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While a nearest-neighbor-only Su-Schrieffer-Heeger model cannot distinguishcis- from trans-
polyacetylene, a simple extension which includes a third-neighbor interaction can. This extended model gives
a nondegeneratecis structure with a larger band gap and a smaller cohesive energy thantrans, and yields the
correct order of the total energies of thetrans, cis-transoid, andtrans-cisoidstructures. It also produces bound
bipolarons or excitons on doubly chargedcis chains. All conformational excitations in both isomers are found
to be repelled from the chain ends.@S0163-1829~96!03928-8#

I. INTRODUCTION

The Su, Schrieffer, and Heeger1–4 ~SSH! model has be-
come the explanatory point of reference in almost all discus-
sions of conjugated polymers, both experimental and theo-
retical. The original SSH model provides an explicit analysis
of the behavior of conformational excitations on infinite
trans-polyacetylene chains. Its ideas have been borrowed to
provide qualitative explanations for finite chains, other poly-
acetylene isomers, and other conjugated polymers, though, in
fact, the strict SSH model is not always capable of dealing
with these systems.

In particular, for infinite chains, a nearest-neighbors-only
version of the SSH model has identical Hamiltonians for the
trans and both of thecis structures given in Fig. 1. There
have been extensions of the model which incorporate the
nondegeneracy of infinitecis chains into an external one-
electron potential.1,5 We have found that inclusion of addi-
tional coupling terms in the SSH Hamiltonian has the same
effect, and does not assume nondegeneracy in advance. Spe-
cifically, the extension of the coupling terms up tocis third-
nearest neighbors gives thecis ground state a larger band
gap5,6 and higher total energy1,7,8 than trans-polyacetylene,
as indicated by experiment. The most significant effect of
this extension on fundamental excitations is that doubly
charged soliton pairs, which separate freely ontrans chains,
form bipolarons oncis chains. These results are not new in
themselves. They have long been discussed qualitatively, in
a common-sense manner, in terms of the basic SSH model,
and there have also been calculations based on the
nondegeneracy-incorporating extensions of the model men-
tioned above.1,5 What is new is that a very simple extension
of the SSH model permits us to obtain these results, and to
predict rather than to incorporatecis nondegeneracy. Thus
the extension made in this paper explicitly validates SSH for
cis-polyacetylene.

The rest of this paper is arranged as follows: Section II
describes the extended SSH model, Sec. III presents the re-
sults of our calculations, and Sec. IV contains a brief sum-
mary and discussion.

II. THE EXTENDED SSH MODEL

A. Ground states

In this section we describe the SSH model for polyacety-
lene chains, together with the modifications needed to yield
differences in behavior between thetransandcis isomers.

In the adiabatic approximation, the total energy of a chain
in this model has two main components:

E5Ep1Es . ~2.1!

Es is a classical energy which treats all the C—C bonds as
springs with a common spring constantK:

Es5(
n

1
2K~di ,i112a!2. ~2.2!

This term approximates any changes in energy due to the
non-p electrons that occur when a carbon-carbon bond
changes its lengthdi ,i11 from some average valuea. Ep is
the total energy of thep electrons, and is the sum of the
occupied single-particle energiesek :

Ep52(
k

ek . ~2.3!

The ek are the eigenvalues of a tight-binding Hamiltonian:

H52(
i

(
j

u i &t i , j^ j u, ^ i u j &5d i , j . ~2.4!

The standard SSH model contains only the nearest-neighbor
interaction: t i , j is not zero only wheni and j are nearest
neighbors, that is,j5 i61. The value oft i ,i11 depends on the
bond lengthdi ,i11. We show below that nonzerot i , j beyond
nearest neighbors are needed to obtain different band gaps
and total energies for different isomers.

All the isomers of polyacetylene~Fig. 1! have dimerized
ground states in which the molecules retain distinct single
and double bonds with different lengths. In an undimerized
chain, all C—C bond lengths have the same lengtha, the
strain energyEs is zero, and allt i ,i115t0 .

In both isomers, under uniform dimerization, every atom
site is displaced by a distanceu in a direction at an angle of
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30° to both of the neighboring bonds, in a way which creates
alternating short~double! and long~single! bonds, shortened
and lengthened, respectively, by 2u cos30°. These bonds
will havep-electron coupling strengths oftd and ts , respec-
tively: td5t012au, ts5t022au. Every bond will have a
spring energy of 2K8u2[2Ku2cos230°, giving a total spring
energy ofEs52(N21)K8u2. The model described to this
point, which includes only nearest-neighbor coupling, makes
no distinction whatever betweencis and trans.

There are, obviously, considerable differences between
cis- and trans-polyacetylene, which need to be taken into
account.cis has a wider band gap5,6 and a lower cohesive
energy.1,5–8 cis has no internal degeneracy; thecis-transoid
~cis0 in Fig. 1! structure is the actualcis ground state, while
the trans-cisoid ~cis1! structure has a much higher
energy.1,5–8

To treatcis-polyacetylene, prior authors1,5 have added a
one-electron crystal potential term to thetransHamiltonian.
We have found that a simple extension of thep-electron
interactionst i , j in a pure tight-binding model suffices for
treating this problem. It will produce different results forcis
and trans becausecis chains contain pairs of third-nearest
neighbors which are much closer together than intrans.
More specifically, in thecis0 structure of Fig. 1, atoms 2 and
5, and 4 and 7, are a distance 2a apart, while the others, and
all transthird-nearest neighbors, are separated by about 2.6a.
The coupling term for locallycis third-nearest neighbors is
going to be a good deal larger than for locallytranspairs; in
practice, we let the term fortrans third neighbors, and
higher-order terms, go to zero. While a third-nearest-
neighbor interaction acting uniformly on all pairs~as does
the second-neighbor couplingt2: see below! will have no

effect on the band gap or the total energy, one which acts
differently acrosstransandcisbonds, as ours does, will have
strong effects on both.

The three independent parameters of the original SSH
model have the values1–4

t052.5 eV, a55.6 eV/Å, K8534.7 eV/Å2,
~2.5!

which we use throughout this paper. They yield an equilib-
rium dimerization1,9,10 u050.04 Å, an energy gap1,10,11

Eg52utd2tsu58au051.8 eV, and an infinite-chaintrans
ground state with an energy 23.4 meV per atom below that
of the undimerized state. We choose the value of the third-
neighbor couplingt350.2 eV to obtain the experimentalcis
band gap:5,6 Eg58au012t352.2 eV. We also include a
second-nearest-neighbor termt2, which is the same~as is the
interatomic distance! for all second-neighbor pairs, for com-
pleteness. Its value~t250.4 eV! was chosen to obtain a geo-
metric progression, relative to interatomic distance, int0, t2,
and t3. We have includedt2 in our calculations fortrans- as
well as for cis-polyacetylene. It does not change the band
gaps or total energies of either isomer.

It is possible to obtain the individualp-electronic energy
levelsek of a uniformly dimerized chain analytically by us-
ing a difference-equation approach.12 This method applies
equally well to any of the uniformly dimerized structures
shown in Fig. 1, with or without the additional coupling
terms of the extended model. For conformational excitations,
however, we need to diagonalize the Hamiltonian directly to
evaluate theek .

B. Solitonic excitations

In the standard SSH model, a change in sign of the dimer-
ization displacementu does not change the energy of an
infinite trans chain. This makes the soliton, a gradual defor-
mation which smoothly interchanges single and double
bonds as one passes from one side to the other, a possible
fundamental excitation of the system. The usual functional
representation of a soliton1–4 is

u~x!5u0tanh@~x2x0!/w#, ~2.6!

with w being the half-width andx0 the position of the soli-
ton. Because of the need for the displacements to be single
valued with periodic boundary conditions, solitons exist in
pairs in the SSH model. Natural boundary conditions, which
terminate the coupling at both ends of a chain, create an
energy difference between positive and negativeu, as shown
in curveB in Fig. 2 for a uniformly dimerizedtrans chain
with 120 carbon atoms. This happens because the double
bonds which exist at the ends of a chain in its ground state
are replaced by single bonds with radical electrons. The dif-
ference occurs entirely near the ends of the chain; the chain
interior retains its degeneracy, which we designate as inter-
nal degeneracy. This energy difference also ensures that soli-
tons exist in pairs, to enableu to be positive at both ends of
a chain. The functional representation of a pair of solitons at
x2 andx1 is

u~x!5u0$12tanh@~x2x2!/w#1tanh@~x2x1!/w#%.
~2.7!

FIG. 1. Polyacetylene structures discussed in this paper for
eight-carbon-atom chains. For larger chains the structures are re-
peated to the right.cis0 is generally known as thecis-transoidstruc-
ture andcis1 astrans-cisoid.
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If the solitons are widely separated, i.e., ifx12x2@w, u
approachesu0 in the regions outside the solitons and2u0 in
the region between the solitons. A separationx12x250
givesu5u0 everywhere. This corresponds to the uniformly
dimerized ground state.

The conformational excitations of both isomers are
treated as forms of soliton pairs,1–4 and are discussed in the
next section.

III. RESULTS

A. Band structure and total energies

CurvesA andC of Fig. 2, respectively, show the total
energy per atom as a function of dimerization for infinite
trans and cis chains, and curveB is for a trans chain with
120 carbon atoms~N5120!. The positive-u minimum of the
cisenergy is thecis-transoidstructure~cis0 in Fig. 1!, which
is also the lowestcis state, and the negative-u minimum the
trans-cisoid~cis1! structure. Figure 1 gives the band gaps for
all these isomers. As Fig. 2 shows,cis0 has a higher~less
negative! total energy than thetrans ground state, even
though it has a wider band gap~Fig. 1!.

The explanation for the apparent discrepancy between the
behavior of the band gaps and the total energies lies in the
details of the band structure: Figure 3 shows the band struc-
ture of thetransandcis ground states. In the figure, we have
suppressedt2 and exaggeratedt3 to highlight the effects of
the third-nearest-neighbor interaction. The band gap forcis is
larger than fortrans, as experiment indicates.5,6 The figure
shows that a slight majority of thecis-transoidstates, lying
in the middle of the valence band, increase in energy, even
though the states at the band edges, which determine the
band gap, decrease in energy.

Table I shows the energy percisbond relative totrans for

locally cis-transoid~cis0 andalt0 in Fig. 1! andtrans-cisoid
~cis1 andalt1! bonds on finitecis and alt chains.Alt2 and
alt3 have the same energies asalt0 andalt1, respectively.
For N>40, the results depend very weakly on chain length,
and the differences betweencis and alt structures are also
very small.

The trend in the total energies agrees with experimental
results. Samples of polyacetylene are mostlytrans, with
somecis, and notrans-cisoid.1,7,8Furthermore, upon heating,
a sample converts to alltrans.1,7,8 This indicates that the
trans structure has the lowest energy, with a somewhat
higher energy for thecis-transoidand a much higher energy
for the trans-cisoidstructure, as obtained in our calculations.

Our results also agree with anab initio calculation.17 The
calculation in question found the energy difference between
the N58 cis1 and alt3 structures, which can be obtained
from one another by rotating around the central single bond
by 180°, converting the bond fromtrans-cisoidto trans in
character. We obtained an energy difference of 93 meV,
while theab initio calculation obtained 100 meV.

B. Solitons

The energy of a neutral soliton pair for bothtrans @Fig.
4~a!# and cis @Fig. 5~a!# chains increases smoothly as the

FIG. 2. Total energies per atom in meV relative to an undimer-
ized infinite trans chain for A, an infinite trans chain,B, a uni-
formly dimerized trans chain with 120 carbon atoms, andC, an
infinite cis chain.

FIG. 3. Band structure of the ground states oftrans- ~solid! and
cis- ~dashed! polyacetylene, as a function of the Bloch wave num-
berk. The second-nearest-neighbor couplingt2 has been suppressed
and the third-nearest-neighbor couplingt3 exaggerated~to a value
of 0.5 eV! to achieve greater clarity. The energy is given in units of
t0 ~52.5 eV!.

TABLE I. Energy in meV percis bond of various structures of
polyacetylene~defined in Fig. 1! relative to trans as a function of
chain lengthN. Per refers to periodic boundary conditions and Cont
to the continuum values.

N 40 80 120 160 200 Per Cont

cis0 14.9 17.5 18.5 19.1 19.3 20.0 19.4
alt0 15.4 18.1 19.2 19.8 20.0 20.8
cis1 99.6 103.4 104.7 105.3 105.6 106.6 106.3
alt1 91.9 98.5 100.7 101.8 102.4 104.5
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FIG. 4. Energy of a soliton-pair-bearingtrans-polyacetylene
chain of lengthN5200 as a function of the half-widthw of the
individual solitons and the pair separationy for the zero charge
~ground!, singly charged, and doubly charged~including electron-
hole pairs! electronic configurations. Zero separation corresponds to
the absence of solitons.

FIG. 5. Energy of a soliton-pair-bearingcis-polyacetylene chain
of lengthN5200 as a function of the half-widthw of the individual
solitons and the pair separationy for the zero charge~ground!,
singly charged, and doubly charged~including electron-hole pairs!
electronic configurations. Zero separation corresponds to the ab-
sence of solitons.
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soliton pair separationy5x12x2 increases over the entire
range from the ground state to full separation. Doubly
charged excitations~including electron-hole pairs! in trans
chains form fully separable soliton pairs, while theircis
counterparts, because of the nondegeneracy of thecisground
state, form bound soliton pairs called bipolarons for like
charges and excitons for electron-hole pairs. In both isomers,
singly charged excitations form very closely associated pairs
called polarons, which behave as single particles.

While the ground state of an even-numbered chain of ei-
ther isomer is uniformly dimerized, the ground state of an
odd-numberedtrans chain contains a single soliton, which
can be neutral or singly charged. This result is similar to
those obtained for semi-infinitetranschains,2,13 and has sub-
stantial experimental support.1,2,8,13–16Our calculations for
odd-numberedcis chains have single-soliton ground states
where the soliton is trapped near one end, as would be ex-
pected from the nondegeneracy of the infinite-chain ground
state.

C. Polarons

The energies of singly charged excitations on bothtrans
@Fig. 4~b!# and cis @Fig. 5~b!# even-numbered chains have
very well-defined minima at small separations. Thecis en-
ergy has a minimum atw55 andy54, with an energy 0.04
eV below that fory50 ~uniform dimerization!, while trans
has a minimum atw59 andy56, 0.13 eV below the value at
y50. In both cases, the separation is smaller than the half-
width w, and u does not change sign. It therefore makes
sense to treat the single-charge excitation in either isomer as
a single particle called a polaron.1,2,18–22

In both isomers, the polaron as a whole is free to move in
the interior of a chain, but is repelled from the ends, gaining
considerably in energy when closer than 20 atoms from a
chain end. Our calculated wave functions suggest an effec-
tive full width of 40 atoms for atrans polaron and slightly
less for acis polaron.

D. Bipolarons and excitons

cis-polyacetylene’s lack of internal degeneracy should
have a strong effect on the form of the fundamental
excitations.1–4 The region between two separated solitons
would contain energetically unfavorabletrans-cisoidbonds,
which implies that soliton pairs are bound. These bound
pairs are called bipolarons when the two solitons have the
same charge and excitons when they have opposite charges.

Our calculations confirm this expectation. Thecisdouble-
charge energy surface in Fig. 5~c! has a well-defined global
minimum atw53 andy58, at an energy about 0.5 eV below
that for y50 ~uniform dimerization!, in contrast to the case

for trans @Fig. 4~c!#, where the energy is almost constant
over the region 40,y,160 and 5,w,9, with a value about
0.7 eV below that fory50. Given the total chain size of 200
in the figures, this means that individualtrans solitons on a
doubly charged chain can move independently anywhere ex-
cept within 20 atoms of the chain ends or 40 atoms of each
other, and can thus be treated as independent singly charged
particles with a full width of 40 atoms. The doubly charged
cissoliton pair, on the other hand, is definitely bound, though
not as closely as a polaron, forming a bipolaron or exciton.

The cis bipolaron as a whole is free to move inside a
chain but repelled from the ends, much like individual soli-
tons intrans-polyacetylene and polarons in both isomers. As
with neutral soliton pairs, the doubly charged excitations
have a smooth transition from a bipolaron~cis! or soliton
pair ~trans! to a pure dimerized state. In this case, however,
it is the solitonic states which have the lower energy. The
effective size of acisbipolaron is about the same as that of a
single trans soliton or a polaron—around 40 atoms.

IV. CONCLUSIONS

We have extended the SSH model to perform calculations
on cis chains of the same quality as those which the original
model allows for infinitetrans chains. The modification in-
volved is the inclusion of second- and third-nearest-neighbor
coupling terms which enable us to obtain different results for
cis than for trans.

On choosing a value of the third-neighbor term which
gives the correct widening of the band gap of
cis-polyacetylene,5,6 we also obtain the ordering of the total
energies of the different structures of polyacetylene~trans
,cis-transoid,trans-cisoid! suggested by experiment1,7,8

and anab initio calculation.17 Excitations behave in a way
which reflects the lack of internal degeneracy incis-
polyacetylene; in particular, doubly charged soliton pairs
form bound bipolarons and excitons.

Thus a simple and modest extension of the SSH model
allows us to perform quantitative calculations for the ground
state and fundamental excitations of chains for both isomers
of polyacetylene. The extended model is, in principle, also
applicable, without further alterations, to linear and planar
conjugate polymers whose electronic structure is dominated
by perpendicularp electrons.
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