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Flux quanta~fluxons! trapped in an annular Josephson junction reside in a spatially periodic pinning poten-
tial when a uniform external magnetic field is applied parallel to the plane of the junction’s tunnel barrier. We
investigate the fluxon behavior by measuring the current versus voltage curves, the magnetic dependence of the
junction critical current, and by means of spatially resolved measurements imaging the pinned fluxons. We
derive the fluxon potential energy including fluxon-fluxon interaction. Fair agreement of this calculation with
our experimental results is obtained.@S0163-1829~96!03846-5#

Fluxoid quantization in a superconducting ring is one of
the most striking properties of superconductors being macro-
scopic quantum systems where the quantum mechanical
wave function, describing the Cooper pairs, must be single
valued~see, e.g., Ref. 1!. Recently, annular Josephson junc-
tions, consisting of two superconducting rings which are
coupled by a thin dielectric tunneling barrier, were the sub-
ject of increasing interest.2–7 If each of the two supercon-
ducting junction electrodes is thicker than the magnetic pen-
etration depthlL ~which is the case for the samples studied
here!, the total magnetic flux in the annular junction is con-
served. The flux quantumF05h/2e in the junction is called
Josephson vortex or fluxon and its behavior is accurately
described by the perturbed sine-Gordon equation8 (h is
Planck’s constant ande the elementary charge!. The pure
sine-Gordon equation, which neglects dissipative motion of
the fluxons, has solitonic solutions which correspond to the
fluxons in real junctions in the limit of small perturbations.
The motivation to study annular Josephson junctions comes
mainly from the solitonic properties of fluxons moving in the
junction without an influence of boundaries and from the
conservation of the algebraic sum of the fluxon number.

In this paper we show experimental results dealing with
fluxons in an annular Josephson junction located in a dc
magnetic fieldB applied parallel to the plane of the junction
tunneling barrier and parallel to the current leads@see the
inset of Fig. 1~a!#. The trapped fluxons then reside in a spa-

tially periodic pinning potential3,4

Up52m–B52umuuBucos
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l
~1!

with the period equal to the circumference of the junction.
Here,m is the magnetic moment of the fluxon,x is the
coordinate running azimuthally around the junction starting
at the minimum ofUp , and l is the junction circumference.
The height of the potential well, being proportional toB
(B5uBu), can easily be controlled during our measurements.
The sample geometry can be found in the inset of Fig. 1~a!.
The following results were obtained with a Nb/AlOx/Nb
junction having a critical current densityj c560 A/cm2 at
4.2 K, an inner ring radiusr i561mm, and a ring width
w510mm. The Josephson penetration depthlJ is 50mm,
thus, the normalized junction lengthL52p(r i1w/2)/
lJ58.3. Sincew!lJ we are dealing with a one-dimensional
annular junction and, in the following, we will neglect any
spatial dependence in radial direction.

Figure 1 shows current versus voltage curves~IVC’s! ob-
tained for the case of four trapped fluxons without and with
applied magnetic field. Fluxon trapping can easily be ob-
tained by cooling the sample through the superconducting
transition temperature while some current is passing through
the junction. After fluxon trapping, we checked the IVC and
only in the case of nearly vanishing critical currentI c @as
shown in Fig. 1~a!#, indicating conditions where only trapped
fluxons are present without additional trapped flux in the
superconducting environment, we continued our measure-
ments.

The IVC without applied magnetic field is shown in Fig.
1~a!. In this case there are four traveling fluxons in the junc-
tion. We note that by careful inspection of the current steps
at 6 200m V one observes a small shift of the voltage to-
wards higher values at about 0.8 mA~indicated by the ar-
rows! due to fluxon bunching.5 WhenB is increased,I c in-
creases also due to fluxon pinning in the periodic potential.
In addition, the step near6 200m V observed withoutB van-
ishes and the third fluxon step appears indicating that there
are three fluxons traveling in the junction while one fluxon is

FIG. 1. Current-voltage characteristics of the annular Josephson
junction with four trapped fluxons~a! without applied magnetic
field and ~b! with magnetic field (T54.2 K!. The inset shows a
sketch of our samples.
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pinned. Figure 1~b! shows the situation when there are two
fluxons pinned out of the four trapped fluxons. In addition to
the second step at approximately6100m V, for smaller bias
currents there is the first step indicating three pinned fluxons
for this smaller driving force.

Martucciello and Monaco calculated analytically the mag-
netic diffraction patternI c vsB for annular junctions in case
of N trapped fluxons and small one-dimensional junctions
~i.e., 2p(r i1w/2),lJ and w!lJ). They show thatI c
modulates according to the Bessel function of orderN of the
magnetic field.9 Figure 2 shows our measured data in case of
N50 andN54. We measuredI c vsB for N<8. In order to
investigate numerically the dependenceI c vs B we used the
pertubed sine-Gordon model approach suggested by
Gro”nbech-Jensenet al.:3,4

Fjj2Ftt5sinF1aFt2g2hsin
2pj

L
, ~2!

whereF is the phase difference between the two macro-
scopic wave functions of the junction electrodes. The spatial
coordinatej is normalized tolJ , the timet is normalized to
the inverse plasma frequencyv0

21, a is the dissipation coef-
ficient due to the quasiparticle tunneling through the tunnel
barrier, andg is the bias current density normalized to the
critical current densityj c of the junction. The last term in Eq.
~2! accounts for the applied barrier-parallel magnetic field
whose dimensionless amplitudeh;H is normalized by a
sample-specific geometrical factor.3,4,7 Equation ~2! is ac-
companied by the periodic boundary conditions:

F~L !5F~0!1N2p;Fj~L !5Fj~0!, ~3!

which assume that there areN fluxons trapped. To calculate
the critical current of the junction we used a straightforward
way of integrating Eq.~2! numerically with the boundary
conditions Eq.~3!. Figure 2 shows fair agreement of the
numerically calculated data with the measured curves for the
examplesN50 andN54.

Our results show that the field value up to whichI c'0
increases withN. Such a behavior can qualitatively be ex-
plained by the mutual interaction of the unipolar fluxons
trapped in the junction and their interaction withB. If
N51, the single fluxon will be located in the potential mini-
mum, i.e., the magnetic momentm of the fluxon will be
parallel toB. If N>2, the fluxon lattice is arranged sym-

metrical on both sides with respect to the coordinatex50.
However, for the sameB the pinning strength per fluxon is
obviously smaller than in the case ofN51 due to the varia-
tion of the pinning potential according to Eq.~1! and the
impossibility to have more than one flux quantum residing at
the x50 location.

We performed spatially resolved measurements by means
of low-temperature scanning electron microscopy
~LTSEM!.10,11LTSEM allows the local thermal perturbation
of the junction due to the electron beam with the focus at
x0 during operation of the sample at liquid-helium tempera-
tures. The spatial extension of the perturbation is given by
the thermal healing length and this value determines the spa-
tial resolution, being about 1–2mm for the samples studied
here. The temperature incrementDT(x0) can be tuned by the
electron-beam power, and is adjusted to about 1–3 K for the
present studies. Since the thermal relaxation time for the
beam-induced local thermal perturbation is about 100 ns, the
sample response signal is a time-averaged information about
the junction dynamics. The latter evolves on a time scale of
about 10 ps.

In this article we present two different imaging techniques
for the pinned fluxons. The first method uses the electron-
beam-induced additional energy loss during the collision of
two fluxons. In case of fluxon-antifluxon collisions, we have
observed a significant electron-beam-induced voltage signal
DV(x0),0 of the current-biased junction at the collision
sites.6,12 Notice, here we are dealing with the collision of
unipolar fluxons in contrast to the fluxon-antifluxon colli-
sions considered in Refs. 6 and 12. Our experimental results
show that also in the case of the collision of unipolar fluxons,
the local thermal perturbation due the electron beam causes a
significant sample responseDV(x0),0 at the collision sites.

Collisions are expected for the situation shown in Fig.
1~b! where four fluxons are trapped in the junction, while
two of them are moving and two are pinned by the applied
magnetic field if the junction is biased on the step at about
100mV. Figure 3~b! shows the LTSEM image of this situa-
tion. The two pinned fluxons are clearly visible in form of
the two bright regions. In Fig. 3~a! we show the collision
image of a single pinned fluxon when two fluxons are
trapped in the junction. Here, the pinned fluxon is located
close to the minimum ofUp with m parallel toB @see Eq.
~1!#. The moving fluxon is used as a detector for the pinned
one by the collision that takes place once during each revo-

FIG. 2. Magnetic interference patternsI c vs B. The points rep-
resent the numerical data, the solid lines show the experimental
results~a! without trapped fluxons,~b! with four trapped fluxons.
The arrow marks the magnetic field used for obtaining Fig. 3~b!
(T54.2 K!.

FIG. 3. Voltage images2DV(x0) of the annular junction
(T54.5 K!. ~a! Two fluxons are trapped and one of them is pinned,
B50.05 mT. ~b! Four fluxons are trapped and two of them are
pinned,B50.07 mT. Bright areas indicate the collision sites where
the moving fluxons collide with the pinned ones. The orientation of
B is indicated.
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lution of the moving fluxon. Our collision images show a
small deflection ~in counter-clockwise direction! of the
pinned fluxons from the potential minimum due to the im-
pact during the collision.

The use of the second method results in the two-
dimensional imaging of the spatial distribution of the maxi-
mum dc Josephson current density13,14

J~x!5 j c~x!sinF~x! ~4!

depending onj c and on the phase differenceF. In our case,
where j c does not show any significant spatial dependence
across the junction,15 J(x) is directly proportional to
sinF(x). The local thermal perturbation induced by the elec-
tron beam atx0 decreasesj c(x0) and, neglecting any nonlo-
cal effect, the changeDJ(x0) is a direct measure of
sinF(x0).

13 The total critical current of the junction

I c5E
0

l

j csinF~x!dx ~5!

is continuously measured during scanning thee beam across
the sample and we obtain the data

2DI c~x0!}sinF~x0! ~6!

if the area perturbed by the beam is small compared tolJ . In
case of a hysteretic IVC@e.g., at the maxima of theI c(B)#
this imaging technique is described in Ref. 13, whereas for a
nonhysteretic IVC@e.g., at the minima of theI c(B)# a de-
scription of the imaging technique can be found in Ref. 14.
For all bias conditions wheredIc /dB50 nonlocal effects of
the local perturbation due to the macroscopic quantum prop-
erties of a Josephson junction can be ruled out16 and all
images shown in this paper are obtained under this condition.

Figure 4 shows the image when one trapped fluxon is
pinned and the magnetic field is adjusted to a higher value
such that there is significant penetration of flux and antiflux
into the junction. For the magnetic-field value used for this
image@at a minimum ofI c(B)#, approximately two fluxons
and two antifluxons penetrate the junction in addition to the
single trapped fluxon.~Notice, only the total amount of flux
in the junction is conserved and not the flux or antiflux in-
dependently.! This image in part~a! shows the spatial distri-

bution of the maximum dc Josephson tunneling current ac-
cording to Eq.~6!. From this we deduce a fluxon lattice as
depicted in Fig. 4~b!.

The current images2DI c(x0) described above directly
show the spatial distribution of sinF(x) and, hence, we ob-
tainF(x) modulo 2p. The collision images~Fig. 3! directly
yield the location of the pinned fluxons, being described by
the maximum of the derivativedF/dx.

The total potential energyU of one fluxon for the case of
two pinned fluxons can be calculated to be

U~x!5Up~x!1Ur~x!1Ui~x!. ~7!

For this calculation we use the symmetry of the two-fluxon
lattice with respect tox50. Up is found from Eq.~1!

Up~x!52
3

2m0
F0wBcos

2px

l
. ~8!

m0 is the permeability of free space. The repulsion of unipo-
lar fluxons results in Ref. 17

Ur~x!54F0 j clJwexpS 2
2uxu
lJ

D . ~9!

Equation~9! is only correct for a distanceD52uxu between
the two fluxons larger thanlJ and results from the overlap-
ping of the two fluxons. Due to the symmetry of the fluxon
lattice one fluxon is located atx and the other one at2x
such that the distance between them is 2uxu. In case that the
fluxons are closely spaced and softly compressed in the pin-
ning potential, another contribution to the total energy be-
comes important, namely the inner fluxon energy

Ui~x!5
wF0

2

p2m0duxu
, ~10!

becoming most relevant for the distanceD52uxu,2lJ .
d52lL1dI with dI being the thickness of the dielectric tun-
neling barrier. The functionUi(x) is calculated by introduc-
ing the pure soliton solution

F~j!54arctan$exp~j2jc!% ~11!

of the sine-Gordon equation into the static sine-Gordon
Hamiltonian8

FIG. 5. Calculated total potential energyU from Eq. ~5! using
the symmetric fluxon configuration with respect tox50 and assum-
ing B50.19 mT for the case of the fluxons~1! and ~2! in Fig. 4.

FIG. 4. ~a! Electron-beam-induced change of the maximum
junction critical current2DI c(x0) (T54.5 K!. Bright ~dark! areas
indicate a dc Josephson current flow from bottom to top electrode
~from top to bottom electrode!. The orientation ofB is indicated
(B50.19 mT!. ~b! Sketch of the pinned fluxons@gray arrows la-
beled from~1! to ~5!# as inferred from~a!. ( and ^ indicate the
direction of the Josephson current flow.
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H5E
0

L H 12 S ]F

]j D 2112cosFJ dj. ~12!

jc denotes the center of mass of the fluxon. To obtain Eq.
~10!, we introduced the soft fluxon compression in form of a
perturbation treatment by the assumption thatlJ , being a
measure of the length of the free fluxon, is replaced by the
distanceD52uxu for closely spaced fluxons. This assump-
tion is justified by the agreement of the calculation with our
experimental results.

Figure 5 showsU(x) calculated for the situation of Fig. 4
in the lower half of the junction@fluxon ~1! and ~2! in Fig.
4~b!#. The distanceD between the two pinned fluxons is
assumed to be the distance between the two minima of
U(x). From Fig. 5 we obtainD576mm, in agreement with
the experimental result shown in Fig. 4~a!. The same calcu-
lation applied for the situation of Fig. 3~b! results in
D5110mm, whereas the experiment indicates
D5106mm. Finally, we calculatedU(x) for the case of

three fluxons as observed in the upper half of Fig. 4~a! @flux-
ons ~3!, ~4!, and~5! in Fig. 4~b!# by using the symmetry of
the fluxon lattice with respect tox50. The calculation yields
51mm for the distance between two adjacent fluxons,
whereas in the experiment we measure 60mm. For the cal-
culation we consider the repulsion between the next-nearest-
neighbor fluxon~3! and~5! but not the attraction between the
fluxons~1! and~5! or ~2! and~3!. This may explain that the
measured distance is slightly larger than the calculated one.

Finally, we note that the fluxon potential energy Eq.~7!
~see Fig. 5! resembles that of atoms in a crystal lattice. An
expansion of the fluxon lattice is expected due to the anhar-
monicity ofU, if the fluxon energy is increased similar to the
thermal expansion of a crystal lattice.
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