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Coupled equations for the interlayer phase differences in Josephson-coupled layered superconductors are
derived in both current-biased and voltage-biased cases. These equations have a solution corresponding to the
longitudinal Josephson plasma propagating along thec axis. Using the numerical solutions for the systems
composed of 100 junctions, we calculate theI -V characteristics of the Josephson-coupled layered supercon-
ductors in the absence of an external magnetic field. Various types ofI -V characteristics reflecting the dynam-
ics of the phase differences are obtained.@S0163-1829~96!06846-4#

I. INTRODUCTION

It is widely believed that the superconducting layers in
high-Tc superconductors with large anisotropy are coupled
by the Josephson effect. Several experimental results show
the existence of the intrinsic Josephson effects in single crys-
tals of high-Tc superconductors.

1–8 For example it has been
reported that theI -V characteristics along thec axis of Bi-
2212 in the superconducting state are those expected in a
Josephson-junction array.2,4 The Fraunhofer pattern in the
field dependence of the critical current has also been ob-
served in those superconductors in a magnetic field parallel
to the layers.1 Recently, Matsudaet al.7 observed a sharp
resonance peak in microwave absorption experiments in
single crystals of Bi-2212. This resonance peak has been
identified with the Josephson plasma mode. These experi-
mental results indicates that the electromagnetic properties of
high-Tc superconductors are well understood on the basis of
a model assuming one-dimensional~1D! Josephson-junction
array formed by superconducting layers of atomic-scale
thickness. The mixed state of high-Tc superconductors has
been intensively studied on the basis of such a Josephson-
coupled layered model.9

In this paper we investigate theI -V characteristics of a
1D series of Josephson junctions to elucidate the intrinsic
Josephson effects in high-Tc cuprate superconductors. The
equation for the phase differences in a Josephson-junction
array is usually derived from the RSJ model.10 The static and
dynamical properties of 2D networks of conventional Jo-
sephson junctions have been investigated so far on the basis
of the equation derived from the RSJ model.11 However, as
easily shown, in the case of a 1D series of Josephson junc-
tions the equation obtained from the RSJ model fails to de-
scribe the interaction between the interlayer phase differ-
ences in the absence of an external magnetic field, that is, the
junctions in a 1D array behave independently of one another
in the simple RSJ model. To incorporate the interference
effect among the junctions several equivalent circuits includ-
ing a shunted impedance connected to an array of the circuits
for the RSJ model have been proposed.12 The phase locking

or the synchronization of the voltage observed in conven-
tional multijunction systems has been analyzed on the basis
of those equivalent circuits.12–14 However, the microscopic
origin of the impedance which induces the coupling among
the junctions is not clearly specified in those phenomenologi-
cal models. In this paper we, therefore, first examine the
dynamics of the phase differences in a 1D array of Josephson
junctions and clarify the origin of the coupling between the
interlayer phase differences in intrinsic layered supercon-
ductors. It is shown that the charging effect of the supercon-
ducting layers cannot be neglected in the systems composed
of superconducting layers of atomic-scale thickness such as
high-Tc superconductors

15 and it induces the coupling be-
tween the interlayer phase differences.

The equation for the interlayer phase differences in intrin-
sic layered superconductors in the static case is derived from
the Lawrence-Doniach model16 and the Maxwell equations
in the limit where the spatial variation of the amplitude of the
order parameter is neglected.17,18The extension of the equa-
tion to the dynamical case is seen in Refs. 19 and 20. The
equation for the phase differences derived in Ref. 19 neglects
the effect arising from the charging of the superconducting
layers. Thus the equation given in Ref. 19 is not applicable to
the systems such as high-Tc superconductors. The charging
effect of the superconducting layers is incorporated in the
equation for the phase differences derived in Ref. 20. How-
ever, the equation does not give the correct dispersion of the
Josephson plasma mode in the Meissner state.21 This fact
indicates that the time-dependent part of the equation is in-
complete. In this paper we improve the derivation of the
dynamical equation for the interlayer phase differences in the
absence of an external magnetic field and propose a new
time-dependent equation in which the effect of the charging
of the superconducting layers is properly taken into account
within a classical theory in the presence of a transport cur-
rent. The longitudinal Josephson plasma propagating along
the c axis can be correctly described by this equation. The
equation for the phase differences is solved numerically in
finite systems with 100 junctions in the current-biased and
voltage-biased cases both to simulate theI -V characteristics
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of Josephson junction arrays. The boundary effect between
the outermost superconducting layers and the electrodes is
incorporated in the calculations. The motion of the gauge-
invariant phase differences shows complex behavior, de-
pending on the material parameters and also on an applied
current or voltage. TheI -V characteristics reflect sensitively
the dynamics of the gauge-invariant phase differences. Vari-
ous patterns of theI -V characteristics are predicted.

II. FORMULATION

Consider a layered superconductor in which the layers are
coupled by the Josephson effect. We assume that the super-
conducting layers are extremely thin, so that the spatial
variation of the phase and the electromagnetic field inside the
layers may be neglected in the direction perpendicular to the
layers. It is also assumed that the phase difference between
the layers is uniform along the layers in the absence of an
external magnetic field. In this case the total tunneling cur-
rent between~l11!th andl th layers,Jl11,l(t), is given by the
sum of a pair current and a quasiparticle current in the pres-
ence of an electric field,El11,l(t), as follows:

Jl11,l~ t !5 j c sin Pl11,l~ t !5sEl11,l~ t !, ~1!

where j c ands are, respectively, the critical current density
and the conductivity of the quasiparticle current, and
Pl11,l(t) is the gauge-invariant phase difference between~l
11!th andl th layers defined by

Pl11,l~ t ![w l11~ t !2w l~ t !2
2p

f0
E
zl1s/2

zl112s/2

dz Az~z,t !.

~2!

In the above equationw l(t) is the phase of the order param-
eter on l th layer, f0 is the unit flux (hc/2e), and
zl5 l (D1s), s andD being the widths of, respectively, the
superconducting and block layers.

Let us now derive the equation forPl11,l(t) under the
condition that a bias current is applied along thec axis. From
the current conservation law it follows

Jl11,l~ t !5Jl ,l21~ t !2s] tr l~ t !, ~3!

in the present layered system, wherer l(t) is the charge den-
sity on l th layer. Since the Maxwell equation~¹•eE54pr!
gives the following relation in the present discrete case:

El11,l~ t !2El ,l21~ t !5
4ps

e
r l~ t !, ~4!

with e being the dielectric constant of the block layers, we
have the equation from Eqs.~3! and ~4!,

Jl11,l~ t !1
e

4p
] tEl11,l~ t !5Jl ,l21~ t !1

e

4p
] tEl ,l21~ t !.

~5!

This equation indicates that the total current including the
displacement current is conserved in each junction. From this
observation we assume that the total current is equal to the
currentI (t) supplied from an external current source,

j c sin Pl11,l~ t !1sEl11,l~ t !1
e

4p
] tEl11,l~ t !5I ~ t !. ~6!

Note that this equation is similar to that in a single junction
system in the RSJ model.10 From this result we notice that
the junctions in the present series are independent of one
another, i.e., no interference effect takes place among the
junctions, if we assume the usuallocal Josephson relation
between the phase and the voltage,Vl11,l(t)5DEl11,l(t),

] tPl11,l~ t !5
2e

\
Vl11,l~ t !5

2pc

f0
DEl11,l~ t !. ~7!

However, as discussed in Refs. 22 and 23 the above relation
is not valid in systems in which the charging effect cannot be
neglected. In systems composed of microscopic series of the
Josephson junctions as in the case of high-Tc cuprates Eq.
~7! should be modified as seen in the following. Taking the
time derivative of Eq.~2!, we have the relation

f0

2pc
] tPl11,l~ t !5FA0~zl11 ,t !1

f0

2pc
] tw l11~ t !G

2FA0~zl ,t !1
f0

2pc
] tw l~ t !G1Vl11,l~ t !,

~8!

whereA0(z,t) is the scaler potential. It is noted that the first
and second terms on the right-hand side of Eq.~8! is related
to the charge density on~l11!th andl th layers, respectively.
Then we assume the following relation between the charge
density and the scaler potential:23–25

r l~ t !52
1

4pm2 FA0~zl ,t !1
f0

2pc
] tw l~ t !G , ~9!

wherem is the Debey length of the superconducting charge,
which is usually much shorter than the London penetration
depth~m!lL!. Substituting Eq.~9! into Eq.~8! and using Eq.
~4!, we obtain the relation between the gauge-invariant phase
difference and the voltage as

\

2e
] tPl11,l~ t !5

em2

sD F2Vl ,l21~ t !1S 21
sD

em2DVl11,l~ t !

2Vl12,l11~ t !G . ~10!

Note that Eq.~10! is reduced to the expression given in Eq.
~7! in the limit of em2/sD!1. When we choose the values
D56 Å, s56 Å, m52 Å, and e525 as typical parameter
values for high-Tc cuprates, we getem2/D252.7. Thus we
cannot neglect the correction for the Josephson relation in
high-Tc cuprates. The equation for the gauge-invariant phase
difference,Pl11,l(t), is derived from Eq.~6! and the time
derivative of Eq.~10! for infinite systems as

e

c2
] t
2Pl11,l~ t !5

1

lc
2 FaD~2! sin Pl11,l~ t !2sin Pl11,l~ t !

2
b

vp
] tPl11,l~ t !1S I ~ t !j c D G , ~11!
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wherelc is the penetration depth along thec axis,

lc5Acf0/8p2Dj c, ~12!

the parameters,a andb, are given by

a5
em2

sD
,

b5
4pslc

Aec
. ~13!

andvp is the plasma frequency,vp5c/Aelc . In Eq.~11! the
difference operator,D~2!, is defined as

D~2! f l11,l[ f l12,l1122 f l11,l1 f l ,l21 . ~14!

As seen in Eq.~11!, the parameter,a, may be considered as
the coupling constant between the junctions.

It is noted that Eq.~11! has a solution corresponding to
the longitudinal Josephson plasma26,27propagating along the
c axis in the case ofs50 andI (t)50. Its dispersion is ob-
tained as

vL~kz!5
c

Aelc

A112a@12coskz~s1D !#

.vpA11em2@~s1D !2/sD#kz
2. ~15!

Since m is very short, the dispersion of the longitudinal
plasma is very weak, compared with that of the transverse
one propagating along the layers,vT(k)5vpA11(lck)

2.
To solve Eq.~11! numerically and calculate theI -V char-

acteristic we perform the calculations in finite systems com-
posed ofN junctions in which the outermost superconduct-
ing layers~l50 andN! are contacted with electrodes~see
Fig. 1!. In this case Eq.~4! for zeroth andNth layers is
understood as follows:

4p

e
q0~ t !5E1,0~ t !2E~2 !~ t !,

4p

e
qN~ t !5E~1 !~ t !2EN,N21~ t !, ~16!

whereq0(t) andqN(t) are the total charges per unit area on
zeroth andNth superconducting layers andE(2)(t) and
E(1)(t) are the electric fields inside the electrodes. These
electric fields should depend on the materials of the elec-
trodes and the condition of the interfaces between the outer-
most superconducting layers and the electrodes. In the fol-
lowing calculations we neglectE(6)(t) for simplicity,
assuming that the electrodes are well conductive, i.e.,
uE(6)(t)u!uE1,0(t)u, uEN,N21(t)u. Further we incorporate
the proximity effect at the interfaces by introducing the ef-
fective widths0 for zeroth andNth layers. Since the super-
conducting regions are expected to penetrate into the elec-
trodes, we assumes0.s. Under these assumptions Eq.~16!
is reduced to the following relations:

4ps0
e

r0~ t !52E1,0~ t !,

4ps0
e

rN~ t !52EN,N21~ t !. ~17!

Then the equation forPl11,l(t) is derived as follows:

e

c2
] t
2P1,0~ t !5

1

lc
2 FaD~1!sin P1,0~ t !2S 11a

s

s0
D sin P1,0~ t !

2
b

vp
] tP1,0~ t !1S I ~ t !j c D G , ~18!

e

c2
] t
2Pl11,l~ t !5

1

lc
2 FaD~2! sin Pl11,l~ t !2sin Pl11,l~ t !

2
b

vp
] tPl11,l~ t !1S I ~ t !j c D G ,

for 1< l<N22, ~19!

e

c2
] t
2PN,N21~ t !52

1

lc
2 FaD~1! sin PN21,N22~ t !

1S 11a
s

s0
D sin PN,N21~ t !

1
b

vp
] tPN,N21~ t !2S I ~ t !j c D G , ~20!

where the difference operator,D~1!, is defined as

D~1! f l11,l[ f l12,l112 f l11,l . ~21!

The voltageVl11,l(t) can be calculated from the following
relation obtained from Eqs.~10! and ~17!:

Vl ,l21~ t !5
1

a

\

2e (
m51

N

G lm] tPm,m21~ t !, ~22!

where the matrixG5~Glm! is defined as

G5L21, ~23!

with

FIG. 1. A series of Josephson junctions composed of~N11!
superconducting layers. The two outermost superconducting layers
are contacted with electrodes.
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L5S 11s/s01a21

21
A
0

21
21a21

A
0

0
21
A
...

...

...
�

21

0
0
A

11s/s01a21
D ~24!

It is noted that the currentI (t) in Eqs. ~18!–~20! should
be replaced asI (t)→I (t)2I F1(t) when the effect of thermal
fluctuations is incorporated in the calculations. Here,I F1(t)
is the noise current induced in the junctions~the Johnson-
Nyquist thermal noise!.

The noise current is usually expressed by a random func-
tion whose spectral density is equal to 2kBT/pRN . In the
following numerical calculations we neglect the noise cur-
rent for simplicity, though it becomes important as the tem-
perature is increased. The result given in Sec. III is, thus,
understood to be valid in the low temperature range near 0
K. The effect of the noise current will be discussed in a
subsequent paper.

In this paper we solve the coupled equations given in
~18!–~20! numerically in two cases, i.e., dc current-biased
and dc voltage-biased cases. In the former case where a dc
current is supplied from an external current source the cur-
rent I (t) in Eqs.~18!–~20! is taken to be constant, i.e.,I (t)
5I . In this case the dc voltageV appearing between zeroth
andNth layers is calculated from the relation

Ṽ5 lim
T→`

1

T E
0

T

dt(
l51

N

Ṽl ,l21~ t !

5
1

a (
l51

N

(
m51

N

G lm lim
T→`

Pm,m21~T!2Pm,m21~0!

T
.

~25!

In the latter case where a constant voltage is applied between
zeroth andNth layers we use the relation forI (t) obtained
from Eq. ~6! as

I ~ t !/ j c5
1

N S bṼ1(
l51

N

sin Pl ,l21~ t !D , ~26!

whereṼ is the dc bias voltage in the normalized unit. The dc
current in this case is calculated from the average.

I5 lim
T→`

1

T E
0

T

dt I~ t !. ~27!

III. NUMERICAL CALCULATIONS

In this section we present the numerical results for theI -V
characteristics of 1D Josephson-junction array in the case of
N5100 ~the number of junctions is 100!. The value of the
parametera is fixed to 2.0, which is a value in the parameter
range expected in high-Tc superconductors, throughout this
paper.

A. Current-biased cases

First we study the case ofs/s050. In this case the outer-
most superconducting layers are always neutral, i.e.,
r0(t)5rN(t)50, as seen from Eq.~17!, which is expected
to be realized in the systems in which the mobility of the
carriers between the outermost superconducting layers and
the electrodes is very high. Figure 2 shows the calculated
results of theI -V characteristics for several values ofb in
this case. A finite voltage appears with a sharp jump at a
certain value of the bias current, which is denoted byI c from
now on. The value of the currentI c increases asb increases.
The behavior in theI -V characteristics obtained in this case
is qualitatively the same as that of a single Josephson junc-
tion in the current-biased case28 ~note that the McCumber
constantbc is related to the parameterb asbc51/b2!. In the
resistive state aboveI c the voltage is proportional to the bias
current ~ohmic characteristic!. To see the behavior of the
gauge-invariant phase differences in this ohmic resistive
state we plotPl ,l21(t) at three different values of time for all
the junctions inside the array in Fig. 3. As seen in this figure,
Pl11,l(t) does not show the dependence on the junction site,
that is, all the gauge-invariant phase differences in this array
vary in phase with time. Thus the junctions in this array
behave like a single Josephson junction. Such a behavior has
been observed in theI -V characteristics of single crystals of
Bi-2212 along thec axis.1,4,29

Let us next investigate the cases of finite values ofs/s0.
In Fig. 4 we show examples of theI -V characteristics ob-
tained in the cases ofs/s050.5,b50.2 and 0.5. In both cases
a small steplike structure appears in the region below the
current value at which a large voltage jump appears, which is
also denoted byI c in the following. In the region aboveI c an
irregular structure is superposed on the ohmic characteristic
and the irregularity increases with increasing the value ofb.

FIG. 2. I -V characteristics of the Josephson junction array with
s/s050 in the current-biased case.
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We first study the origin of the steplike structure appearing
below I c . In Figs. 5~a! and 5~b! the gauge-invariant phase
differences,Pl11,l(t), are plotted for current values on the
steps~indicated by arrows in Fig. 4! at three different values

of time. As seen in these figures, only two gauge-invariant
phase differences,P2,1(t) andP99,98(t) depend on time when
the bias current takes a value on the first step, and for a
current on the second step the gauge-invariant phase differ-
ences,P2,1(t), P4,3(t), P95,94(t), andP99,98(t) show the time

FIG. 4. I -V characteristics of the Josephson junction array with
s/s050.5 in the current-biased case.

FIG. 3. Dependence of the gauge-invariant phase differences on
the junction site at three different values of time in the case of
b50.2 ands/s050. The value of the bias current is equal to 0.9j c .

FIG. 5. ~a! Dependence of the gauge-invariant phase differences on the junction site in the case ofb50.2 ands/s050.5. The value of the
bias current is equal to 0.8j c , which is a value on the first step in theI -V characteristics given in Fig. 4.~b! Dependence of the
gauge-invariant phase differences on the junction site in the case ofb50.2 ands/s050.5. The value of the bias current is equal to 0.818j c ,
which is a value on the second step in theI -V characteristics given in Fig. 4.~c! Dependence of the gauge-invariant phase differences on the
junction site in the case ofb50.2 ands/s050.5. The value of the bias current is equal to 0.9j c . ~d! Dependence of the gauge-invariant phase
differences on the junction site in the case ofb50.5 ands/s050.5. The value of the bias current is equal to 0.96j c .
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variation. This result indicates that only the junctions near
the surfaces are in the resistive state and the number of such
junctions increases by two at each step in this region. In
recent experiments for single crystals of Bi-2212 Kadowaki
et al. have obtained theI -V characteristics including many
small steps which is qualitatively similar to our results below
the current value at which a large voltage jump takes place.30

Although the number of steps in theI -V characteristics
shown here is very small compared with that observed in the
experiments, one may expect that the steplike structure arises
from the mechanism shown above, because the number of
steps is expected to increase drastically for longer junction
array especially in which weakly superconducting layers
with smaller j c are distributed inside it, which is expected in
thick samples. In Fig. 5~c! we plot Pl11,l(t) in the resistive
state aboveI c in the case ofb50.2. In this case the junctions
located well inside the array are also in the resistive state. It
is noted that those junctions behave like a single junction,
which is contrasted with the junctions located close to the
surfaces. The slightly noisy voltage in theI2V characteris-
tics aboveI c is understood to originate from the time depen-
dence of the gauge-invariant phase differences of the junc-
tions near the surfaces.

Let us next investigate the system with a larger value ofb
which shows much noisyI -V characteristics~b50.5 case in
Fig. 4!. The dependence ofPl11,l(t) on the junction site in
the resistive state aboveI c is given in the case ofb50.5 in
Fig. 5~d!. The phase differences,Pl11,l(t), show the spatial
variations with many nodes and each junction seems to be-
have almost independently, as seen in these figures. To un-
derstand the behavior of the phase differences in this case we
study their time variations. In Fig. 6 we plotP50,49(t) and
P48,47(t) as a function of time at a current value in this noisy
resistive state. The time dependence of the gauge-invariant
phase differences contains linear and oscillatory terms. The
oscillatory terms seem to consist of mainly two frequency
components, as seen in Fig. 7. The frequency of the high
frequency~low! component is much larger~smaller! than the
plasma frequencyvp .

Let us now study how the frequencies are determined.
Extracting the linear term from the time dependence of the
gauge-invariant phase difference, we expressPl11,l(t) as

Pl11,l~ t !5n l11,l t1al11,l1U l11,l~ t !, ~28!

whereUl11,l(t) represents the oscillatory term. Then, Eq.
~19! is rewritten in terms of the functionUl11,l(t) as

] t
2U l11,l~ t !5aD~2! sin@n l11,l t1al11,l1U l11,l~ t !#

2sin@n l11,l t1al11,l1U l11,l~ t !#

2b] tU l11,l~ t !2bn l11,l1 Ĩ , ~29!

with Ĩ5I / j c . Here we use the normalized time,vpt→t.
Since the numerical results shown above indicate that the
oscillatory term is given by the sum of a high frequency
component.U l11,l

(H) (t), and a low frequency one.U l11,l
(L) (t),

we divide Ul11,l(t) as U l11,l(t)5U l11,l
(H) (t)1U l11,l

(L) (t).
Then the Josephson current betweenl th and~l11!th layers is
approximated in the following form whenU l11,l

(L) (t) is small:

sin@n l11,l t1al11,l1U l11,l~ t !#

.sin@n l11,l t1al11,l1U l11,l
~H ! ~ t !#

1cos@n l11,l t1al11,l1U l11,l
~H ! ~ t !#U l11,l

~L ! ~ t !.

~30!

Note that the first term on the right-hand side of Eq.~30!
generates a dc current if the frequency of the termU l11,l

(H) (t)
coincides with nl11,l , i.e., U l11,l

(H) (t)5 f l11,l sinnl11,l t. In
this case we have the relation for the constant terms in Eq.
~29!,

bn l11,l5 Ĩ1D Ĩ l11,l , ~31!

where

D Ĩ l11,l5J1@ f l11,l #sin al11,l2aD~2!J1@ f l11,l #sin al11,l ,
~32!

FIG. 6. Time dependence of the gauge-invariant phase differ-
ences,P49,48(t) andP51,50(t), for I50.96j c in the Josephson junc-
tion array withb50.5 ands/s050.5.

FIG. 7. Time dependence of the oscillatory terms in the gauge-
invariant phase differences,P49,48(t) andP51,50(t), for I50.96j c in
the Josephson junction array withb50.5 ands/s050.5.
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with J1[ f l11,l ] being the Bessel function of the first order.
The numerical results shown in Figs. 6 and 7 indicates that
the frequency of the termU l11,l

(H) (t) is nearly equal to the
coefficient of thet-linear term contained in the time depen-
dence of the gauge-invariant phase differencePl11,l(t) and
D Ĩ l11,l.0. From these results the relation which determines
the low frequency componentU l11,l

(L) (t) is approximately
obtained as

~] t
21b] t!U l11,l

~L ! ~ t !.aD~2!sin~n l11,l t1al11,l !

2sin~n l11,l t1al11,l !

1n l11,l
2 sin n l11,l t

2bn l11,l cosn l11,l t. ~33!

If the frequencynl11,l is independent ofl , Eq. ~32! dose not
have a solution oscillating with a frequency other thannl11,l .
On the other hand, whennl11,l depends onl and its depen-
dence is weak, there appears a component oscillating with a
frequency much smaller thannl11,l on the right-hand side of
Eq. ~33!. In this case it is possible to get a solution with a
frequency much less than the plasma frequency. Thus the
low frequency component is understood to arise from the
beating effectin the oscillations of the gauge-invariant phase
differences. Finally we show the time dependence of the to-
tal voltageV(t) appearing between zeroth andNth layers in
Fig. 8 in this noisy resistive state. The fluctuations of the
total voltage contain mainly the high frequency components.
This result indicates that the motion of the low frequency
mode existing in each junction is not in phase.

B. Voltage-biased case

In the voltage-biased case we did not observe the numeri-
cal results sensitively dependent on the value of the param-
eter s/s0. Hence we present theI -V characteristics only in
the case ofs/s050 in this paper. Figures 9~a! and 9~b! show
the I -V characteristics forb51.0 and 0.2. As seen in these
figures, very rapid oscillation of the dc current appears in the
small voltage region in the case of smallb and it disappears
above a certain voltage value. Since the current flowing

through the junctions is carried by mainly pair electrons in
the smallb case, these results suggest that the oscillation of
the dc current originates from the channel of the Josephson
current.

To clarify the origin of this noisyI -V characteristics in
the small voltage region we investigate the motion of the
gauge-invariant phase differences. In Figs. 10~a!–10~c! we
plot the site dependence ofPl11,l(t) at three different values
of time for the voltage values indicated by arrows in Fig.
9~b!. It is seen that the gauge-invariant phase differences
show the time dependence at only certain junction sites in
the small voltage case@Fig. 10~a!#. Thus the voltage takes a
finite value only on those junctions in this small voltage
region. The number of such junctions in the resistive state
increases with increasing the applied voltage as seen in Fig.
10~b!. The irregular structure in theI -V characteristics
gradually disappears with the increase of the junctions being
in the resistive state. In the high voltage region without an
irregular structure all the gauge-invariant phase differences
vary in phase like a single junction@Fig. 10~c!#. On the basis
of the results for the gauge-invariant phase differences the
origin of the noisyI -V characteristics is understood in the
following way. Suppose that only certain junctions inside a
Josephson junction array are in the resistive state under a
weak bias voltage. The sum of the voltages on those junc-

FIG. 8. Time dependence of the total voltage in the Josephson
junction array withb50.5 ands/s050.5 for I50.96j c .

FIG. 9. ~a! I -V characteristic in the voltage-biased case in the
system with the parameter values,b50.5 ands/s050. ~b! I -V char-
acteristic in the voltage-biased case in the system with the param-
eter values,b50.2 ands/s050.
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tions is equal to the bias voltage. Since there are a lot of
ways of dividing the value of the bias voltage into the volt-
ages on those junctions and also of choosing the junctions
having finite voltages, one may expect that there exist a lot
of metastable states with different voltage distribution or
with the different number of junctions being in the resistive
state. Furthermore it may be possible that some of such

metastable states are energetically very close to the stable
state. In such cases the voltage distribution inside a piece of
Josephson junction array will be greatly changed with a
slight variation of the bias voltage. This change may cause
the rapid oscillations of the dc current.

IV. SUMMARY

In this paper we investigated theI -V characteristics of
layered superconductors along thec axis in the absence of an
external magnetic field on the basis of the coupled equations
derived for the gauge-invariant phase differences in 1D se-
ries of Josephson junctions. In our model the junctions in a
series are coupled with each other by the charging of thin
superconducting layers caused by tunneling electrons. The
longitudinal plasma excitation in these systems is identified
with the collective charging of the superconducting layers.
Such a longitudinal mode has been observed recently in mi-
crowave absorption experiments in Bi-2212.7,8 It has been
shown that the equations for the gauge-invariant phase dif-
ferences obtained in this paper have a solution corresponding
to the longitudinal mode in the case without an external cur-
rent.

The coupled equations for the gauge-invariant phases dif-
ferences were solved numerically in both current-biased and
voltage-biased cases for finite systems in which the outer-
most superconducting layers are contacted with electrodes.
The motion of the gauge-invariant phase differences show a
variety of dynamics reflecting the strong nonlinearity of the
systems, depending on the intensity of the bias current or
voltage and on the parameter values. TheI -V characteristics
strongly reflect the dynamics of the gauge-invariant phase
differences in a series.

In the current-biased case in which the charging of the
two outermost superconducting layers can be neglected we
have a solution corresponding to the state in which all the
gauge-invariant phase differences are synchronized. In this
case we have theI -V characteristics quite similar to those of
single junction systems. In the systems where the charging of
the outermost superconducting layers exists there is a region
of the bias current where a finite voltage appears on only
certain junctions located near the electrodes. In this region a
steplike structure appears in theI -V characteristics. The
number of junctions with finite voltages increases at each
step.

In the voltage-biased case we have predicted that the ir-
regular oscillations of the dc current is observed in the region
of weak bias voltage in the systems where the conductivity
of the quasiparticle current is small. Such a structure in the
I -V characteristics originates from a slight variation of the
bias voltage causing a rapid change of the voltage distribu-
tion inside a series of the junctions.
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FIG. 10. ~a! Dependence of the gauge-invariant phase differ-
ences on the junction site in the system withb50.2 ands/s050.0.
The bias voltage is equal to 30\vp/2e. ~b! Dependence of the
gauge-invariant phase differences on the junction site in the system
with b50.2 ands/s050.0. The bias voltage is equal to 200\vp/2e.
~c! Dependence of the gauge-invariant phase differences on the
junction site in the system withb50.2 ands/s050.0. The bias
voltage is equal to 500\vp/2e.
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