
s.

-
.
s

along the propagation of the excitation pulses making use
Lambert-Beer law.52

In conclusion, we have found that the pattern due to
DRB is robust against various modifications of the mod
The DRB dominates the behavior in the intermediate reg
0,ts,t12 also for short-range interactions and depends o
weakly on moderate spatial density inhomogeneities. T
makes the DRB effect very appropriate for the identificati
of dephasing by EFS’s.

FIG. 14. Echo attenuation for a transverse Gaussian laser in
sity distribution.I(t12,ts)/I0 calculated from Eqs.~3!, ~C3!, and
~C4! is plotted as dashed lines, where thep values are as indicated
Further parameters are set:d̂A'd̂B , e0r0r 0

3g2151, a5(sB/sA)
25

3
2, andgt1251. For comparison also the homogeneous case is g
as a full line according to Eqs.~3! and ~20! with p5 p̄, wherep̄ is
the first moment of the distributionr(p), Eq. ~D9!, which is shown
in the inset.
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