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The dipole dynamic polarizability of small sodium and aluminum jelliumlike clusters embedded in different
dielectric media has been calculated using the time-dependent density-functional method with the frequency-
dependent local exchange-correlation potential. The matrix has been taken into account through a static di-
electric constant«. Photoabsorption resonances obtained within the density-functional theory are redshifted
with respect to the position of the classical surface plasmon for a metal sphere of the same size within the same
matrix. As« increases, photoabsorption resonances shift to lower energies. We have discovered that the peaks
caused by one-electron transitions and by collective excitations move to lower energies at different rates. For
sodium clusters, the surface plasmon shifts more slowly than one-electron resonances; for aluminumlike
clusters, the reverse is observed. In the case of sodium, this leads to the displacement of the surface plasmon
from the region below the continuum threshold~when the cluster is in vacuum! to the continuum of states~for
the cluster embedded in a dielectric!. @S0163-1829~96!07343-2#

I. INTRODUCTION

In recent years, considerable progress has been made in
the theoretical and experimental study of free small metal
clusters.1 Particular attention has been given to their electro-
magnetic response properties. Much of the work on response
properties has focused on the collective plasma excitations
and the importance of quantum-size effects. Now, it is well
known that the classical electrodynamics does not adequately
describe the polarizability and photoabsorption of free clus-
ters consisting of a few tens or hundreds of atoms. Specifi-
cally, the observed surface-plasma resonance frequency2–7 is
redshifted with respect to the predicted classical value and
depends on cluster size. The quantum calculations8–14 yield
the results conforming far better to experiments. These cal-
culations were performed within the time-dependent density-
functional method or the random-phase approximation ap-
plied to the jellium or to the pseudopotential models.

In parallel with free clusters, of scientific and practical
interest are small metal clusters deposited on a surface or
embedded in a dielectric matrix. According to the classical
electrodynamics, the surface-plasma resonance frequency for
a metal sphere surrounded by a medium with a dielectric
constant« follows the law

vs5vs1F 3

112« G1/2,
wherevs1 is the surface-plasmon frequency for the metal
sphere in vacuum~«51!. The quantum-mechanical calcula-
tions carried out by Serra and Rubio15 with the time-
dependent local-density approximation~TDLDA ! for potas-
sium clusters in different dielectrics have given the surface-
plasmon position as slightly redshifted with respect to the
corresponding classical values. The surface-plasmon fre-
quency forK92 embedded in a matrix of MgO is in good
agreement with electron-energy-loss spectroscopy
experiments.16

In the present work, we compare the TDLDA and classi-
cal description of the dynamic response properties of small
simple metal clusters in different dielectric matrices. In the
TDLDA calculations, the metal clusters are simulated by jel-
lium spheres. The polarization of the medium is described in
terms of a static dielectric constant. This is not a bad ap-
proximation for matrices with a wide energy gap, when elec-
tron transitions in the matrix occur at higher energies than
electronic excitations in the metal cluster. The positive back-
ground of jellium spheres is assumed to be rigid~its dielec-
tric constant was taken equal to 1!. The dynamic polarizabil-
ity of sodium and aluminumlike jellium clusters placed in
vacuum and in media with«52, 3, and 5 is considered. Note
that in an earlier paper17 we have studied, within the
TDLDA, the static polarizability for small jellium clusters of
Al, Li, Na, K, Rb, and Cs in dielectric media with«51–25.

II. FORMALISM

When a metal cluster is placed in a dielectric medium,
polarization chargesnpol~r ! are induced on the cluster sur-
face. The polarization charges produce a potential~Hartree
atomic units are used in this paper!

Vpol~r !5E npol~r 8!dr 8
ur2r 8u

.

In Ref. 17, we have shown that the ground state of a metal
cluster embedded in a dielectric medium can be described by
the self-consistent Kohn-Sham equations18,19with the effec-
tive potential

V«~r !5V~r !1Vpol~r !,

whereV~r ! has the same form as the effective potential for
the cluster in vacuum~the reader interested in details of the
ground-state calculation should consult Ref. 17!.

If a cluster is subjected to a weak external field, its linear
response to the applied perturbation can be obtained within
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the TDLDA.20,8According to the approach, the change in the
electronic density of the cluster under an external field is
given by the equation

dn~r ,v!5E x0~r ,r 8,v!dV«~r 8,v!dr 8. ~1!

Here x0~r ,r 8,v! is the susceptibility function in the
independent-particle approximation. Within the TDLDA, it
is constructed via the retarded one-electron Green function,
eigenvalues and wave functions of the ground-state Kohn-
Sham equation.20,8 dV« is the self-consistent potential that
involves the external potentialVext(r ,v)5r l 8Pl 8(cosu)
@Pl 8(cosu) denotes the Legendre polynomial# and the in-
duced potential arising from the induced electronic density.
For a cluster embedded in a dielectric host,

dV«~r ,v!5dV~r ,v!1dVpol~r ,v!, ~2!

wheredV~r ,v! has the same form as the TDLDA potential
for the cluster in vacuum:

dV~r ,v!5Vext~r ,v!1E dn~r 8,v!

ur2r 8u
dr 8

1
]Vxc~r ,v!

]n~r !
dn~r ,v!. ~3!

In Eq. ~3!, n~r ! is the ground-state electronic density and
Vxc~r ,v! is the frequency-dependent local exchange-
correlation potential. We computedVxc~r ,v! as proposed by
Gross and Kohn.21 ForVxc~r ,v! atv50, the parametrization
of Vosko, Wilk, and Nusair22 was employed. Note that the
use of the frequency-dependent exchange-correlation poten-
tial makes it possible to study excitations with energies be-
low the continuum threshold of the cluster. Within the famil-
iar TDLDA method, using forVxc~r ,v! at all v its value at
v50, the induced electronic densitydn~r ,v! below the con-
tinuum threshold is real.

The potentialdVpol~r ,v! results from the change in the
density of the polarization charges under the external field:

dVpol~r ,v!5E dnpol~r 8,v!dr 8
ur2r 8u

. ~4!

dnpol~r ,v! is related to the polarization vector, which, in turn,
can be expressed in terms ofdV«~r ,v!.23 For a spherical
jellium cluster with a rigid positive background, we have

dnpol~r ,v!5
«21

4p
div@u~r2R!¹dV«~r ,v!#, ~5!

where« is the static dielectric constant of the medium sur-
rounding the cluster,u(r2R) denotes the Heaviside unit
step function,R is the cluster radius~R5N1/3r s for a jellium
sphere containingN valence electrons,r s being the radius
per valence electron of the corresponding bulk metal!.

We shall restrict our consideration to the dipole response
( l 851). In this case

dV«~r ,v!5dV«~r ,v!P1~cosu!. ~6!

Substituting Eqs.~4! and ~5! into Eq. ~2! and taking into
account the angular dependence ofdV«~r ,v!, one can obtain
the following expression fordV«(r ,v) ~see the Appendix!:

dV«~r ,v!5HdV~r ,v!1
12«

112«

2r

R
dV~R,v!, r<R,

1

« S dV~r ,v!2
12«

112«

R2

r 2
dV~R,v! D , r>R.

~7!

The self-consistent equations~1!, ~3!, and~7! describe the
dipole dynamic response of a small jellium sphere embedded
in a dielectric medium. Usingdn(r ,v), one can calculate the
dipole dynamic polarizability of a metal sphere within a di-
electric:

a~v!52
4p

3 E
0

`

dn~r ,v!r 3dr. ~8!

III. RESULTS

Figures 1 and 2 present the imaginary part of the dynamic
polarizability, Ima~v!, of individual jellium spheres con-
taining 8, 18, and 20 valence electrons with the same mean
density as in bulk sodium~r s53.98 a.u.! and aluminum
~r s52.07 a.u.!. The spheres are placed in vacuum~«51! and
in dielectric media with«52, 3, and 5. The mesh width used
by us for energy is 0.1 eV. The solid curves are the TDLDA
results, the dashed curves are the predictions of the classical
electrodynamic formula,

acl~v!5
j~v!2«

j~v!12«
R3, ~9!

in which the dielectric function of the metal spherej~v! is
described by the Drude expression for a free-electron-like
bulk metal:

j~v!512
vp
2

v~v1 ig!
. ~10!

Here,vp5(3/r s
3)1/2 is the bulk plasma frequency~in atomic

units!. The phenomenological damping rateg represents
electron scattering in the metal sphere. This process is char-
acterized by a size-dependent scattering timet;R/vF ,
wherevF denotes the Fermi velocity for the corresponding
bulk metal. To fit the Drude and our TDLDA results, we
usedg5vF/5R. Substituting Eq.~10! into Eq. ~9! gives, for
Im acl~v!,

Im acl~v!5
3«vvs

2g

~112«!@~v22vs
2!21v2g2#

R3,

where

vs5
vp

~112«!1/2
. ~11!

At v5vs , the imaginary part of the Drude polarizability has
a peak associated with the excitation of the collective surface
mode. Unlike the classical predictions, the dynamic polariz-
ability within the TDLDA has a complicated shape that de-
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pends strongly on the metal sphere size. The complicated
structure of Ima~v! is caused by one-electron~bound-bound
and bound-continuum! excitations coupling with collective
modes. The energies of some discrete one-electron transi-
tions and the continuum thresholds, which follow from the
Kohn-Sham ground-state energy spectrum of the clusters, are
indicated in the figures. For jellium spherical clusters with
N58, 18, and 20, the ground-state electronic configurations
are 1s2 1p6, 1s2 1p6 1d10, and 1s2 1p6 1d10 2s2, respec-
tively. The continuum thresholds correspond to energies of
highest occupied levels.

For sodium clusters in vacuum, the surface plasmon lies
immediately below the continuum threshold and is easily
identified. Experiments3 show resonances in photoabsorption
spectra at 2.52 eV for Na8, at 2.44 and 2.63 eV for Na18, and

at 2.46 and 2.76 eV for Na20. The classical formula~11!
predictsvs53.4 eV. The TDLDA gives resonance frequen-
cies that are redshifted with respect to Eq.~11!, but are blue-
shifted with respect to experiments. Our results for free so-
dium clusters coincide with those of previous calculations by
the familiar TDLDA method applied to a spherical jellium
model.8–10,14 The use of the nonlocal description of
exchange-correlation effects within the framework of the
density-functional theory and refinements of the jellium
model10,12–14improves the agreement between the calculated
and observed response properties of metal clusters.

For sodium clusters in dielectric media, the surface plas-
mon is displaced beyond the continuum threshold; the peaks
before the threshold are due to discrete electron transitions
from occupied to unoccupied energy levels~see Fig. 1!.

In spectra of Ima~v! for aluminumlike clusters both in
vacuum and in dielectrics, we have obtained strong wide
resonances above the continuum threshold~see Fig. 2!. Ap-
parently, these resonances may be caused by surface plas-
mons coupling with one-electron excitations. The proximity
of the one-electron and collective excitations leads to the
attenuation and broadening of both resonances~the so-called
Landau damping!, which makes the identification of plasmon
lines difficult. For comparison, in the captions for Figs. 1 and
2 we have cited the energies of surface plasmons for free
jellium spheres withr s54.0 and 2.0 a.u., calculated with the
TDLDA by Beck.9

With increasing«, the Drude and TDLDA resonances
move to lower energies. For all considered clusters and
hosts, the TDLDA yields the resonance region in Ima~v!

FIG. 1. Imaginary part of the dynamic polarizability for spheri-
cal jellium clusters withr s53.98 a.u.~sodiumlike! andN58, 18,
and 20. The results are presented for the clusters in vacuum~«51!
and in dielectric matrices with«52, 3, and 5. Solid lines, TDLDA
calculation; dashed lines, classical Drude theory withg5vF/(5R).
The Drude resonances for clusters withN518 and 20 are depicted
on a reduced scale. The upward-pointing arrows mark the con-
tinuum thresholds that follow from the ground-state Kohn-Sham
energy spectra. For comparison, calculations performed by Beck
~Ref. 9! within the TDLDA for free jellium spheres withr s54.0
a.u. have given the surface-plasma resonance at 2.75 eV forN58,
at 2.80 eV forN518, and at 2.69 eV forN520. Experiments~Ref.
3! have shown resonances in photoabsorption spectra at 2.52 eV for
free Na8, at 2.44 and 2.63 eV for free Na18, and at 2.46 and 2.76 eV
for free Na20.

FIG. 2. Same as Fig. 1, but for aluminumlike jellium spheres
~r s52.07 a.u.!. For comparison, the surface-plasma resonance en-
ergies for free jellium spheres withr s52.0 a.u. from Ref. 9 are 5.49
eV for N58, 6.28 eV forN518, and 6.58 eV forN520.
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which is redshifted with respect to the corresponding classi-
cal predictions. For aluminumlike clusters, this shift is much
greater. We have disclosed that peaks caused by collective
and by one-electron excitations move to lower energies at
different rates. In sodium clusters, the one-electron reso-
nances move faster to the low-energy region than the surface
plasmon. As a consequence, when sodium clusters are placed
in dielectric media, the surface plasmon lies above the con-
tinuum threshold, whereas for the clusters in vacuum it lies
before the threshold. For aluminumlike clusters, on the other
hand, the surface-plasma resonance moves to the left more
rapidly than the peaks caused by one-electron transitions.
Consider, for instance, the aluminumlike jellium sphere with
N518. As seen in Fig. 2, at«51 the discrete excitation
1p→2s lies to the left of the plasma resonance; at«52 and
3 the excitation 1p→2s is superimposed on the plasmon and
breaks it; at«55 the one-electron transition 1p→2s is to the
right of the plasmon. In the figures for aluminumlike clusters
with N58 and 20, it can be seen that with increasing« the
surface plasmon approaches the one-electron resonances lo-
cated before the continuum threshold.

Note that according to the classical formula~11!, the
plasma-resonance frequency is higher for clusters with the
higher electronic density~at identical dielectric surround-
ings!. Within the TDLDA and the jellium model this rule
breaks down. For example, at«55 the resonances in alumi-
numlike jellium spheres are located at lower energies than in
sodium clusters. Attention is drawn to the fact that at large«
the peaks in TDLDA spectra of Ima~v! for aluminumlike
clusters are so redshifted that they land in the near-infrared
region ~see the results for«55 in Fig. 2!. It has long been
known24–27 that the observed far-infrared absorption coeffi-
cient of small aluminum particles is some orders of magni-
tude larger than the classical theory predicts. The classical
surface plasmon lies within the ultraviolet region and its far-
infrared tail is too small to explain the measured absorption.
The experimental investigations were carried out on alumi-
num particles embedded in dielectric hosts@e.g., in Refs.
26,27 the particles were in KCl~«54.84!# or on aluminum
particles surrounded by an inert-gas atmosphere with addi-
tion of O2 and having the oxide coating24,25 ~for Al2O3,
«510!. For such systems, the TDLDA predicts the occur-
rence of strong photoabsorption resonances within the near-
infrared region. Unfortunately, we are unaware of any ex-
perimental studies of near-infrared absorption of aluminum
particles. Because of this, it is hard to judge whether the
results obtained for jellium spheres can be extended to real
aluminum clusters. However, it should be remarked that the
far-infrared absorption of aluminumlike jellium spheres will
be far greater than that of the classical Drude particles.

We emphasize once again that the discrepancy between
the TDLDA and classical results decreases with the decrease
of the electronic density in the cluster. So, in the similar
calculations of Serra and Rubio15 for K92 ~r s54.86 a.u.! in
different dielectric matrices, the surface-plasmon energy is
very close to the classical value and at«53 it is in good
agreement with experiment for potassium clusters in MgO.16

In Ref. 15, the effect of dielectric surroundings was included
in the Coulomb potential but not in the exchange-correlation
one.

IV. CONCLUSION

The dipole dynamic polarizability of small aluminumlike
and sodium jellium spheres embedded in different dielectric
media has been calculated using the TDLDA method with
the frequency-dependent local exchange-correlation poten-
tial. The polarization of a dielectric medium near the metal
cluster surface was described in terms of a macroscopic di-
electric constant of the medium. The positive background of
the jellium cluster was assumed to be uniform and rigid.

As expected, the position of resonances caused both by
one-electron transitions and by collective excitations shifts to
lower energies with increasing dielectric constant of the me-
dium surrounding the cluster. It is of interest that for alumi-
numlike clusters the surface plasmon moves to the left faster
than one-electron resonances, while for sodium clusters the
reverse is observed. In the case of sodium clusters, this leads
to the displacement of the surface plasmon from the region
below the continuum threshold~when the cluster is in
vacuum! to the region above the continuum threshold~when
the cluster is surrounded by a dielectric medium!.

For all considered metal clusters and dielectric hosts, the
TDLDA gives surface-plasma resonances~coupling with
one-electron excitations! located at lower energies in relation
to the position of the classical surface plasmons. The differ-
ence between the quantum and classical results is greater for
clusters with high electronic density. For instance, under the
classical theory, the surface plasmon in aluminumlike clus-
ters embedded in a dielectric medium with«55 lies in the
near-ultraviolet region; from the TDLDA calculations, it fol-
lows that these clusters strongly absorb the near-infrared ra-
diation. In light of the long discussion about the nature of the
anomalously large far-infrared absorption by aluminum par-
ticles~in comparison with the classical predictions!, it should
be noted that according to the calculations reported here the
dielectric surroundings of the metal particle~host or oxide
coating! may lead to so large a redshift of the surface plas-
mon that the plasmon tail will give the observed value of the
far-infrared absorption coefficient.

APPENDIX: TDLDA POTENTIAL dV«
„r ,v…

The change in the polarization potential under an external
field is given by

dVpol~r ,v!5
«21

4p E 1

ur2r 8u

3div@u~r 82R!¹dV«~r 8,v!#dr 8. ~A1!

Integrating Eq.~A1! twice by parts, one obtains28

dVpol~r ,v!52~«21!u~r2R!dV«~r ,v!

1
«21

4p E dV«~r 8,v!¹ r 8

1

ur2r 8u

3¹ r 8u~r 82R!dr 8.

Take into account the angular dependence of the potential for
the dipole response@Eq. ~6!# and use for 1/ur2r 8u the expan-
sion in spherical harmonics,

14 794 54L. I. KURKINA AND O. V. FARBEROVICH



1

ur2r 8u
54p(

lm

1

2l11
Ylm~ r̂ !Ylm* ~ r̂ 8!

r,
l

r.
l11 ,

wherer, and r. are the lesser and the greater ofr and r 8.
Then

dVpol~r ,v!52~«21!u~r2R!dV«~r ,v!1
«21

3
dV«~R,v!

3FR2

r 2
u~r2R!2

2r

R
u~R2r !G . ~A2!

Substitution of Eq.~A2! into Eq. ~2! yields

dV«~r ,v!5HdV~r ,v!1
12«

3

2r

R
dV«~R,v!, r<R,

1

« FdV~r ,v!2
12«

3

R2

r 2
dV«~R,v!G , r>R.

~A3!

dV«(R,v) is easily found from Eq.~A3! at r5R:

dV«~R,v!5
3dV~R,v!

112«
. ~A4!

Rewriting Eq.~A3! in terms of Eq.~A4!, we obtain Eq.~7!.
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