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A microscopic theory has been constructed to investigate the tunneling current in a normal-superconductor-
normal single-electron tunneling transistor with an oscillating potential coupled to the grain. The oscillating
potential produces a photon-assisted Andreev tunneling and causes a photon-assisted parity change of the
grain. @S0163-1829~96!11827-0#

When an electron tunnels through a potential barrier in
the presence of an oscillating potentialṼcos(vt), it may emit
or absorbn photons with energyn\v. When \v@kBT,
such processes can be detected experimentally as steps in the
current-voltage (I -V) characteristics or as peaks in the
conductance-voltage curve. The pioneering theory of Tien
and Gordon1 explains qualitatively the photon-assisted~PA!
electron tunneling observed in superconducting diodes.2 Fol-
lowing the recent advancement of technology to fabricate
samples of nanometer size, PA tunneling in semiconducting
or metallic nanostructures of different geometries has been
studied both theoretically and experimentally.3–12 In a quan-
tum dot where single-electron tunneling events are correlated
due to Coulomb blockade, the observed PA tunneling
process13,14 has been explained with a combination of the
Tien-Gordon theory1 and the orthodox theory15 of single-
electron tunneling~SET!.

The normal-superconductor-normal~NSN! SET transis-
tor, the equivalent circuit of which is shown in Fig. 1, has a
superconducting grain connected to two normal-metal leads
through two tunnel junctions, which are characterized by the
capacitance and tunneling conductance (Cs ,Gs) and
(Cd ,Gd), respectively. The Coulomb blockade on the grain
can be controlled by the gate voltageVg and the gate capaci-
tanceCg . The transport properties of the NSN SET are very
sensitive to whether the number of excess electrons on the
grain is even or odd. In the absence of an ac potential, when
the gate chargeQ[CgVg/e is an odd integer, at low dc bias
voltage the tunneling current is due to the Andreev process
where, effectively, two electrons tunnel coherently through

the barrier between the superconducting grain and a normal-
metal lead. Hence, the number of excess electrons on the
grain is even. As the dc bias increases to the threshold value
Vth for quasiparticle tunneling, the parity changes from even
to odd, and the Andreev current is drastically suppressed.
The I -V characteristics of an NSN SET transistor under a dc
bias have been studied both experimentally16,17 and
theoretically.18 When an additional oscillating potential
Ṽ cos(vt) is applied, besides the possible enhancement of
Andreev current, the most interesting phenomenon is that
under proper conditions, one expects the PA quasiparticle
tunneling to occur before the dc bias reaches the threshold
valueVth . It then results in a PA parity change of theI -V
characteristics of an NSN SET transistor.

The purpose of this paper is to investigate these PA pro-
cesses, which requires the calculation of not only the second-
order PA quasiparticle tunneling, but also the fourth-order
PA Andreev tunneling. To our knowledge, the present paper
is the first attempt to study such higher-order effect. Other
higher-order elastic and inelastic cotunneling19 will be ne-
glected because their contributions to the current are unim-
portant. In general, the total current consists of both tunnel-
ing current and displacement current. Since we will consider
only the time-averaged current, the contribution of displace-
ment current is zero.10 We will show that under the high-
frequency conditionD.v@G, whereD is the supercon-
ducting gap andG the tunneling rate, the PA parity change
can be observed.

The system we consider is illustrated in Fig. 1, where
each voltage consists of a dc term and an ac term:Vl(t)5
Vl
01Ṽlcosvt with l5s, d, andg. The HamiltoniansHs and

Hd for the normal leads can be expressed as

Hl5(
ps

@j l ,p1eVl~ t !#al ,ps
† al ,ps ; l5s,d, ~1!

where the single-electron energyj l ,p is measured relative to
the chemical potential. The Hamiltonian for the supercon-
ducting grain,

Hg5(
qs

eqgqs
† gqs1En~ t !, ~2!

FIG. 1. Equivalent circuit of a SET transistor.
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contains the electrostatic energy

En~ t !5
n2e2

2C
1
ne

C
@CsVs~ t !1CdVd~ t !1CgVg~ t !#, ~3!

whereC[Cs1Cd1Cg andn is the number of excess elec-
trons on the grain. The quasiparticle operators (gqs ,gqs

† ) are
connected to the single-electron operators via the Bogoliu-
bov transformation, with the corresponding quasiparticle en-
ergy eq5Ajq

21D2. The tunneling between the grain and the
l th lead is represented by the tunneling Hamiltonian

Hl
T5(

pqs
Tl ,pqal ,ps

† aqs1H.c.; l5s,d. ~4!

In our notation the momenta in the leads are labeled byp,
and the momenta in the grain are labeled byq.

To derive theI -V characteristics, we will first calculate
the transition rates of all relevant tunneling processes, and
then use the master equation approach to obtain the time-
averaged current. In the absence of the additional ac bias, the
detailed derivation has been given earlier.20 To calculate the
tunneling rate through thel th junction, we defineNl(t)5
( l ,psal ,ps

† al ,ps , Al(t)5(pqsTl ,pqal ,ps
† al ,qs , and H(t)5

Hs1Hd1Hs
T1Hd

T1Hg , and start from the standard formula

K dNl~ t !

dt L 5
i

\
^@H~ t !,Nl~ t !#&5

2

\
Im$^Al~ t !&%. ~5!

For the quasiparticle tunneling we only need to solve this
equation to the second order in the tunneling Hamiltonian.
The result will be the Tien-Gordon formula1 as expected.

However, for the Andreev tunneling, it is necessary to
include up to the fourth-order terms. The derivation is
lengthy and complicated, and in this paper we will only out-
line the mathematical procedure and then present the final
result. We will first calculatêAl(t)&. In the interaction rep-
resentation Aˆ l(t i), we need to calculate 12 similar terms,
each of which is a product of four operators of the typical
form

E
2`

t

dt1E
2`

t1
dt2E

2`

t2
dt3^Âl~ t !Âl~ t1!Âl

†~ t2!Âl
†~ t3!&. ~6!

When applying Wick’s theorem to evaluate this quantity, we
have neglected the terms proportional touTl ,pqu2uTl ,p8q8u

2

and Tl ,pqTl ,p8q8Tl ,p8q
* Tl ,pq8

* , because they will only renor-
malize the quasiparticle tunneling rate. To deal with the time
integrals in~6!, we have expanded exp(iz cosf) in terms of
the Bessel functionsJk(z). Since experiments measure the
time-averaged current, we will first average over the timet in
~6! and then perform the triple time integrations. After com-
pleting the calculation of these twelve terms, the so-obtained
^Al(t)& is inserted in~5!, from which the Andreev tunneling
rates are readily derived.

Let n l andng be the density of states at Fermi energy for
the l th lead and the grain, respectively. The number of quan-
tum channels through thel th junction is specified asNl . We
define a l5e/c @CsṼs1CdṼd1CgṼg]-eṼl and El

6(n,m)5
meVl

06(En
0-En6m

0 ), whereEn
0 is the electrostatic energy of

~3! in the absence of ac potentials. Then, in terms of

Fl ,pq6 ~n,k!5@El
1~n,1!1j l ,p6eq1k\v#21,

Gl ,pq6 ~n,k!5@El
2~n,1!1j l ,p6eq1k\v#21, ~7!

the Andreev tunneling rates have the compact analytical ex-
pressions

G l
7~n!56

2pGlD
2

4pe2n lngNl
(
kk8m

JkS a l

\v D Jk8S a l

\v D JmS a l

\v D
3Jk1k82mS a l

\v D (
pqp8q8

S 127
1

2
2npD

3S 127
1

2
2np8DY~eqeq8!d@El

6~n,2!1jp1jp8

1~k1k8!\v#Yl ,pqp8q8
7

~n,kk8m!, ~8!

Yl ,pqp8q8
2

~n,kk8m!5@2~12nq!nq8Fl ,pq
2 ~n,k!

2nqnq8Fl ,pq
1 ~n,k!#

3@Fl ,pq8
1

~n,k1k82m!

1Fl ,p8q8
1

~n,k1k82m!#

2~12nq!~12nq8!Fl ,pq
2 ~n,k!

3@Fl ,pq8
2

~n,k1k82m!

1Fl ,p8q8
2

~n,k1k82m!#, ~9!

Yl ,pqp8q8
1

~n,kk8m!5@2~12nq!nq8Gl ,pq8
2

~n,k!

2~12nq!~12nq8!

3Gl ,pq8
1

~n,k!#@Gl ,pq1 ~n,k1k82m!

1Gl ,p8q
1

~n,k1k82m!#

2nqnq8Gl ,pq8
2

~n,k!@Gl ,pq2 ~n,k1k82m!

1Gl ,p8q
2

~n,k1k82m!#, ~10!

wherenq is the quasiparticle distribution on the grain. Here,
G l

1(n) is the rate for tunneling out of the grain, andG l
2(n) is

the rate for tunneling into the grain. It is clear from~7!–~10!
that the effect of the ac potential is to shift the threshold
voltage of Andreev tunneling by an integer multiple of\v.
If the ac potential is removed, in the limitnq!1 our results
reduce to those in Ref. 18.

Knowing the tunneling rates, following the procedure in
Ref. 20, the tunneling current can be readily computed. The
formulas ~7!–~10! are derived under the general situation
that an ac potential is applied to each terminal. Since the
tunneling current is effectively controlled by the gate, in our
numerical calculation only one ac potential is applied to the
gate (Ṽs5Ṽd50! of a symmetric NSN SET transistor with
Cs5Cd50.25C, Gs5Gd50.05e2/\, and Vs52Vd5V/2.
The values of other relevant physical quantities are set within
the range of usual sample parameters and experimental con-
ditions: kBT50.005D, Ec50.4D, Cg50.5C, andNl5200.
So far we have not specified the exact form of the quasipar-
ticle distributionnq on the grain, which remains a controver-
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sial point in this field of research. Nevertheless, at such low
temperature and in the experimental range of the bias voltage
V, nq50 is a well-justified approximation regardless of the
functional form ofnq .

To demonstrate the PA parity change, we first tune the dc
gate voltage toQ[CgVg

0/e51 such that there is no Coulomb
blockade of the Andreev tunneling at zero bias,V50. In the
absence of an ac potential, theI -V characteristics are shown
in Fig. 2 as curveA. The sharp drop of the Andreev current
around the threshold voltageeVth /D.1.1 is due to the onset
of quasiparticle tunneling, indicating the change of number
parity of the grain from even to odd.18 The behavior of curve
A has been discussed in detail in our previous work,20 where
its reasonable agreement with experiments has been demon-
strated. When we apply an ac bias to the gate with an am-
plitude eṼg50.2D and a frequencyv50.1D/\, the I -V
curve is altered drastically from curveA to curveB. The ac
potential causes a slight initial increase of Andreev current
until the bias reacheseVth /D.0.6, where the PA quasipar-
ticle tunneling occurs. Consequently, the Andreev current is
suppressed at a much smaller threshold voltageVth , marking
the PA parity change. In the PA quasiparticle tunneling re-
gion, theI -V curve has a negative differential resistance ap-
pearing in the form of several steps. For the symmetric SET
transistor considered here, the width of the step is
2\vC/(Cs1Cd1Cg)52\v50.2D. The effect of electro-
magnetic environment on theI -V curve has been studied
earlier using a broadband radiation model21,22 with a prob-
ability for theenvironmentto absorb photons of various fre-

quencies. This model is different from the physical process
of PA tunneling as described here in this paper, and therefore
cannot produce the step structure on theI -V curve.

The initial increase of the current in Fig. 2 is due to the
PA Andreev tunneling. To analyze this effect, we set the bias
at eV/D50.2 and calculate the current as a function of the
gate chargeQ. Since theI -Q curve is symmetric with re-
spect toQ51, the result is shown in Fig. 3 forQ>1. The PA
Andreev tunneling not only increases the current from curve
A to curveB, but also produces interesting fine structure,
which is clearly seen in Fig. 4, where the corresponding
transconductance]I /]Q is plotted as a function ofQ. By
comparing curvesA and B, we see that the onset of PA
Andreev tunneling generates a sequence of steps, where the
width of each step is\v/4Ec51/16.

For Ṽg50, there is a Coulomb blockade of Andreev cur-
rent ifQÞ1. In this case, sinceṼg enters the Bessel function
in ~8!, a pronounced effect ofṼg on the PA Andreev current
is expected. We see this in Fig. 5, where one curve (A) is
plotted forQ50.85 andv50, and a series ofI -V curves are
plotted forQ50.85 andv50.1D/\. The values ofeṼg /D
for the six curves are 0 (A), 0.05 (B), 0.07 (C), 0.09
(D), 0.12 (E), and 0.16 (F). AroundeV/D50.25, the Cou-
lomb blockade is destroyed by the PA Andreev tunneling.

Although our analytical formulas~8!–~10! are general for
an asymmetric NSN SET transistor with an ac potential ap-
plied to each terminal, the numerical results are calculated
for a symmetric NSN SET transistor with only one ac poten-
tial attached to the gate. All predictions of our theory lead to

FIG. 2. I -V characteristics for a symmetric SET transistor with
Q[CgVg

0/e51. CurveA is for a pure dc gate voltage, and curve
B is for a dc-ac gate voltage witheṼg50.2D andv50.1D/\. For
Al with D5245 meV, one unit ofI is 596.4 fA.

FIG. 3. I -Q curves for a symmetric SET transistor with
eV/D50.2. CurveA is for a pure dc gate voltage, and curveB is for
a dc-ac gate voltage witheṼg50.2D andv50.1D/\.

FIG. 4. Transconductances corresponding to the curvesA and
B in Fig. 3.

FIG. 5. I -V characteristics for a symmetric SET transistor with
Q50.85, and with an ac potential of frequencyv50.1D/\ attached
to the gate. The ac amplitude iseṼg /D50 (A), 0.05 (B), 0.07
(C), 0.09 (D), 0.12 (E), and 0.16 (F).
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observably large changes of the tunneling current, and re-
main to be confirmed experimentally under the condition
D.\v@kBT, which is within the limit of present sample
fabrication technology and experimental technique.
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