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Magneto-optic imaging was used for a detailed study of the flux and current distribution of a long thin strip
of YBa2Cu3O72d placed in a perpendicular external magnetic field. The inverse magnetic problem, i.e., that of
deriving from a field map the underlying current distribution, is formulated and solved for the strip geometry.
Applying the inversion to the magneto-optically found field map we find on a model-independent basis the
current distribution across the strip to be in remarkable agreement with the profile predicted by the Bean
model. The paper also presents results on the behavior of the Bi-doped YIG film with in-plane anisotropy
which we use as field indicator, explaining why previous measurements of flux density profiles have displayed
surprisingly large deviations from the expected behavior.@S0163-1829~96!02046-2#

I. INTRODUCTION

Because of the importance of thin-film applications of
high-temperature superconductors there is currently consid-
erable interest in the electric and magnetic properties of such
systems. Most experiments with applied magnetic fields are
performed in the perpendicular geometry, i.e., with the mag-
netic field normal to the film plane. Over the last few years
several methods have been developed to reveal the spatial
distribution of penetrated flux over the area of the sample.
Scanning miniature Hall probes, microscopic Hall-sensor ar-
rays, and magneto-optic~MO! imaging have successfully
been used to map flux distributions in films and also thin
crystals.1–8

The results obtained by the field-mapping methods have
also stimulated a lot of recent theoretical work aiming to
describe the the nonuniform and irreversible flux distribu-
tions appearing in various two-dimensional~2D! geometries.
The simplest case of an infinitely long strip was solved ana-
lytically by Brandt et al.9 and independently by Zeldov
et al.10 By assuming a Bean model type of behavior where
the current density averaged over the film thickness never
exceeds a critical value, and the lower critical field is negli-
gible, they obtained explicit expressions for the field and
current distributions across the strip. Also more complicated
problems, e.g., by considering shapes like rectangles and
circles, have been treated within the framework of the
critical-state model in the perpendicular geometry where de-
magnetization effects are extreme.11–13

The ultimate goal of any experimental method is to obtain
information without involving a physical model for the be-
havior of the system under study. When it comes to measur-
ing the magnetic field from a quasi-2D or sheet-current dis-
tribution it is, in principle, possible to obtain the space-
resolved current distribution from a global map of the

perpendicular field component.14 The model-independent so-
lution of the so-called inverse problem is based only on the
Biot-Savart law. Such direct measurement of current distri-
butions have already been reported in studies of supercon-
ductors. Xinget al.15 used a scanning Hall probe with a 25
mm resolution to obtain field maps a distance 0.25 mm above
a square Y-Ba-Cu-O thin film, and by inversion found cur-
rent flow patterns in qualitative agreement with a critical-
state behavior.

Magnetic-field maps obtained by MO imaging are pro-
duced more efficiently and also with a much higher spatial
resolution than the scanning Hall technique. In this paper we
report on detailed MO studies of a thin superconducting strip
in a perpendicular field. For this geometry the inverse prob-
lem is solved analytically, where we take into account the
fact that the magnetic field is observed a finite distance
above the current sheet. This makes the present treatment
more general than a previous solution given by Brandt,16

where the remote nature of these kinds of measurements was
neglected. The space-resolved results for the current distri-
bution across the strip are in remarkable agreement with the
Bean model prediction, and also demonstrate the powerful
application of the MO technique. Also results concerning the
behavior of the in-plane MO indicator film are reported.

II. EXPERIMENT

MO visualization of magnetic flux is based on the Fara-
day effect. In the presence of a magnetic field a Faraday
active material will rotate the polarization plane of a linearly
polarized transmitted beam of light. The rotation angle in-
creases with the magnitude of the field component parallel to
the beam direction and the length of the optical path in the
indicator material. Since a superconductor in general will
modulate a homogeneous applied field, the response of the
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superconductor can be directly observed in a polarizing light
microscope with crossed polarizers.

A Bi-doped YIG film with in-plane anisotropy was used
as the Faraday active indicator.17 The indicator film was de-
posited on a gadolinium gallium garnet substrate and cov-
ered with a thin reflecting Al layer, allowing for a double
pass configuration in our incident-light microscope. The im-
ages were recorded with an eight-bit Kodak DCS 420 CCD
camera and transferred to a computer for processing.

Thin films of YBa2Cu3O72d were made by laser ablation
on a~100! SrTiO3 substrate. A deposition pressure of 1 mbar
and a substrate temperature of 750 °C were used. More de-
tails of the preparation can be found in Ref. 18. The sample
used in the present work has a thickness oft5300 nm with
the c axis oriented perpendicular to the film plane. The lat-
eral shape of the film was formed by etching resulting in a 5
mm long rectangular strip with a half width ofa50.4 mm.
The critical temperature,Tc measured by magnetic suscepti-
bility was 89.9 K withDTc50.3 K. In the MO apparatus the
sample was mounted on the cold finger of an optical Helium
cryostat.19 The magnetic field was applied perpendicular to
the film plane using a Cu-wire solenoid.

III. THE 1D INVERSION PROBLEM

As the aim of this work was to determine the current
distribution from a map of the magnetic field we give here
the solution to the appropriate inversion problem. Consider
a current flowing in a planar sheet of thicknesst lying in the
x-y plane; see Fig. 1. We assume that the current is directed
along they axis producing aB field in thex-z plane. If the
current sheet is thin compared to the distance to the plane of
observation, i.e.,t!h, the current distribution can be treated
as one dimensional and described by a sheet current
J(x)5* 0

t j (x,z)dz, wherej (x,z) is the local current density.
From the law of Biot-Savart the contribution to the per-

pendicular field component at the pointx8 from the current
elementJ(x)dx is

dBz5
m0

2p

J~x!dx

R

x2x8

R
, ~1!

whereR5Ah21(x2x8)2. Integrating over all the current
filaments the total perpendicular field profile can be ex-
pressed as

Bz~x8!5
m0

2p E
2`

` x2x8

h21~x2x8!2
J~x!dx. ~2!

This convolution form allows us to write the current as

m0J~x!5E
2`

` Bz~k!

G~k!
eikxdk, ~3!

whereBz(k) andG(k) are the Fourier transforms of the field
profile and integral kernel, respectively. The functionG(k)
equals

G~k!5E
2`

` p

h21p2
e2 ikpdp52 ip sgn~k!e2huku. ~4!

It is seen from Eqs.~3! and ~4! that the transfer function
1/G(k) strongly amplifies components in theBz signal with
large uku values. On the other hand, it is likely that in the
experimentally obtainedBz data the components with highest
uku originate from other sources than the currents in the
sample. For this reason one would like to include a low-pass
filter in the signal analysis. Assuming that the filter cuts the
components withuku>K we rewrite Eq.~3! as

m0J~x!5E
2`

`

dx8A~x2x8!Bz~x8!,

~5!

A~j!5E
2K

K

dk
eikj

G~k!
5

j@12eKhcosKj#1heKhsinKj

h21j2
.

For the computerized data analysis it is convenient to intro-
duce the unit of lengthD[p/K and to discretize the coordi-
nates,x[nD, x8[n8D, and also writeh[dD. For the ideal
low-pass filter Eq.~5! becomes

m0J~n!5(
n8

n2n8

d21~n2n8!2
12~21!n2n8epd

p
2Bz~n8!.

~6!

A smoother high-frequency cutoff is obtained by introducing
in Eq. ~3! a Hanning window filtering function

W~k!5@11cos~pk/K !#/2 for uku<K,

with W(k)50 for uku.K. This modifies only slightly the
derivation, and the inversion formula now becomes

m0J~n!5(
n8

n2n8

p H 12~21!n2n8epd

d21~n2n8!2

1
@d21~n2n8!221#@11~21!n2n8epd#

@d21~n2n811!2#@d21~n2n821!2#
J

3Bz~n8!. ~7!

In the Appendix the use of the inversion method is illustrated
by an exactly solvable example.

FIG. 1. The geometry of the inversion prob-
lem.
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IV. RESULTS FOR THE SUPERCONDUCTING STRIP

The MO image shown in Fig. 2 was obtained atT510 K
by applying an external field ofBa540 mT to the zero-field
cooled superconductor. Its shielding property is evident as
the field becomes compressed near the strip edge~maximum
brightness!. The outmost part of the strip is seen to be pen-
etrated by flux lines with a distribution which gives rise to
the gradual decrease in the gray level towards the center. The
dark and uniform central area corresponds to the Meissner
region where the induced sheet current exactly compensates
for the applied field.

Figure 3 shows the observed flux density profile across
the strip. The data points were obtained by converting the
gray levels of the image intoBz values along a line indicated
in Fig. 2. The conversion is based on a careful calibration of
the Bi:YIG indicator response to a range of controlled per-
pendicular magnetic fields as seen by the CCD camera
through the microscope. Figure 4 shows the current distribu-
tion obtained by inverting the field data of Fig. 3. Note that
the inversion procedure requires that the applied field is sub-
tracted from theBz data. The current was calculated using
Eq. ~7! settingd51.5, which corresponds toh510 mm.

Both results agree reasonably well with the behavior pre-
dicted by the Bean model applied to the present transverse
geometry. The analytical solution for an infinitely long strip
of half-width a is

J55
Jc , 2a,x<2xp

2
2Jc
p

tan21S xa A~a22xp
2!/~xp

22x2! D ,
2xp,x,xp

2Jc , xp<x,a,

~8!

where

xp5
a

cosh~pBa /m0Jc!

is the position of the flux penetration front andJc is the
critical sheet current. According to the Biot-Savart law the
current distribution described by Eq.~8! gives in a distanceh
the followingBz profile:

Bz~x!5
m0Jc
4p H ln @~x1xp!

21h2#@~x2xp!
21h2#

@~x1a!21h2#@~x2a!21h2#

2
4

p E
2xp

xp x82x

~x82x!21h2

3tan21S x8a A~a22xp
2!/~xp

22x82! D dx8J . ~9!

FIG. 2. Magneto-optic image of the flux penetration in a 0.8 mm
wide, 300 nm thick, and 5 mm long Y-Ba-Cu-O strip placed in a 40
mT perpendicular applied field at 10 K. The section shown in the
picture was chosen near the central part of the strip where the in-
fluence of the corners is negligible. The white line indicates where
the profile of Fig. 3 was measured. The scale bar is 0.2 mm long.

FIG. 3. Measured and calculated perpendicular flux density pro-
file along a line across the Y-Ba-Cu-O strip~cf. Fig. 2!. The dashed
lines indicate the position of the strip edges.

FIG. 4. The sheet current distribution obtained by applying the
inversion formula Eq.~7! to theBz data of Fig. 3.
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For comparison, the field profile plot includes a fit of the
Bean model which gavem0Jc5105 mT, or a critical current
density of 2.831011 A/m2.

While the overall agreement with the Bean model is rea-
sonable there are also several distinct discrepancies apparent
from the curves. In the experimentalBz data theU-shaped
part of the profile is evidently too wide. Moreover, the peaks
near the edges of the strip are much lower than expected.
Interestingly, the same types of deviation can be seen also in
other MO investigations of thin superconducting strips.20 A
common systematic error seems to be that the experimental
Bz profiles violate the requirement of a vanishing integral of
the flux density. Also in the inferred current distribution
there are clear discrepancies. Most serious is the unphysical
result thatJÞ0 outside the strip. Unexpected is also the
sharp increase inJ towards the two edges.

Puzzled by these deviations we critically investigated pos-
sible sources for misinterpretation of the MO images. In this
search we discovered that the Bi:YIG indicator not only re-
sponds toBz , but is also influenced by a field componentBx
parallel to the film. Although the present experiments were
performed with a perpendicular applied field, it is clear that
the shielding currents in the superconductor produce a con-
siderable parallel field in the plane of the indicator. This, so
far unreported MO coupling, will be discussed in more detail
in the next section.

V. THE Bx COUPLING

To investigate the role of a parallel magnetic field on the
Faraday rotation in the MO indicator the optical cryostat was
equipped with an additional field source. A variable parallel
field was produced by adjusting the separation between a
pair of strong permanent magnets placed on the outside of
the standardBz solenoid. A calibration of the CCD image
gray level versus perpendicular field,Bz , was made for three
differentBx values; see Fig. 5. The measurements were done
with the MO indicator atT550 K, and with the supercon-

ductor removed. It is clear from the graphs that even moder-
ate parallel fields give a significant reduction in the gray
level, or equivalently a reduced Faraday rotation angleuF .
The behavior can be explained as follows.

The MO indicator material is ferrimagnetic having a
spontaneous magnetization,M s , with the easy axis lying in
the film plane. A magnetic fieldB at an anglea ~see Fig. 6!
will force the magnetization vector out of the plane. The
equilibrium tilt anglef of the magnetization represents the
balance between the magnetocrystalline anisotropy and the
tendency to align with the external field. In the simplest form
this can be expressed as a minimum of the sum

EA~12cosf!1BMs@12cos~a2f!#, ~10!

whereEA is the anisotropy energy. Minimizing the above
energy expression with respect to the variable anglef one
finds

tanf5
Bz

BA1Bx
, ~11!

whereBA5EA/Ms . As the Faraday rotation is proportional
to the component ofM s along the light beam direction it
follows that

uF}sinf5
Bz

A~BA1Bx!
21Bz

2
. ~12!

This model describes both the observed suppression ofuF by
a parallel field and also the saturation seen for largeBz .

VI. DISCUSSION

Having now available a realistic model for the response of
the indicator film it is possible to take the effect of a parallel
field into account when MO images are interpreted. To ac-
complish this a quantitative determination of the anisotropy
field BA is required. The following analysis allowed us to
derive this parameter from the calibration data.

From the Malus law for light transmission through a pair
of polarizers the light intensity reaching the CCD chip is
I}sin2uF in the case of crossed polarizers. The CCD camera
then converts the light intensity into gray level values,G.
Linearizing this camera function in the small intensity range
impliesG}sin2uF.u F

2. From Eq.~12! it then follows that

FIG. 5. The gray level output of the CCD camera as function of
the perpendicular magnetic field,Bz , applied to the Bi:YIG indica-
tor film. The three different graphs were obtained by adding a par-
allel field componentBx equal to 0, 15, and 30 mT.

FIG. 6. Relation between the directions of the spontaneous mag-
netizationM s of the in-plane indicator film and the magnetic field
B, which forces the magnetization vector away from the easy axis.
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G}
1

~BA1Bx!
2 Bz

2. ~13!

Such a parabolic dependence is indeed representative for the
observed behavior in the limit of small fields. A fit of this
relation to the initial part of the curves in Fig. 5 gave
BA5~8065! mT.

The recalculated current distribution shown in Fig. 7 was
found using a modified inversion procedure. From Eq.~12!
and the unique, although unknown, relationship betweenG
and uF , it follows that Bz can be expressed by
Bz5(BA1Bx) f (G) wheref is some function. Note here that
Bz andBx are the total fields experienced by the indicator
film, i.e., the perpendicular field due to the current alone is
B z

J5(BA1Bx) f (G)2Ba . Since the initially obtainedJ(x)
was close to the expected distribution an approximateBx
profile is derived from the Biot-Savart law applied to the
initial J(x) where the unphysical current tail outside the strip
is removed by hand. A newB z

J is then obtained from

Bz
J~new!5Bz

J~old!1
Bx

BA
Bz~old!. ~14!

The current distribution of Fig. 7 results from invertingB z
J

~new!.
Included in Fig. 7 is also the theoretical curve given by

Eq. ~8! with, as before,m0Jc5105 mT. As our data for the
current were obtained independently of any model for the
superconductor the excellent fit gives direct evidence for the
validity of the critical-state assumptions made in the Bean
model. Note in particular that the inversion can provide in-
formation about the Meissner current distribution; the
S-shaped part of the curve in the middle part of the strip.
Information about the Meissner current flow is not easily
inferred from maps of the magnetic field since the Meissner
region always appears without any structure. Only an analy-
sis based on the global field distribution, as in the inversion
described in this work, is able to accomplish this.

VII. CONCLUSION

In this paper we considered the possibility of inverting
magnetic-field maps to give direct observations of current
distributions in thin superconducting samples. Choosing the
simplest geometry, i.e., that of a long thin strip, allowed us to
investigate this issue in great detail. Our model-independent
results for the current distribution across the strip shows that
the Bean model gives an excellent description.

A by-product of the investigation was to discover that
MO images are significantly perturbed by the presence of a
parallel field component. A simple model for the behavior of
the Bi-doped YIG indicator film with in-plane anisotropy
was shown to give a realistic description of the film re-
sponse. The model also explains why previous measure-
ments of flux density profiles have displayed surprisingly
large deviations from the expected behavior. We believe
this work represents an important step towards bringing the
MO imaging method to a more precise quantitative level.

FIG. 8. Profile of the perpendicular magnetic field across a strip
of sheet current with magnitude2Jc and1Jc flowing in each half
of the strip.

FIG. 9. Sheet current density derived by inversion of the field
profile in Fig. 8 using Eq.~6! in Sec. III.

FIG. 7. The sheet current distribution in the Y-Ba-Cu-O strip
obtained from the MO image by a modified inversion procedure
~see text!. For comparison, the theoretical curve following from the
Bean model withm0Jc5105 mT is drawn as a full line.
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APPENDIX

In contrast to the forward calculation of the magnetic field
produced by some current distributionJ~r !, the inverse prob-
lem does not, in general, have a unique solution. However,
when the current is restricted to flow in a planar sheet the
inverse problem can be solved uniquely. To verify the appli-
cability of the inversion formulas derived in Sec. III we give
here a transparent example.

Consider the infinitely long strip of half-widtha in the
configuration shown previously in Fig. 1. Assume now that a
current of a constant magnitude2Jc flows in the half2a<x
,0, whereas1Jc flows in the other half 0,x<a. For su-
perconductors this corresponds to the state of complete flux
penetration within the critical-state model. It is readily found
that the perpendicular magnetic field a distanceh above the
strip is given by

Bz~x!52
m0Jc
4p

ln
~x21h2!2

@~x1a!21h2#@~x2a!21h2#
. ~A1!

The field profile is shown in Fig. 8 for the caseh/a51/40.
Applying the inversion formula, Eq.~6!, with the discreti-

zationD5h, or d51, one obtains the result shown in Fig. 9.
Evidently, the correct current profile is restored, although
with the addition of some high-frequency oscillations near
the points where the current changes discontinuously. Such
alternating noise decreases rapidly in amplitude whend be-
comes less than unity, while a strong noise enhancement
results ifd exceeds unity. In the calculation this is a direct

consequence of the exponential termepd becoming very
large. Physically, it signals the failure of retrieving the fine
details in the current distribution out of a field distribution
smeared because of the remote observation.

The alternating noise problem is overcome by the Han-
ning window low-pass filtering leading to Eq.~7!. As seen in
Fig. 10 the original current distribution now becomes recon-
structed almost exactly from the discrete set ofBz data.

Note that the inversion formula requires thatBz used in
the calculation corresponds to the field from the current only.
Any applied field contained in the field profile should there-
fore be subtracted. It is also important that theBz data cover
a sufficiently wide area so that the clipping of the tail of the
field has no significance for the result.
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FIG. 10. Sheet current density derived by inversion of the field
profile in Fig. 8 using Eq.~7! in Sec. III.
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