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Two-dimensional carrier-carrier scattering in GaAs is studied by means of calculations using the dynami-
cally screened Boltzmann equation. We examine the dependence of scattering on density, and compare scat-
tering in two-dimensional and three-dimensional systems. We also investigate the difference between dynamic
and static screening models. To our knowledge these are the first calculations of two-dimensional carrier-
carrier scattering using integration of the dynamically screened Boltzmann equation.@S0163-1829~96!04347-0#

I. INTRODUCTION

Studies of carrier-carrier scattering in three-dimensional
~3D! semiconductor systems have reached a point where ex-
periments and calculations are in good agreement. The situ-
ation in reduced-dimensionality systems is very different.
Conclusive experimental studies are few, and calculations
have not been as rigorous as in 3D. In quantum wells the
experimental situation continues to be dominated by the ex-
periments performed between 1986 and 1989 by Knox and
co-workers.1 Calculations of two-dimensional~2D! carrier-
carrier scattering have not yet explored the dependence of
scattering on relevant parameters such as the carrier density.

In this paper we extend our earlier study of 3D carrier-
carrier scattering2 to two dimensions. Nearly all previous cal-
culations of 2D carrier-carrier scattering have used a static
screening model.3 To our knowledge the only exception is
the Monte Carlo study by El-Sayed and Haug.4 A static
screening model can lead to nonphysical divergences in the
2D collision integral, while no such divergences can occur
with a dynamic screening model.5 Therefore we follow the
same method employed in our earlier 3D study, using the full
dynamic dielectric function, including the RPA carrier sus-
ceptibility and the Fro¨hlich lattice susceptibility. To our
knowledge these are the first calculations of 2D carrier-
carrier scattering using integration of the dynamically
screened Boltzmann equation.

II. METHOD

A. 2D Boltzmann equation for Coulomb scattering

Our calculations model a 2D layer of carriers in GaAs, as
occurs, for example, in a GaAs quantum well. For simplicity
the material surrounding the layer of carriers is treated as
having the same dielectric properties as the GaAs in which
the carriers are confined. Since all the carriers are in a single
layer, the calculations apply to single quantum wells, and to
multiple-quantum-well structures where the wells are far
enough apart that interactions between wells can be ignored.

The rate at which a carrier scatters out of a state with
in-plane wave vectork1 due to each scattering process is
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The in-plane wave vectors and energies of the initial states of
colliding carriers 1 and 2 arek1, k2, E1, andE2, respec-
tively, andk3, k4, E3, andE4 are the respective wave vectors
and energies of their final states. The factorg52 accounts
for the degeneracy ofk2 states. An analogous equation de-
scribes the scattering into the statek1. The six-dimensional
integral in Eq.~1! can be simplified by performing three of
the integrals analytically, taking advantage of the effective-
mass approximation, and the fact that the distribution func-
tion is isotropic in 2Dk space. Three wave-number integrals
remain, and converting two of these to energy integrals
yields
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whereN(E1)dE1 is the areal density of carriers between
E1 andE11dE1. The effective masses of carriers 1 and 2
are m1 are m2, respectively. By energy conservation
E485E11E22E3, with k48 the corresponding wave number.
The wave-number limits correspond to the minimum
and maximum in-plane momentum transfers,qmin
5max(uk12k3u,uk22k48u) andqmax5min(k11k3,k21k48).

We include electron-electron and electron-hole scattering
processes, but only carriers in the lowest conduction subband

PHYSICAL REVIEW B 15 DECEMBER 1996-IVOLUME 54, NUMBER 23

540163-1829/96/54~23!/16345~4!/$10.00 16 345 © 1996 The American Physical Society



E1 and the lowest valence subband HH1 are considered. As
a result the calculations are strictly valid only for quantum
wells where the excited subbands are separated from the
ground subbands by sufficiently large energies. Our calcula-
tions treat all bands as parabolic and isotropic, using scalar
effective masses. The 2D electron mass is approximately the
same as the 3D massme50.067m0. In the diagonal approxi-
mation to the Luttinger matrix the in-plane mass in the heavy
hole HH1 subband ismhh5m0 /(g11g2), whereg1 andg2
are the first two Luttinger parameters. Taking the Luttinger
parameters to beg156.85 andg252.1,6–8 we obtain an in-
plane massmhh50.11m0.

8 A more exact analysis that does
not make the diagonal approximation gives the same result
for narrow wells.7

The probability of a collision that transfers in-plane mo-
mentum\q and energy\v between two carriers is calcu-
lated from the square of the 2D Coulomb matrix element
M (q,v)52pe2F(q)/qe(q,v). HereF(q) is a form factor
to take into account thez component of the 3D Coulomb
matrix element acting on thez dependence of the carrier
wave functions. The form factor reduces the matrix element
by less than 20% forqd<1, whered is the well width. For
the scattering calculations performed here, the range of im-
portant scattering wave vectors was found to beq<106

cm21, so that for well widths<100 Å the effect of the form
factor is small. Therefore, for computational efficiency
F(q) is set to unity. This will lead to a small overestimate of
the 2D scattering rate, but there is a compensating overesti-
mate of the screening that results from settingF(q)51 in
the calculation of the dielectric function.

The combination of using the narrow-well limit and ne-
glecting the effects of the excited subbands is a consistent
use of the quantum limit. It is expected that the effects of
quantum confinement will be strongest in the quantum limit,
and that corrections to the quantum limit for finite well
widths will modify the results in the direction of 3D behav-
ior.

B. Dielectric function for 2D carriers

The longitudinal random-phase-approximation~RPA! di-
electric function in the plane of the carriers is
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whereb25q22e`v2/c2. The first two terms represent the
3D frequency-dependent Fro¨hlich lattice susceptibility, using
standard values for the lattice parameterse0, e` , vTO, and
g.9 The last term represents the contribution from the 2D
carrier dielectric susceptibilitiesx i(q,v). For our calcula-
tions the very good approximationb5q is used. As noted,
only theE1 and HH1 subbands are included, so thati ranges
over only these two subbands.

Just as the quantum limit is applied in the treatment of the
Boltzmann equation, so also in the calculation of the carrier
susceptibilities. The general form for the RPA susceptibility
of carriers of typei is
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where f i(k) is the occupation probability of the state with
in-plane wave vectork. Causality is enforced in the retarded
dielectric function by makingd a small positive quantity,
thereby placing all poles in the lower half of the complex
v plane. Using the effective-mass approximation
Ei(k)5\2k2/2mi , wheremi is the effective mass of a car-
rier of type i , the angular integration in Eq.~4! can be per-
formed analytically, and the remainingk integration can be
converted to an energy integration, yielding5
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III. RESULTS OF CALCULATIONS

A. Density dependence

To investigate the density dependence of 2D carrier-
carrier scattering, calculations were performed at plasma
densities from 109 to 531011 cm22. We model an experi-
ment in which 2D electron-hole pairs are generated in GaAs
with an average electron energy of 20 meV, and an average
hole energy of 12 meV. The initial energy width of the elec-
tron peak is 20 meV~full width at half maximum!. These
parameters correspond to the conditions in the experiments
of Knox and co-workers on undoped quantum wells.1

Figure 1 shows the evolution of the electron distribution
at the different densities. Modeling the initial scattering rate
~based on the rate at which the peak height drops! as propor-
tional toNa, wherea can be density dependent, we find that
a50.91 at densities between 109 and 1010 cm22. Thus at
low densities the scattering rate increases nearly linearly with
the 2D plasma density, in agreement with experiments by
Kash on 2D scattering of hot carriers in an equilibrium
distribution.10 At higher densities the increase becomes
strongly sublinear due to the effects of screening and Pauli
suppression of scattering among states near the peak, which
is included by the final-state Fermi factors (12 f e) in the
Boltzmann equation. Thusa50.60 betweenN51010 and
531010 cm22, anda50.24 betweenN5531010 and 1011

cm22. At higher densities the carrier-carrier scattering actu-
ally begins to decrease with density, so that at 531011

cm22 the scattering is significantly slower than at 1011

cm22. The reduced scattering at high densities is due to Pauli
exclusion. For the initial electron distribution used here, at a
density of 531011 cm22 the occupation probability at the
peak is f e50.85, so that it is reasonable for the scattering
rate to decrease with density. It was found that when the
Fermi factors are omitted from the calculation, the scattering
rate continues to increase with density.

The results of our calculations can be compared with the
experimental results of Knox and co-workers. They investi-
gated densities of 231010 and 531011 cm22 in undoped
GaAs quantum wells. At a density of 231010 cm22, their
results showed that after 150 fs the spectral peak has dropped

16 346 54BRIEF REPORTS



but is still visible, and it has shifted down in energy. An
interpolation between our calculated results for 1010 and
531010 cm22 yields the same behavior, with a peak in the
electron distribution still present after 150 fs, but diminished
in height and shifted down in energy toward the subband
edge due to cooling by holes. At a density of 531011

cm22, Knox and co-workers observed that the spectral peak
lasted only for the duration of the 100-fs optical pulse. As
shown in Fig. 1, the calculations atN5531011 cm22 indi-
cate that, even after 150 fs, a diffuse spectral peak should
still be observed. However, the density in the experiment
was probably lower than 531011 cm22, since this density
would correspond tof e1 f h51.7 at the peak, which cannot
be achieved by incoherent excitation. AtN51011 cm22 the
calculated scattering is indeed more rapid, removing the
spectral peak after about 100 fs. We find that the scattering is
fastest atN5331011 cm22, which is the maximum density
achievable in GaAs by incoherent optical excitation with
these energy parameters, sincef e5 f h50.5 at the peak. It is
reasonable that this density yields the most rapid scattering,
since the productf e(12 f e) occurring in the Boltzmann
equation is maximized forf e50.5. Thus our calculations are
in qualitative agreement with the high-density experiment of
Knox and co-workers, if we assume that the plasma density
in this experiment was actually in the range of 1–331011

cm22.

B. Comparison of 2D and 3D scattering

We performed calculations comparing 2D and 3D carrier-
carrier scattering at densities related byN5n2/3. The results
show that 2D scattering is more rapid than 3D scattering.

One reason is the presence of holes in the HH1 subband with
an effective mass that in GaAs is well matched to the elec-
tron mass in theE1 subband. Our choice of GaAs as a ma-
terial system is partly responsible for the match, and varying
degrees of mass matching are to be expected in other mate-
rials. Furthermore, our use of the quantum limit is to some
extent responsible for the matching of the masses. The hole
mass in the HH1 subband increases as the well width in-
creases, due to repulsion between the HH1 subband and the
first excited subband. Therefore for finite well widths holes
are expected to become less important for electron scattering,
approaching the 3D result as the well width increases. An
additional factor that decreases the 3D scattering rate is the
presence of electrons excited from the light-hole band, skew-
ing the electron distribution toward lower energies, and thus
slightly enhancing the screening.

To examine the effect of dimensionality alone on carrier-
carrier scattering, calculations were performed on a single-
peak electron distribution without the presence of holes in
2D and 3D. The 2D and 3D densities are 531010 and 1016

cm23, which are related asN5n2/3. Figure 2 shows the re-
sults. Even in the absence of holes, and without lower-energy
electrons skewing the 3D distribution, the initial 2D carrier-
carrier scattering rate is 2.8 times more rapid than the 3D
rate. We attribute the difference to the weaker screening that
occurs in 2D compared to 3D because of the restricted mo-
tion of the 2D carriers. It is also possible that the more rapid
2D scattering is partially due to differences in the bare Cou-
lomb interaction, which yields a 1/q2 dependence of the
squared matrix element in 2D, and 1/q4 in 3D. Indeed, the
two effects—the different bare interaction and the different
screening—might be difficult to disentangle.

C. Dynamic vs static screening

To investigate the difference between the predictions of
dynamic and static screening models in 2D, calculations
were performed using the 2D static RPA dielectric function
e(q,0), obtained by settingv50 in Eq. ~3!. The statically
screened scattering rate for a 2D photoexcited distribution

FIG. 1. The initial and final electron energy distribution in pho-
toexcited 2D plasmas at densities from 109 to 531011 cm22, as
calculated by integrating the dynamically screened Boltzmann
equation for 150 fs. The distributions are normalized to the total
density, and the baseline for each plot can be determined from the
right-hand edge of the figure.

FIG. 2. A comparison of 2D and 3D electron-electron scattering.
The final electron distributions are shown after 150 fs. The 3D
calculation is performed at a density of 1016 cm23, and the 2D
calculation at a density of 531010 cm22.
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diverges in a nonphysical manner in the limit of small mo-
mentum transfers.5 Therefore dynamic and static screening
models cannot be compared for the case of scattering in the
absence of a background plasma. To compare the two
screening models we simulate photoexcited carriers scatter-
ing in a 100-K equilibrium background. The total plasma
density is 531010 cm22, of which 80% is the background
carriers and 20% is a 50-meV nonequilibrium distribution
having the same parameters as used for previous calcula-
tions, with appropriate hole energies.

Results for the two screening models are shown in Fig. 3.
The static screening model underestimates the scattering rate
by a factor of approximately 3, demonstrating the importance
of using a dynamic screening model in calculations of 2D
carrier-carrier scattering.

IV. CONCLUSION

We performed dynamically screened calculations of 2D
carrier-carrier scattering in GaAs. At densities below 1010

cm22 the scattering rate increases nearly linearly with den-
sity, but at higher densities the increase becomes strongly
sublinear due to the effects of screening and Pauli exclusion.
It was also found that carrier-carrier scattering is more rapid
in 2D than in 3D, assuming densities that are related by
N5n2/3. Static and dynamic screening models were com-
pared using calculations of energetic 2D carriers scattering in

a cool equilibrium background. The two models were found
to yield different results, just as they do in 3D, with the static
screening model significantly underestimating the scattering
rate. Our results indicate that it is important for a dynamic
screening model to be used in calculating 2D carrier-carrier
scattering.
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FIG. 3. A comparison of static screening~SS! and dynamic
screening~DS! models for scattering of photoexcited carriers in a
cool plasma background for 150 fs. The total plasma density is
531010 cm22, of which a hot nonequilibrium plasma makes up
20%, with the rest made up of a 100-K equilibrium plasma.

16 348 54BRIEF REPORTS


