
Pulse-propagation-induced higher orders of diffraction
in transient four-wave mixing with semiconductors

B. Lummer, J.-M. Wagner, R. Heitz, A. Hoffmann, and I. Broser
Institut für Festkörperphysik, Technische Universita¨t Berlin, Hardenbergstrabe 36, 10623 Berlin, Germany

R. Zimmermann
Max-Planck-Gesellschaft, Arbeitsgruppe ‘‘Halbleitertheorie’’ an der Humboldt-Universita¨t zu Berlin,

Hausvogteiplatz 5-7, 10117 Berlin, Germany
~Received 12 March 1996; revised manuscript received 5 September 1996!

Higher orders of diffraction observed in a transient four-wave mixing experiment with acceptor-bound
exciton complexes in CdS are analyzed in terms of pulse propagation. The description is based on a mean-field
correction to the driving electric field in the optical Bloch equations, which are shown to generally lack
higher-order diffraction for two-pulse self-diffraction. A propagation-induced sequence of stimulated echoes
diffracted at the population grating dominates at least the second order of diffraction.
@S0163-1829~96!07147-0#

I. INTRODUCTION

Transient four-wave mixing~TFWM! has been proven to
be a powerful tool for the investigation of the coherent dy-
namics of excitations in semiconductors.1 In the self-
diffraction geometry of TFWM~Fig. 1!, the nonlinear polar-
ization generated by the two incident pulses (k1 andk2) of
equal frequency separated by a delayt gives rise to dif-
fracted light with wave vectork21n(k22k1). Higher orders
of diffraction, denoted by wave vectors withn.1, occur for
a variety of reasons. Multiwave mixing and consecutive
lower-order processes~known as cascading processes2! have
been demonstrated in gaseous3,4 and condensed matter
systems5,6 under cw excitation. Nonsinusoidal gratings gen-
erated by diffusion7 or by saturation8 as well as the coherent
exciton-exciton interaction9 have been cited to explain
higher-order diffracted signals observed in TFWM. The si-
multaneous action of these processes often makes the evalu-
ation of experimental results ambiguous.

The analysis of TFWM results is based on the optical10

~OBE! or ~in case of a semiconductor! the semiconductor11

~SBE! Bloch equations, describing a system of noninteract-
ing and Coulomb-correlated two-level absorbers, respec-
tively. In transient FWM, the OBE give rise to signal exclu-
sively in the first order of diffraction,12 whereas many-body
interactions~SBE! result in higher-order diffracted signals.13

Pulse propagation through the sample is neglected within
these approaches, but can be taken into account by coupling
Maxwell’s equation with the OBE or the SBE describing the
specific microscopic system.

Pulse propagation can have several consequences for
TFWM experiments, e.g., a strong influence of the absorp-
tion strength on the coherent decay,14 multiple photon
echoes,8,15 signals for negative delay times,16 or interference
effects for strongly dispersive excitonic polaritons in
semiconductors.17,18 However, the significance of pulse
propagation for TFWM has not been universally appreciated
but warrants further investigation since it provides an inevi-

table coupling mechanism between the absorbing centers.
Especially, the substantial effect of pulse propagation be-
comes most obvious from the occurrence of higher-order dif-
fracted signals~or equivalently multiple photon echoes8,15!
even at low and moderate optical densities.

In the present paper, higher orders of diffraction observed
in TFWM experiments with the neutral-acceptor-bound ex-
citon (A0,X) in CdS are analyzed. By comparison of the
experimental data to a simplified model for pulse propaga-
tion it is shown that these higher-order signals result from a
propagation-induced sequence of stimulated echoes.
Thereby, our experiment renders the possibility to study ex-
clusively the effects of pulse propagation on the TFWM pro-
cess in a semiconductor.

II. EXPERIMENTAL RESULTS

Recently, we have published TFWM results at the
(A0,X) complex in CdS in which the first-order diffracted
signal19 was considered. Here, the investigation is extended
to the second order. At 1.8 K a 15-mm-thick CdS sample has
been excited with narrow-bandwidth 2-ps pulses exciting
resonantly the neutral-acceptor-bound exciton complexes at
2.5356 eV. Figure 2 shows the time-integrated~TI! and time-
resolved~TR! FWM signals, illustrating the basic properties
of the first- and second-order diffracted signal. The TI
second-order signal@n52 in Fig. 2~a!# reveals a correlation

FIG. 1. Scheme of the self-diffraction geometry.
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peak att50 and shows a slight rise for small delay times. It
decays by a factor of 2.5 faster than the first-order one
(n51). The nonexponential decay of the experimental sig-
nal can be explained by residual free exciton scattering.19,20

The photon echo in second order occurs at approximately
3t instead of 2t in first order @Figs. 2~c! and 2~d! upper
parts, respectively#. A temporal width of 80 ps for the
n52 echo is estimated whereas forn51 it is limited by the
experimental time resolution of 60 ps.

In the following, we are interested in a comparison of the
first- and second-order diffracted signals rather than to con-
sider the peculiarities of bound excitons. This has been done
in Refs. 19 and 20.

III. MODEL

Due to many-body interactions, most semiconductor sys-
tems studied in FWM experiments are quite complex to de-
scribe. In contrast, bound excitons as localized excitations in
a semiconductor can be expected to behave like independent
two-level absorbers at sufficiently low defect concentrations.
Interactions with free excitons and phonons become impor-
tant only at high excitation densities or elevated sample
temperatures.19,20 Thus, the bound excitons are adequately

described by the OBE with inhomogeneously distributed
eigenfrequencies. However, the OBE alone do explain the
first order of diffraction only but do not give rise to signals in
higher orders of diffraction. To understand this, consider the
OBE for a two-level system driven by the optical field
F(t)5mE(r ,t)/\ (m is the dipole moment!. They determine
the temporal evolution of the upper level occupation (N) and
the complex polarization (C):

F] t1 1

T1
GN52 i ~CF*2C*F !, ~1a!

F] t1 1

T2
1 i ~V2v!GC5 i ~122N!F, ~1b!

wherev is the center frequency of the exciting light pulse,
\V is the energy separation of the two levels,T1 is the
lifetime, T2 the dephasing time, and the rotating-wave ap-
proximation has been used.

For the typical TFWM experiment, the excitation consists
of two pulses propagating in different directions,

F~ t !5F1~ t !exp~ ik1•r !1F2~ t !exp~ ik2•r !, ~2!

with real envelopesFj (t). Thus, a Fourier expansion with
respect to the momentum difference~grating vector!
kg5k22k1 is useful,

N5 (
m52`

`

Nmexp~ imkg•r !, ~3a!

C5 iexp~ ik2•r ! (
m52`

`

Cmexp~ imkg•r !. ~3b!

Equating coefficients gives

F] t1 1

T1
GNm5~Cm211C2m21* !F11~Cm1C2m* !F2 ,

~4a!

F] t1 1

T2
1 i ~V2v!GCm5~dm,2122Nm11!F1

1~dm,022Nm!F2 . ~4b!

Obviously,Nm*5N2m holds, which proves the real value of
the densityN. We assume that pulseF1 comes first, with no
temporal overlap withF2. Before arrival of the second pulse,
only the coefficientsC21 andN0 are excited. During and
after the second pulse we haveF150, and the coefficients
obey

F] t1 1

T1
GNm5~Cm1C2m* !F2 , ~5a!

F] t1 1

T2
1 i ~V2v!GCm5~dm,022Nm!F2 . ~5b!

Additionally to the fieldF2, the quantitiesC21 andN0 as
generated by the first pulse act as source terms. By an itera-
tive argument it can be seen that only the subset

C21 , C0 , C11 , N21 , N0 , N11 ~6!

FIG. 2. Experimental TI and TR FWM signals@~a! and upper
parts of~c! and~d!# for the (A0,X) complex in CdS atT51.8 K in
comparison to TFWM signals calculated from MFA. #1 and #2
refer to contributions from the incident Rayleigh-scattered pulses at
t50 and t5t. The curves in~a! and ~b! are normalized to the
maximum value of the curve forn51.
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has nonzero values. Going back to the original definition we
realize that polarizations are generated only in the directions
k1, k2 ~input! and 2k22k1 ~first order of diffraction!. The
argument given above did not use an expansion in the field
strengths (x3), thus extending earlier proofs of the absence
of higher-order diffraction within the OBE.12 If both pulses
overlap, however, additional source terms driven byF1 are
present, and higher orders can be excited.

This shows that in the transient case only four-wave mix-
ing is possible in the OBE, and that higher-order wave mix-
ing processes occur only for coinciding pulses. We wish to
emphazise that this result is obtained for the case of a single
pair of coherent pulses. In the work of Silberberget al.8

higher-order wave mixing occurs due to saturation obtained
in an accumulated experiment~with about 106 pulse pairs
duringT1), where a stationary state can be assumed.

In view of the transient behavior of the OBE our experi-
mental results are somewhat surprising. To explain the sec-
ond order of diffraction there has to be a phase-preserving
interaction among the bound excitons. While for strongly
localized bound excitons a coherent interaction such as the
many-particle Coulomb interaction between free excitons11

is not expected, the most natural effect to consider is pulse
propagation in the sample. The~classical! electric field
propagates along thez axis and is taken to be linearly polar-
ized in the x direction. Within the rotating-wave and the
slowly varying envelope approximation, the wave equation
for the electric fieldE driven by the polarizationP reads in
the coordinates21 t85t2z/c ~local time! andz85z

]z8E5
i

2

k

e0eb
P, ~7!

with c the speed of light andk the wave number in the
medium. The background susceptibilityeb is assumed to be
nondispersive. For convenience, we will drop the prime
henceforth.

The macroscopic polarizationP is given by

P5Nm* ^C&, ~8!

with N the density of absorbing centers. The polarization
C is taken from the OBE and the brackets denote the aver-
age over the~normalized! inhomogeneous distributiong,
which is assumed to be without any correlation among the
different eigenfrequencies.

A numerical solution of the Maxwell optical Bloch equa-
tions ~MOB! requires extensive computing time. However,
attractive predictions can be obtained by an approximate
treatment of Eq.~7! as done in a similar way in Ref. 16. For
moderate absorption, the weak spatial dependence allows
one to treatE and P as linear functions ofz around the
sample center. Thus, the spatial dependence is removed en-
tirely, and the average fieldF5mE/\ within the sample of
thicknessd is related to the input and output fields by

F5Fin1 iL ^C&, Fout5F1 iL ^C&, ~9!

with the imaginary coupling coefficient

iL5
ikdNumu2

4e0eb\
. ~10!

Equation~9! shows that, as a result of propagation, the driv-
ing field F in the optical Bloch equations is the incoming
electric fieldF in corrected by an effective mean field arising
from the sample polarization. This accounts for the contribu-
tion of the reradiated fields to the excitation within the
sample.

The linear absorption of an inhomogeneously broadened
two-level medium is given bya(v)5*aV(v)dV, and with

E aV~v! dv5
NVumu2V
e0eb\c

p ~11!

@whereNV5Ng(V)#, L is related to the integrated linear
absorption by

L5
d

4pE a~v! dv, ~12!

if the width of the spectral line is assumed to be small com-
pared to that of the exciting light pulse. Within the mean-
field approximation~MFA! described above, Eqs.~1! read

F] t1 1

T1
GN52Im~CFin* !22LRe~C^C&* !, ~13a!

F] t1 1

T2
1 i ~V2v!GC5~122N!~ iFin2L^C&!.

~13b!

The additionalL-dependent terms stem from the propagation
and describe the reabsorption of the fields emitted by the
sample polarization. They act as a feedback mechanism in
the OBE, giving the possibility to diffract not only the input
pulses but also the reradiated fields. Equations~13! therefore
describe an ensemble of self-interacting two-level systems.

To calculate the TFWM signal Eqs.~13! are solved nu-
merically for a pair of Gaussian input pulses separated by a
delayt. The number of oscillators representing the Gaussian
inhomogeneous distribution~full width at half maximum
\DV) is chosen sufficiently large so as not to influence the
obtained signal. Within this treatment, thetotal polarization
in the sample is calculated without being restricted to weak
fields as in perturbation approximation.16 A Fourier transfor-
mation of the output@Eq. ~9!# with respect to the relative
phase of the incoming pulses allows a separation of the dif-
ferent diffraction orders. To this end, a phase factor is
attached to the second pulse: F in(t)5F1(t)
1F2(t2t)exp(iw), and Eqs.~13! are solved numerically for
different phasesw.

IV. DISCUSSION

The modeling aims to explain our experimental results for
acceptor-bound excitons in CdS. Thus, for the energy and
phase relaxation times as well as for the inhomogeneous
broadening, typical parameters of this system19 are used
throughout this paper (T151000 ps, T25800 ps,
\DV545meV!. Furthermore, an excitation pulsewidth of 2
ps and anFpeak50.35 ps21 for both pulses are chosen in
accordance with the experiment.

Figure 3 shows the TI FWM signal for a delay time

54 16 729PULSE-PROPAGATION-INDUCED HIGHER ORDERS OF . . .



t5100 ps as a function of the peak optical densitya0d, for
the first, second, and third order of diffraction, calculated in
the MFA and, for comparison, by the complete numerical
treatment of propagation~MOB!. In the latter, the coupled
Maxwell @Eq. ~7!# and optical Bloch equations@Eqs. ~1!#
have been solved, keeping the full temporal and spatial de-
pendence. As obvious from Fig. 3, an increasinga0d drasti-
cally increases the signal strength in the higher orders of
diffraction. For a0d54, the signal in the second order is
only a factor of 3 smaller than in first order and should there-
fore be easily observed in experiment. The crucial parameter
for the validity of the MFA is the peak optical density. Fig-
ure 3 shows that the MFA holds fora0d up to 3. For the
chosen set of parameters, this compares toL510 meV/\.

Figure 4~a! shows the decay of the TI signals in the first
three orders (n 5 1,2,3! of diffraction derived from the
MFA. The decay of the signal accelerates with increasing
order and a correlation peak appears around zero delay. Ad-
ditionally, one notes a substantial influence ofT1 on the de-
cay in second and third order~dashed curves!. Figure 4~b!
shows the corresponding TR FWM signals at a fixed pulse
delay of 200 ps. In each ordern a photon echo is generated
at timestn5(n11)t with increasing width. A detailed ob-
servation renders the photon echoes to peak slightly before
(n11)t. This is due to shaping by the superimposed polar-
ization decay.

Two basic processes arising from pulse propagation lead
to higher orders of diffraction. Any pulse that travels through
the sample can interact with the polarizations and population
gratings present therein. The resonant interaction with a po-
larization leads to self-diffraction of the pulse, whereas in-
teraction with a population grating gives rise to a stimulated
echo for inhomogeneous broadening.

As the first echo pulse propagates through the sample in
direction 2k22k1, the interaction with the polarizations es-

tablished from pulsek2 andk1 results in self-diffraction into
directions 3k222k1 and 4k223k1, with a photon echo at
t53t and t54t, respectively. This consecutive FWM cre-
ates a higher Fourier component in the population grating at
t52t and is completely analogous to the formation of the
first echo through the second excitation pulse. On the other
hand, the interaction of the first echo pulse with the grating
generated by the two incident pulses stimulates a photon
echo at 3t in the direction 3k222k1. The repetition of this
process gives rise to a sequence of stimulated echoes where
each ordern drives the ordern11. Note that this is a coher-
ent transient version of continued diffraction as described in
Ref. 22. However, no coupling into ordern21 occurs.

Both the consecutive FWM and the echo sequence, as
well as their combinations, contribute to thenth order of
diffraction for n>2 and cannot be easily distinguished.
However, there is a fundamental physical difference between
these two processes: Since the sequence of stimulated echoes
arises from diffraction by gratings generated earlier, the de-
cay time of this process has to depend onT1, whereas con-
secutive FWM is independent onT1 .

To discuss the second order of diffraction in more detail,
one notes that here the stimulated echo is to the fifth order in
the fields, and consecutive FWM represents a seventh-order
process. Expanding Eqs.~13! up to the seventh order in the
fields, we find the decay rate of both processes to be

FIG. 3. Calculated TI FWM signal att5100 ps as a function of
the peak optical densitya0d}L for various orders of diffraction.
Solid curves: MOB, dashed curves: MFA.

FIG. 4. TFWM signals fora0d50.3 calculated from MFA for
T151000 ps~solid curves! andT1510 000 ps~dashed curves!. For
the TR FWM signal in~b! t5200 ps is chosen.
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Gstimulated
~n52! 5

8

T2
1

2

T1
, Gcons.FWM

~n52! 5
12

T2
, ~14!

respectively. From a comparison with Fig. 4~a!, the decay for
n52 is given byGstimulated

(n52) . Therefore, we conclude that the
echo sequence dominates at least the second order of diffrac-
tion. This is further supported by the fact that the echo se-
quence leads to a (a0d)

2n dependence for smalla0d, as
depicted in Fig. 3.

For the actual modeling of the TFWM signals@Figs. 2~b!
and~c! and~d! lower parts#, besides the above given param-
eters we have to take into account that the sample shows two
absorption lines with energy splittingDE5175meV, corre-
sponding to different acceptors. The absorption profile is fit-
ted with two Gaussians (a0d of 1.18 and 0.86, full width at
half maximum \DV545 meV! giving a total L of 7.8
meV/\ well within the validity of the MFA. In addition to
the experimental data in Fig. 2 the result of the modeling
with the MFA is depicted. All charcteristic features are well
reproduced, and we find a fairly good agreement between the
model and the experiment:

a. The correlation peak. It arises from the fact that at
pulse overlap the second input pulse itself is instantaneously
diffracted inton52 from the generated higher-order grating.

b. The echo position. The echo appears at (n11)t in the
nth order with a slight shift to smallert caused by the shap-
ing with the polarization decay. This shift is seen in both
experimental and modeled data.

c. The accelerated decay of the TI signal in second order.
Equation~14! predicts withGstimulated

(n52) a factor of 2.4 as the
ratio of the ascents between first and second order
(T151000 ps,T25800 ps,G (n51)54/T2). This is in very
good agreement to the experimental ratio of 2.5 and proves
that the observed second order diffracted signal is predomi-
nantly caused by the propagation-induced sequence of stimu-
lated echoes as described above.

d. The width of the echo. Whereas the first-order echo is
driven by the short input pulse, the second-order echo is
driven by the first-order one and consequently has an in-
creased temporal width.

e. The intensity ratio between first and second order. As
depicted in Fig. 3 the intensity ratio is a direct measure of the
optical thickness of the sample.

f. The modulation of the signal. The simultaneous excita-
tion of both spectral components causes a modulation of the
TFWM signals due to polarization interference.23 This
modulation is apparent in both experimental and calculated
TFWM signals except for the TR measurement@Figs. 2~c!
and 2~d! upper parts# because of the limited time resolution.

V. CONCLUSION

In conclusion, we have demonstrated that higher orders of
diffraction in a transient four-wave-mixing experiment with
acceptor-bound exciton complexes in CdS are caused by
pulse propagation. The echo in the second order of diffrac-
tion arises predominantly from a propagation-induced feed-
back: The first-order echo pulse stimulates an echo diffracted
by the population grating established by the incident pulses.
For not too strong absorption, propagation is adequately de-
scribed by a mean-field correction to the driving electric field
in the optical Bloch equations. The accelerated decay of the
observed second-order signal and the relative strength be-
tween first and second order as well as the photon echo ap-
pearing at 3t and its increased temporal width are well ex-
plained by the mean-field concept.

The described properties of the higher-order signals have
been deduced from a mean-field correction for the electric
field, leading to equations with a local-field-like structure.
Thus, any interaction that can be described within a local-
field formalism~e.g., Coulomb interaction among excitons11!
should result in higher-order signals with similar properties.
Corresponding studies are currently under way.
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