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Frequency locking and nonlocal transport in charge-density-wave conductors
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The boundary conditions imposed by current injection electrodes on steady-state sliding of a charge-density
wave (CDW) cause the formation of a macroscopic CDW strain field. When two segments of a crystal are
independently biased, the resulting strain field can couple CDW transport in these segments. Using a one-
dimensional classical deformable medium model that includes phase slip, we calculate how the CDW current
in each segment varies with the two biases. The results are in excellent qualitative agreement with experiments
on nonlocal CDW behavior in NbSeand indicate that the boundary conditions imposed by phase slip and the
resulting long-range elastic interactions profoundly affect measured CDW transport properties in experiments
utilizing multiple current injection electrodegS0163-182@06)02748-§

A charge-density wav€CDW) consists of a modulation dium model where the boundary conditions associated with
of the conduction electron densityn(x,t)=n;co§Qx  phase slip are enforced. thaﬁ andif"’ are both positive
+ 6(x,t)] and an associated modulation of the positions ofand sufficient to depin the CDW, the addition of the CDW
the lattice atoms.Applied electric fields greater than a bulk phase at electrode 2 requires the formation of a region of
impurity pinning fieldEp cause the CDW to slide with re- negative CDW strain about that electrode, while the removal
spect to the lattice. In a two-electrode configuration, steadyof phase at electrode 3 requires the formation of a region of
state sliding is only possible if CDW phase fronts are addedpositive strain. If the distanchky, is sufficiently small, these
near one electrode and removed near the Gtfiéris phase ~ Strained regions of opposite sign overlap, causing the strain
slip requires the formation of a macroscopic CDW strainad phase slip rate to be reduced near contacts 2 and 3.
field e(x)=(1/Q)(a6/9x), the CDW being compressed Wheniiandi;™are nearly equal, the strain near electrodes
(e>0) in regions where phase fronts are removed and @nd 3 is small and no phase slip occurs there. Phase fronts

stretched €<0) in regions where they are added.CDW
deformations are not confined to the region between the two
electrodes, but penetrate on the order of 100 beyond the
electrodes in a manner analogous to the Bean critical state of
vortices in type-Il superconductofs.

Long-range interactions arising from these strain fields
were probed experimentally by Giland, more recently, by
Saint-Lager and co-workefsThe latter investigation found
that current injected in a segment of a NQ$ehisker affects
the CDW transport properties of an adjacent segment of the
crystal. As shown in the inset to Fig. 1, the experiment em-
ployed four electrodes—Ilabeled 1 through 4—separated by
distanced ,,,=Xmn—X,. The coherent oscillation frequency
v, which is proportional to the CDW current density, was
measured in segments 12 and 34 as a function of the injected
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currentsi}? andi?* The results foii* andi* both positive °

are shown in Fig. 1. The two segments are clearly interact- o . L . .
ing: varying the injected current in one segment affects 0 4 100 4 200 300 400
CDW transport in the other. Particularly striking is the Total current }% (uA)

“locked” regime, a range of applied currents for which
12_ 34 i ;

v“=v"" Interactions between transpprt in the two segments FIG. 1. Measured coherent oscillation frequencies vs applied

were observed for ;egmeqt separatibgsas large as 100 currenti 12 for i3=0 (1120), %= 100 uA (»*2 ¥, * A), and

um. In contrast, no interactions were observed wiémnd i3=132 uA (112 +, v X). Symbols are summarized in the

i2% had different signs. inset to Fig. 2. The solid lines are guides to the eye. The inset shows
Here we show that these experimental results are exhe experimental geometry; data are from Np&eT =42 K with

plained by a one-dimensionélD) classical deformable me- 1,,=x,—x;=50 um, | 3,=0, andl ,3=500 um. From Ref. 8.
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are then generated at electrode 4 only and destroyed at eledo phase slip occurs for strain less than a critical value
trode 1 only; the CDW current is uniform between electrodes, ; beyonde., an arbitrarily small increase in strain results
1 and 4, and*?>=v** Wheni? andi3* have opposite signs, in an arbitrarily large slip rate. This mimics the sharp turn-on
the strained regions near contacts 2 and 3 have the same sighr s predicted by Ramakrishret al: 1 for bulk nucleation,
and no such cancellation occurs. Phase slip in the two seg-
ments is then effectively decoupled and no interaction is ob- Va
served. I'DS[G(X)]:—SQT[G(X)]YOGX[{—m )
We use the model of Adelmaet al.,® which reproduces
the experimental spatiotemporal response of Ni¥Se in which the parametersr, and V, are determined
TP =145 K CDW to bipolar current pulses. The model experimentally’> With these approximations, all phase slip
treats the CDW as a 1D classical deformable medium. ImOCCUrS at the current injection electrodes. Equatidnsand _
purity pinning is modeled by an experimentally determrned(z) reduce in the steady state to frrst order polynomials in

®)

pinning forceE (i), while phase slip processes are modeled€(X1), €(Xz), €(xa), f(x4)' ic?, andig* with only three in-
by a local rate of CDW phase generatiqy(x,t) taken to be ~ dependent parameterEp/ps, Kfc/p51 andp¢/ps.
a function of the local CDW strair(x). The equation of We first relatexe. to a measurable quantity. When the
motion for @ is total current is{"" in segmenmn and zero everywhere else,
Eq. (1) gives for the CDW current in segmentn
d0(X, t) Q
p enCA) (X, t)+f rpd €(x’,t)Jdx’, (1) (1+pelpg) LM —=imny,  [jm=jmn

smn — 6
L lic”l 0 otherwise, ©)
where the CDW currenit; is

where
de(X,t)

psit(x,t) —Ep(ic) +«

) B 1
|C(x,t)—p T

S Cc

. (2 iM=[E2+2kec/ mnll ps. M

andi, is the total currentpg is the single-particle resistance Experimentally, the threshold field for the onset of steady-
per unit lengthp, is the high-field CDW resistance per unit state CDW conduction is the sum of a bulk term and a
length, A is the sample cross-sectional areg,is the CDW boundary -condition-related terrp"=E +V°5/Imn, where
carrier concentration,e is the electronic charge, and V < is approximately mdependent 6fn. By Eq. (7), 2ke,
«k=(Q%en)K with K the CDW spring constant. The corresponds to the measurable quanfy.

boundary conditions for a steady-state solutie®/gt=0) We now give the solution to Eq(1) whenil?#0 and
are the continuity ofe(x) at the electrodes and—0 for -34>0 Whenitlz is negative or small, the CDW currents

10
X— oo, ) ) andr are given by Eq(6), that is, no coupling between
The above equations are in terms of the macroscoprone two segments is apparent. Whéﬁexceeds a new effec-

CDW phasea as defrne_d by_AdeImaet al” That S, the tive threshold currenit;, the CDW current in segment 12 is
phase is evaluated at fixddwith respect to a position far

from the region where the CDW is sliding. To emphasize the

0
difference between this and earlier conventions, we label the i12|_21_ Ep ir<ile<i-
CDW phase by instead of the usuap. The two represen- ) Uy pg’ M Tlock
tations are related by Pcl.12
. o Ps 'c |t12:£2: ?4E_|ﬁ11 iIocksit12<iliock
X
¢>(x,t)=0(x,t)—J:oojiwrp{e(x’,t’)]dx’dt’, (3 il2_jl2 b <jl
®
hence#d and ¢ are interchangeable provided that the strain- : .
slip relation is known. Qualitativelyd(x,ty) describes CDW and that in segment 34 is
deformations whilegd(Xq,t) describes CDW sliding. This is | |
illustrated by the condition for steady-state CDW sliding, j3443 1228 a1 - 12 g+
40/ gt=0, which contrasts with the well-known relatiop Pc). Clag tlyg 7 Tlodkit ok
o - : - 1+ =i
«depldt. It is more convenient to use here since the elastic ps) © adaz ES 1
strain is given by (XD)(96/9x) even in the presence of T, NockS1: 7S
phase slip. 42 Ps )
To gain insight into the underlying physics, we obtain an

approximate analytic solution to E€l). We approximate the where we have defined
pinning force by a constantEp(ic):sgnQC)Eg and the
phase slip rate ,s by = (E}/ps)(la1/121), (10

—ofeX)—e], e(X)>=e oe= it (a1l (1313, (11)

rde(x)]=1im{ 0, [e()|<e 4
T af|e(x)|— €], e(x)=—¢;. oc=1t (las/lag) + 2K €c/ (pdl 1) (12)
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FIG. 2. Approximate analytical result of Eq®) and(9) for the
coherent oscillation frequencie$? and »** vs currenti } for three

values ofi ?4. Material parameters and electrode geometry are as per

the experiment of Fig. 1.

The currentsi ock @and i, delimit a locking regime where
i12=i3* This solution is valid provided thdt, andi3’ are
suffrcrently small‘?

The coherent oscillation frequencies=(Q/2menA)i,
predicted by Eqs(8) and (9) are plotted in Fig. 23 Typical
strain profilese(x) for selected values dfiL2 are plotted in
Fig. 3.

Equationg8) and(9) compare favorably with experiment.

Saint-Lager and co-workétsfound thatij,=E2/ps when

- r
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FIG. 3. Analytical result for the strain profileg(x) for

34=4i%Y3 and selected values . The arrows indicate contacts
where phase slip is occurring. F@a) i1°=0, the strain associated
with conduction in segment 34 extends beyond electrodes 3 and 4.
For (b) 0<i?<i}, and(c) i{,<i}’<i,e the strain extends further
to the left. For(d) i o <ii?<i,. the interaction between segments
12 and 34 results ihe(x,)|,| e(x3)| < €. and no phase slip occurs at
electrodes 2 and 3. The CDW current is uniform between electrodes
1 and 4, and*? and»** are “locked.” For (e) i12>i, . phase slips
occurs at electrode 2 and no locking is observed. The material pa-
rameters used are as per the experiment of Fig. 1, but we use

I3,—0. This is the relationship predicted by E4O). They

l,,=100 um, l3,=50 wm, andl ,5=500 um to illustrate the gen-

also found that frequency locking occurs for currents in thegrgl case treated in the text.

rangeii?=i3* to i{%=i7*+Vod pel o1, agaln forl3p—0. The
upper bound agrees with E@.Z) for i,o.. The lower bound
differs from Eq.(11) for i, by VpS/pS| 43, but, becausé,s
was large, this quantity is smaller than the experimental ac-
curacy. The good agreement between measured and calcu-
lated quantities gives us confidence that the analytical model
includes the key interactions involved in the experiment.
This solution vyields the following interpretation. For
|34>| and |t2 0, there are strained regions beyond con-
tacts 3 and 4 that support the strain necessary for phase slip
to occur at those contacts, as shown in Fi@).3The spatial
extent of these regions is dictated by the maximum strain
gradient that can be supported by impurity pinning,
9l OX| max=E2/ k, and forl3,< ke /ES the strained region
beyond contact 3 extends into segment 12. iAsis in-
creased from zero, the strain gradient in segment 12 is re-
duced and the strained region extends further to the Fedt
3(b)]. If i{?is increased beyoni}, the strain aix, reaches
€., phase slip starts occurring at contact 1, and the CDW
slides in both segments 12 and [Eg. 3(c)]. In this regime,
the CDW current in segment 12 is due to CDW phase fronts
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generated at contact 4; no phase slip occurs at contact 2. If |:|G 4. Computedv12 and »* vs currentil? for i3=0,

?is increased beyonijy,, the straine(xs) is relieved. As  3=4i3%3 andi*=2i3 Electrode geometry is as per the experi-
Shown in Fig. &), we then havee(x,)|,|e(X3)|<e. and no  ment of Fig. 1, but materral parameters for Ng%e T =90 K were
phase slip occurs at electrodes 2 and 3. This implies thatsed sincel =42 K values were unavailable.
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i12=i23=i3% (y12= 2= 1,34 and the sample is in the locked except for phase-slip-induced nonlinearities near the current
regime. Consequently, the “frequency locking” is not an injection electrodes as discussed by Adelreaal’

interference phenomenon: it is the result of having uniform We emphasize that the phase-slip boundary conditions
CDW sliding from contact 4 to contact 1. if? is increased ~cannot be ignored in the interpretation of CDW transport
yet further the straire(x,) becomes more negative until at experiments involving three or more current injection elec-
i12=i!  phase slip starts occurring at contactRg. 3], trodes. For example, the transient responses measured by Ar-

. . : i and Dumas in the bl ronz n lin
and »*? and »** differ again.»>* is now greater than when baoui and Du the blue bronzes and by Gt

12_ 0 g ller strai dient b db thNbSe3 no doubt include a contribution from the establish-
Iy =1 since a smaller strain gradient must be opposed bY tNfant of strain fields such as those of Fig. 3.

applied ﬁeld. in. segment 34. . , , Finally, we note that this interpretation makes a further
The predlctlons of th? approximate analyt|_c solution Canprediction. In the locked regime and fbg,>0 there is a
be confirmed by numerically solving E@l) using Eq.(5) finite CDW currenti2®=i2=i in segment 23. The total

for.rps and an exper!mentally detgrmmﬁja(lc). A ql.Jant" current in segment 23 is zero, however, so that a normal
tative comparison with the experimental data of Fig. 1 was 23 23 32 2
urrenti "= —ig” is also present. A voltage = —i

3
: ; ; . : I
not possible since the required material parameters, in par- . . cPs'sz
ticular the phase slip parameterg and V,, are not well Is therefore predicted to appear in the locked regime. This

known for NbSe at T=42 K. We instead used tHe=90 K effect provides a way of decoupling the CDW and single-
material parameters of Ade.lmm al? particle conduction channels without applying temperature

; 7
The calculated coherent oscillation frequentiesre gradients.
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