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A model is presented to explain the transition of the angular distribution of valence-band photoelectrons
from the low-energy regime, characterized by emission only along the Mahan cones, to the high-energy
regime, characterized by emission patterns very similar to those of core-level photoelectron diffraction. The
two main ingredients of the model are the excitation/absorption of phonons during the photoemission, and the
multiple scattering of the electron in the final state. Using simple assumptions about the valence-band initial
states of Al~001! and a Debye model to describe the lattice vibrations, we calculate angular distributions of
photoelectrons that are in excellent agreement with recent experimental results.@S0163-1829~96!06643-X#

I. INTRODUCTION

The energy- and angle-resolved photoemission of
valence-band~VB! electrons has two regimes. At low ener-
gies there is a strict wave-vector conservation rule and the
electrons are emitted along directions, known as Mahan
directions,1 defined by

kW f i5kW i i1gW hk ,

wherekW i i andkW f i are the wave vectors parallel to the surface
in the initial and the final states of the electron, andgW hk is a
vector of the surface reciprocal lattice. At high energies the
excitation of phonons during the photoemission completely
relaxes this wave-vector conservation rule, and the electrons
are emitted in all directions. The transition from one regime
to the other was studied first by Shevchik2 and then by Fad-
ley and co-workers.3 They found that in a first approximation
the photocurrent can be written as

I ~«!5e22WIDT~«!1~12e22W!INDT~«!,

where IDT is the contribution of thekW i-conserving or ‘‘di-
rect’’ transitions andINDT is the contribution of the non
kW i-conserving or ‘‘nondirect’’ transitions; the exponent of
the Debye-Waller factor isW5 1

2uDkW2u^uz
2&, whereDkW is the

wave-vector change of the electron and^uz
2& is the mean-

square thermal displacement of the atoms.
In a recent letter, Osterwalderet al.4 reported that in

Al ~001!, at hn51254 eV, the angular distribution of VB
photoelectrons presents strong maxima of intensity at the
main crystallographic directions and minor peaks at other
directions, resembling very closely the angular distribution
of photoelectrons from the 2s core level. This was quite
unexpected because, unlike the core states, the VB states of
Al are known to be completely delocalized, and because one
expects that, at high energies, when all the peaks correspond-
ing to the direct transitions have vanished, the angular distri-
bution shall be rather smooth and only slightly structured.

The occurrence of maxima of intensity at the main inter-
nuclear directions is a well-known phenomenon in core-level
x-ray photoemission.5–7 In this case, the localized nature of
the core state plays a crucial role; the wave representing the

photoemitted electron emerges from asingleatomic site and,
on its way to the surface, interferes with the secondary waves
produced by the scattering on the neighboring atoms. The
maxima of intensity at the main internuclear directions are
caused by a special type of interference calledforward fo-
cusing.

To explain why at high photon energies the VB photo-
emission looks like the emission from a single atomic site,
Osterwalderet al.4 postulated a localization of the hole left
behind by the photoelectron. Sarmaet al.8 criticized this ar-
gument, saying that if such localization occurred, the energy
spectrum should exhibit some atomiclike character, which is
not observed in the case of Al. They argued that the reason
was the complete zone averaging caused by both the limited
angular resolution and the energy integration performed by
Osterwalderet al. Hermanet al.9 made the experiment in
W~110! at 295 and 803 K, and argued that another cause
could be the zone averaging produced by the excitation of
phonons during the photoemission. However, to our knowl-
edge, no one has presented a mathematical model to illus-
trate how these effects would produce the observed maxima
of intensity at the main crystallographic directions.

This transition from akW i-conserving regime at low ener-
gies to a non-kW i-conserving regime dominated by forward
focusing at high energies is of the same kind as the one
observed in the ‘‘elastic’’ backscattering of electrons from
crystalline surfaces. In these experiments one observes a
low-energy electron-diffraction~LEED!-like angular distri-
bution of electrons at low energies that changes to an x-ray
photoelectron diffraction~XPD!-like angular distribution at
medium energies.7,10,11Since we have successfully modeled
this last transition by including the excitation/absorption of
phonons in a cluster-type LEED model,12 it seemed natural
to extend that work to the field of VB photoemission. There-
fore, in this paper we present a model which explains the
experimental results of Osterwalderet al. in terms of the
excitation/absorption of phonons during the photoemission.
Using simple assumptions about the VB initial states and a
Debye model to describe the lattice vibrations, we calculate
an angular distribution of photoelectrons that is in excellent
agreement with the experimental results. Our approach is
similar in many aspects to the one in the works of Shevchik.2
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The key difference is our inclusion of multiple scattering in
the final state. In this way we account for both the relaxation
of the wave-vector conservation rule and the forward focus-
ing at high energies.

The paper is organized as follows: in the Sec. II we
present the model. In Sec. III we present the results of a
calculation based on the model and compare with the experi-
mental results of Osterwalderet al. In Sec. IV we analyze
the role played by the phonons in the transition. Finally, in
Sec. V we summarize our main results.

II. THEORY

A. Transition rate

We want to analyze the effect of including the vibrational
degrees of freedom of the lattice in the photoemission of an
electron from the valence band. Therefore, besides consider-
ing the interaction of the active electron with the radiation
field, we must consider explicitly its interaction with the at-
oms of the vibrating semi-infinite crystal. This is done in the
Appendix, where we show that the probability per unit time
of emission of an electron with energy« f along the direction
k̂f from an initial ~bound! state with energy« i and wave
vector parallel to the surfacekW i i can be written as

R5
1

\2E
2`

`

dt ei ~« f2« i2hn!t/\^^bi f ~$RW %!* bi f ~$RW %,t !&&

~1!

wherehn is the photon energy,

bi f ~$RW %!5^C2kW f

LEED
~$RW %!* u2

e

mc
AW •pW uF i~$RW %!& ~2!

is the photoemission matrix element calculated for the crys-
tal with the atoms displaced from the equilibrium positions
to positions indicated by$RW %, and

bi f ~$RW %,t !5eiHpht/\bi f ~$RW %!e2 iHpht/\ ~3!

is the photoemission matrix element in the interaction pic-
ture, withHph the Hamiltonian of the vibrating lattice, and
where the symbol̂^ && denotes the thermal average of the
argument over the phonon states of the lattice@see Eq.~A5!#.
In Eq. ~2! above,AW is the vector potential of the radiation
field, pW is the momentum operator of the electron, and
uF i($RW %)& anduC

2kW f

LEED($RW %)* & are eigenstates of the electron

Hamiltonian with the lattice atoms at positions$RW %.
uF i($RW %)& is the initial state of the electron, and
uC

2kW f

LEED($RW %)* & is the time-reversed LEED state correspond-

ing to an electron impinging on the crystal with energy« f

along the direction2 k̂f .
1,13

Note that« f need not be equal to« i1hn. In particular, if
« fÞ« i1hn we calculate the transition rate of a photoemis-
sion event in which the photoelectron gives to or takes from
the lattice an energy\v5« f2« i2hn. If we neglect the lat-
tice vibrations, the transition rate takes the usual form

R5
1

\2 ubi f u2d~« f2« i2hn!.

To go further we need expressions in the coordinate space
for the statesuF i($RW %)& and uC

2kW f

LEED($RW %)* &. We will use

direct generalizations of known expressions for the case in
which all the atoms are at rest at the equilibrium positions.
These generalizations will be valid provided the displace-
ments of the atoms from the equilibrium positions remain
small.

Inside the solid,14 the bound states of a semi-infinite crys-
tal with wave vectorkW i i can be constructed as a combination
of the states of the infinite crystal with the same energy and
kW i i . If we choose« i near the bottom of the valence band,
only two states will enter in the combination, one propagat-
ing toward the surface and the other reflected back at the
surface. Therefore, in the tight-binding approximation, we
have

^rWuF i~$RW %!&5(
n

~eik
W
i
1
•RW n1R eik

W
i
2
•RW n!f i~rW2RW n!, ~4!

where kW i
65kW i i6kizẑ, with kiz a root of the equation

«(kW i i ,kiz)5« i , where«(kW ) is the dispersion relation of the
infinite crystal.f i(rW2RW n) is a combination of atomic orbit-
als centered atRW n , andR is the reflection coefficient. The
sum in Eq.~4! runs over all the atoms of the semi-infinite
crystal.

For the final state we will use a cluster-type expansion of
the LEED wave function:11,15

^rWuC
2kW f

LEED
~$RW %!* &5Fei ~2kW f !•r

W
1(

n
cn~rW !

1(
n

(
n8Þn

cnn8~r
W !1•••G* , ~5!

where2kW f52(2m« f /\
2)1/2k̂f is the wave vector of the in-

cident electron,cn is the wave originated in the scattering of
the plane wave by the atom atRW n , cnn8 is the wave origi-
nated in the scattering of the wavecn by the atom atRW n8 ,
and so on. The sums in Eq.~5! also run over all the atoms of
the semi-infinite crystal.

The next step is to replace Eqs.~4! and~5! in Eq. ~2!. At
this point we will make some simplifying assumptions: we
will set R equal to zero,AW constant, and we will consider
explicitly only the first two terms on the right side of Eq.~5!.
The derivation of the terms corresponding toRÞ0 is
straightforward, and we will incorporate them directly into
our final results. SettingAW constant is justified because the
photon wave vector is in general so much smaller than the
electron wave vectors that one can neglect it~dipolar ap-
proximation!. At the end one can recover the main effect of
the spatial variation ofAW replacing in the equationskW i i by
kW i i1qW photoni . These two simplifications are only for the sake
of mathematical simplicity. The purpose of the third approxi-
mation is to retain only the minimum basis set required to
account for effects like the forward focusing. This is known
in core-level photoemission as the ‘‘single-scattering ap-
proximation.’’ Inclusion of more terms in Eq.~5! is justified
only if one needs better quantitative agreement with the ex-
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periment or to give account of effects likedefocusing,16

which are beyond the single-scattering approximation.17 To
obtain a simple expression forbi f ($RW %) we still need to make
a further approximation. In replacing Eqs.~4! and~5! in Eq.
~2! we will have to integratecn(rW) in the neighborhood of
the atom atRW l . To make this we will approximate the
sphericalwave cn(rW) in the region aroundRW l by a plane
wave with wave vectorkW ln5kf R̂ln (RW ln5RW l2RW n).

11

Now the photoemission amplitudebi f ($RW %) can be set as

bi f ~$RW %!5(
n

bn
11(

n
(
lÞn

bnl
1 , ~6!

where

bn
15eiDk

W1
•RW nM ~kW f !e

2Ln/2l ~7!

and

bnl
15eiDk

W
1
1
•RW nM ~kW ln!

1

Rln
eiDk

W
2•R

W
l f ~u f ,ln!e2Lnl/2l, ~8!

with DkW 15kW i
12kW f , DkW1

15kW i
12kW ln , DkW25kW ln2kW f , f (u)

the elastic-scattering amplitude,u f ,ln the angle betweenk̂f
and k̂ln , and

M ~kW !5E d3r e2 ikW•rWAW 0•pW f i~rW !. ~9!

SinceM (kW ) is the matrix element for the photoelectric tran-
sition from the initial statef i(rW) to the final stateeik

W
•rW, we

can viewbn
1 as the amplitude of the wave emitted from the

atom atRW n directly into the directionk̂f , and bnl
1 as the

amplitude of the wave emitted from the atom atRW n in the
direction k̂ln and then redirected towardk̂f by the ~elastic!
scattering atRW l . Figures 1~a! and 1~b! show schematically
the electron paths corresponding to the direct wave~DW!
and the single-scattering wave~SSW!, respectively. Note
thatDkW 1 andDkW1

1 are the wave-vector changes in the pho-

toelectric transitions, whileDkW2 is the wave vector change in
the scattering atRW l .

In the second term on the right-hand side of Eq.~6!, we
omitted the termsbnn

1 because they are not amplitudes of
SSW’s but first-order corrections to the amplitudesbn

1 by
considering the change of the~plane-wave! final state caused

by the potential of the emitting atom. In Eqs.~7! and~8! we
also introduced the effect of the inelastic collisions of the
photoemitted electron with the other electrons of the crystal
by weighting each amplitude with an attenuation factor
e2L/2l, whereL is the total electron path inside the solid
~from the photoemission site to the surface! and l is the
electron mean free path. Finally, in the derivation of Eqs.~7!
and~8! we made use of the translational symmetry parallel to
the surface to exchange the order in the evaluation of the
sum over atoms with the spatial integration. This is a valid
procedure only when the displacements of the atoms from
the equilibrium positions remain small.

Having writtenbi f ($RW %) in terms of the amplitudesbn
1

andbnl
1 , we can obtain a similar expression forbi f ($RW %,t).

Then, it only remains to make the thermal average of the
product bi f ($RW %)* bi f ($RW %,t), for which we make two last
approximations:~i! we keep the dependences ofbn

1 andbnl
1

on the displacements of the atoms from the equilibrium po-
sitions,uW n5RW n2RW n

0 , only in the phase factors; and~ii ! we
assume that the lattice vibrations can be treated within the
harmonic approximation. Then, we can use the Glauber
formula18 ^^eiA&&5e21/2Š^A2&‹ and obtain

R5
1

\2E
2`

`

dt eivtH (
n,n8

~bn8
1

!* bn
1e2Wn8~DkW1!

3e2Wn~DkW1!e^^[DkW1
•uWn8][Dk

W1
•uWn~ t !] &&

12 Re(
n,n8

(
lÞn

~bn8
1

!* bnl
1 e2Wn8~DkW1!e2Wn~DkW1

1
!

3e2Wl ~DkW2!e2^^[DkW1
1
•uWn][Dk

W
2•u

W
l ] &&

3e^^[DkW1
•uWn8][Dk

W
1
1
•uWn~ t !] &&1^^[DkW1

•uWn8][Dk
W
2•u

W
l ~ t !#&&J ,

~10!

wherebn
1andbnl

1 are now evaluated for the crystal with the

atoms at the equilibrium positions$RW 0%, \v5« f2« i2hn,
andWn(kW )5

1
2^^@kW•uW n(t)#

2&&. The first term in this equation
is the sum of the interferences of two DW’s emitted at dif-
ferent times, and the second term is the sum of the interfer-
ences of a DW and a SSW emitted at different times. Both
types of interferences are shown schematically in Fig. 2. We
omitted for simplicity the term corresponding to the interfer-
ences of two SSW’s emitted at different times.

FIG. 1. Schematic representation of the electron paths corre-
sponding to:~a! a direct wave~DW! and ~b! a single-scattering
wave ~SSW!.

FIG. 2. Schematic representation of the interferences that con-
tribute to the first and second terms of Eq.~10!: ~a! interference
between two DW’s and~b! interference between a DW and a SSW.
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Equation~10! is our final expression for the transition rate
R. It gives the transition rate from the initial state (« i ,kW i i)
to the state (« f ,k̂f) in terms of the inelastic energy\v,
the photoemission amplitudesbn

1 and bnl
1 ~calculated for

the crystal with the atoms fixed at the equilibrium positions!,
and the time-dependent correlation functions
^^@kWA•uW n#@kWB•uW l(t)#&&. The first term of this equation is the
result derived previously by Shevchik;2 the only difference
would be in the election of the final state for the matrix
elementM (kW ), which is a plane wave in our case and an
augmented plane wave in Shevchik’s treatment. The second
term of the equation contains the multiple-scattering effects.
This term, which is absent in Shevchik’s treatment, is the
one which will give rise to the XPD-like angular patterns at
high photoelectron energies.

B. Phonon expansion

The phonon expansion ofR consists of replacing in Eq.
~10! the exponentials of the time-dependent correlation func-
tions by their Taylor series26,12

e^^[kWA•u
W
n][ k

W
B•u

W
l ~ t !] &&5 (

m50

`
^^@kWA•uW n#@kWB•uW l~ t !#&&

m

m!
. ~11!

In this way one can speak of them50, 1, etc. contributions
toR. In them50 contribution toR the two time-dependent
exponentials in Eq.~10! are replaced by one. Then, the quan-
tity within braces in Eq.~10! loses its time dependence, and
the integration ofeivt gives ad(v) factor. Therefore, the
m50 contribution toR is different from zero only when
« f5« i1hn, i.e., it is the elastic or zero-phonon contribution.
One can further show that this contribution is different from
zero only whenkW f i5kW i i1gW hk . Then, in the elastic photo-
emission events the electrons emerge from the crystal only
along a discrete set of directions, which are precisely the
Mahan directions.

In the m51 contribution toR the two time-dependent
exponentials in Eq.~10! are replaced by their arguments. In
this case, since the time dependence of the displacements
uW l(t) is through phase factors of the forme6 iva(Q

W
i)t, where

va(QW i) is the frequency of the phonon mode of wave vector
QW i and quantum numbera, the time integral gives terms
proportional tod„v6va(QW i)…. Then, them51 contribution
to R is composed of many terms~two terms per phonon
mode!, and is different from zero only when
« f5« i1hn7\va(QW i), i.e., it represents the contribution to
R of the photoemission events with excitation or absorption
of one phonon. It can also be shown that this contribution is
different from zero only whenkW f i5kW i i1gW hk7QW i . There-
fore, in the photoemission events in which one phonon is
excited or absorbed, the electrons also emerge from the crys-
tal only along a discrete set of directions.

In general, if several phonons are excited and/or absorbed
during a photoemission event, the electron will emerge from
the crystal only along a discrete set of directions with
kW f i5kW i i1gW hk2(msmQW i

(m) where sm51 if a phonon of

wave vectorQW i
(m) is excited andsm521 if it is absorbed.

This conservation law is a direct consequence of the transla-
tional symmetry of the problem.

Therefore, both elastic and inelastic photoemission events
obey strict wave-vector conservation rules that restrict se-
verely the exit directions of the photoelectron. However, we
will show below that the sum of the intensities of many
inelastic photoemission events gives rise to an intensity pat-
tern which is very similar to the core-level intensity patterns.

C. Observed intensity

Let us consider an ideal energy- and angle-resolved pho-
toemission experiment with an infinite energy resolution
(D«50). Then, the intensity of the electrons photoemitted in
the direction k̂f with energy « f will be proportional to
R(« i ,kW i i ;« f ,k̂f) summed over all the occupied initial states
(« i ,kW i i). In real experimentsD« is not zero but of the order
of 1 eV. Then, theobservedintensity will be

I obs~« f ,k̂f !}E
« f2D«

« f1D«

(
i

occupied

R~« i ,kW i i ;« f8 ,k̂f !d« f8 .

Exchanging the order of the integral and the sum, and inte-
grating over\v5« f82« i2hn instead of over« f8 , the ob-
servedintensity can be set as

I obs~« f ,k̂f !} (
i

occupiedE
2`

`

R~« i ,kW i i ;\v,k̂f !d~\v!,

where we assumed that, sinceD« is much larger than the
phonon energies, the limits of the integral can be extended
from (2D«,1D«) to (2`,1`). Now, if we neglect the
dependence ofkf on \v,19 the only dependence of
R(« i ,kW i i ;\v,k̂f) on \v is through the phase factoreivt;
then the integration overv gives ad(t) function, and the
integration overt gives the quantity within braces in Eq.~10!
evaluated at timet50. Therefore, recovering the terms cor-
responding toRÞ0, the final expression for theobserved
intensity is

I obs~« f ,k̂f !} (
i

occupied

(
s,s8

H (
n,n8

~bn8
s

!* bn
s8e2Wn8~DkWs!

3e2Wn~DkWs8!e^^[DkWs
•uWn8][Dk

Ws8
•uWn] &&

12 Re(
n,n8

(
lÞn

~bn8
s

!* bnl
s8e2Wn8~DkW s!e2Wn~DkW1

s8!

3e2Wl ~DkW2!e2^^[DkW1
s8
•uWn][Dk

W
2•u

W
l ] &&

3e^^[DkWs
•uWn8]D@kW1

s8
•uWn] &&1^^[DkWs

•uWn8][Dk
W
2•u

W
l ] &&J ,

~12!

where the indexs takes the values1 and 2, and where
bn

2 andbnl
2 are the equivalents ofbn

1 andbnl
1 @i.e., Eqs.~7!

and~8! with kW i
1 replaced bykW i

2] multiplied by the reflection
coefficientR.

It is easy to see in Eq.~12! that, at low energies, when all
the exponentials approach 1, one has essentially the interfer-
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ence of waves emitted from a two-dimensional array of at-
oms, and thus intensity only in the Mahan directions. As the
energy is increased the exponentials cannot be ignored any-
more, and one starts to have intensity outside the Mahan
directions. This transition will be analyzed in the next sec-
tions.

Finally, to evaluate Eq.~12! we need to define the corre-
lation functions ^^@kWA•uW n#@kWB•uW l(t)#&&, which requires the
formulation of a model for the lattice vibrations. We will use
the Debye modelv5cq, for which the correlation functions
can be written as20

^^@kWA•uW n#@kWB•uW l~ t !#&&5~kWA•kWB!s2~u!F~qDRnl ,u!,
~13!

whereu5T/uD , s2(u) is the mean-square amplitude of vi-
bration of the atoms,

s2~u!5
3\2

4MkBuD
F114u2E

0

1/u z dz

ez21G ,
and the functionF(x,u) is almost independent ofu, and falls
rapidly from one to zero whenx increases21 (uD andqD are
the Debye temperature and wave vector, respectively!.

III. RESULTS

In this section we present angular distributions of elec-
trons photoemitted from Al~001! calculated with Eq.~12!.
The calculations were performed for three selected initial
states, so we have not summed over all the occupied initial
states as indicated in Eq.~12!. This simplification allows us
to identify the main structures in the angular distributions in
an easy way and, as we will see, it is not an impediment to
compare with the experimental results. We have used the
three initial states shown in Fig. 3. The states, labeledA,
B, andC, have energy« i527.2 eV and wave vectors along
theS line kW i i52p/a(a,0,0) witha5 0, 1

3, and
2
3. The com-

ponentskiz
6 associated with each state were determined from

the dispersion relation«(kW ) of Al calculated by Moruzzi,
Janak, and Williams~MJW!.23 The reflection coefficientR
was calculated assuming a constant potential inside the solid
and a step potential at the surface of 15.4 eV, which corre-
sponds to the energy difference between the vacuum level of
Al ~001! and theG point in the band structure of MJW.
f (u) was computed by the standard partial-wave method for
the muffin-tin potential of MJW. The refraction of the pho-
toelectron at the surface was included by considering an in-
ner potential of 8.4 eV, which is the energy difference be-
tween the vacuum level and the muffin-tin zero. The
photoelectric matrix elementM (kW ) was taken to be spheri-
cally symmetric. We used inelastic mean free paths calcu-
lated according to Ref. 24 and a Debye temperature
uD5254 K ~lower than the bulk value to allow for the larger
displacements of the atoms at the surface!. The correlation
function F(x,u) was considered only for pairs of atoms
separated by a distance smaller than or equal to a lattice
constant; for the other casesF(x,u) was set equal to zero.
The sums over scatterers in the SSW’s were extended to all
the atoms within a distance of 2.5 lattice constants of the
emitter. Finally, to simulate the experimental angular resolu-

tion, we integrated the intensities over a cone of63°.
Figure 4 shows polar intensity plots~PIP’s! along the

@100# azimuth calculated for the three initial states and at
three different photoelectron energies. The arrows in the
PIP’s at 105 and 550 eV indicate the polar angles at which
the Mahan directions of the state labeledA enter into the

FIG. 3. Projected band structure of Al~001! along theS line
~adapted from Ref. 22!. A, B, andC indicate the three initial states
used in the calculations. The energies are given with respect to the
Fermi level.

FIG. 4. Polar intensity plots along the@100# azimuth calculated
for the three initial states of Fig. 3. The solid line corresponds to the
state labeledA, the broken line to the state labeledB, and the dotted
line to the state labeledC. The meaning of the arrows is explained
in the text.
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analyzer, whereas in the PIP at 1250 eV they indicate the
polar angles at which the main crystallographic directions
enter into the analyzer. The PIP’s corresponding to the state
labeledA are symmetric with respect tou50 due to the
symmetry of this state with respect to reflections in the plane
yz. It is seen that at 105 eV all the intensity is concentrated
in the Mahan directions. This means that at this energy the
photoemission is dominated by the direct transitions. There
are three Mahan directions for each initial state that enter
into the analyzer in this angular scan; for the state labeled
A this occurs atu50 and;640°. The peaks corresponding
to the states labeledB andC are shifted with respect to those
of the stateA because of the finite wave vectorskW i i . At 550
eV there are more direct transitions allowed but on the aver-
age they are less intense than at 105 eV. There is more in-
tensity outside the Mahan directions and, in particular, the
three states give rise to important intensity in the regions
around 0,620°, and645°. At 1250 eV the PIP’s corre-
sponding to the three initial states are almost converged on a
common PIP which is very similar to the PIP’s observed in
core-level XPD. There are broad peaks at 0 and645°, cor-
responding to emission along the crystallographic axes
@101#, @001#, and @101#, and smaller structures at;620°.
Neither the positions of these peaks nor the general form of
the PIP’s change when one increases more the photoelectron
energy. Therefore, the angle-resolved VB photoemission is
state selective only at low photoelectron energies. At high
photoelectron energies the emission from any initial state has
a PIP similar to those observed in core-level XPD, irrespec-
tive of the state and to a good extent of the photoelectron
energy.

Figure 5 presents a contour plot of the photoemission in-
tensity corresponding to the state labeledA at a photoelec-
tron energy of 1250 eV. There are five major peaks that
coincide with the crystallographic directions@001#, @011#,
@011#, @101#, and @101#. All these peaks are caused by the
forward-focusing effect~zero-order interference between a
DW and a SSW originated in the same atom!. Outside these
directions the intensity falls 4–5 times; there are some minor
peaks near the directions@103#, @013#, @103#, @013# and

@112#, @112#, @ 1̄ 1̄2#, @112#, which are caused by first-order
interferences between a DW and SSW originated in the same
atom. The contour plots, corresponding to states labeledB

andC, are very similar to the one shown in Fig. 5, with only
minor differences concentrated mainly in the regions of the
five major peaks.

In their photoemission experiment, Osterwalderet al.4

measured the azimuthal intensity plot~AIP! at u545° of all
the electrons photoemitted from the VB. An angular scan of
this type is a circumference in the contour plot of Fig. 5. In
Fig. 6 we compare the calculated intensity for the state la-
beledA with the intensity measured by Osterwalderet al. It
is seen that the calculated AIP reproduces all the features of
the experimental AIP. There are two peaks atf50 and
90° ~corresponding to emission along the crystallographic
directions @101# and @011#! and two smaller structures at
f;30° and 60°. The main discrepancies between the calcu-
lated and experimental AIP’s are that in the calculated AIP
the main peaks are broader than in the experimental AIP
while the structures at 30° and 60° are narrower. We ascribe
these small differences to our use of a single-scattering ap-
proximation; the inclusion of higher-order scattering terms
should improve the agreement.

IV. DISCUSSION

In the previous section we have seen that our model for
the VB photoemission reproduces correctly the two types of
angular distributions observed at low and high energies. In
this section we will analyze the interplay of the elastic and
inelastic contributions to the intensity. To this purpose we
will use the phonon expansion of Sec. II B. Repeating the
procedure made to obtain Eq.~12! with them50 andm51
contributions toR, one obtains the contributions to theob-
servedintensity of the zero- and one-phonon photoemission
events. It turns out that this procedure is equivalent to make
a phonon expansion of Eq.~12!, i.e., to replace in this equa-
tion the exponentials of̂ ^@DkWs

•uW n8#@DkWs8
•uW n#&& and of

^^@DkWs
•uW n8#[Dk

W
1
s8
•uW n] &&1^^@DkWs

•uW n8#@DkW2•uW n#&& by their
Taylor series.12 Then, the elastic or zero-phonon contribution
to I obs is

FIG. 5. Contour plot of the photoemission intensity correspond-
ing to the state labeledA at a photoelectron energy of 1250 eV (k 5
18.1 Å21).

FIG. 6. Azimuthal intensity plots atu 5 45°: ~a! AIP calculated
for the state labeledA at a photoelectron energy of 1250 eV;~b!
experimental AIP~from Ref. 4!.
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and the contribution toI obsof all the one-phonon photoemis-
sion events is

I obs
~1!~« f ,k̂f !} (

i

occupied

(
s,s8

H (
n,n8

~bn8
s

!* bn
s8e2Wn8~DkWs!

3e2Wn~DkWs8!^^@DkWs
•uW n8#@DkWs8

•uW n#&&

12 Re(
n,n8

(
lÞn

~bn8
s

!* bnl
s8e2Wn8~DkWs!

3e2Wn~DkW1
s8!e2Wl ~DkW2!e2^^[DkW1

s8
•uWn][Dk

W
2•u

W
l ] &&

3~^^@DkWs
•uW n8#@DkW1

s8
•uW n#&&

1^^@DkWs
•uW n8#@DkW2•uW l #&&!J . ~16!

Finally, we define a multiphonon contribution toI obs as the
difference between Eq.~12! and Eqs.~14! and ~15!.

Figure 7 shows the decomposition of the PIP’s of Fig. 4
corresponding to the state labeledA into the three contribu-
tions defined above. The thin solid line in the figures corre-
sponds to the elastic or zero-phonon contribution, the broken
line to the one-phonon contribution, and the dotted line to the
multiphonon contribution. It is seen in the PIP’s at 105 and
550 eV that, as explained in Sec. II B, the zero-phonon com-
ponent is different from zero only at the Mahan directions.
The width of the peaks of this contribution is determined
solely by the angular acceptance of the analyzer, whereas
their intensities are determined by the interference of waves
emitted from atoms in different layers and by the Debye-
Waller factors. It is also seen in these two PIP’s that the
one-phonon contribution is also different from zero only
around the Mahan directions. In this case the width of the
peaks is determined by both the angular resolution and by
the average wave vector of the phonon involved in the tran-
sition. Therefore, the narrowness of the peaks of this contri-
bution is indicating that the excitation or absorption of
phonons withQ'0 is the dominant process.

The PIP at 105 eV is dominated by the zero- and one-
phonon components. The main contribution to the central
peak comes from the zero-phonon component, while the
main contributions to the two minor peaks come from the
one-phonon component. The multiphonon contribution is al-
most negligible over the entire PIP. At 550 eV the multi-
phonon component has had an enormous increase and makes
the main contribution to the total intensity; the one-phonon
component is the second most important contribution, while
the zero-phonon component has become negligibly small.
The multiphonon component gives rise to structures at 0,
620°, and645°, whereas the one-phonon component is
responsible for the peaks at the ( 22̄̄ ) and (22) Mahan direc-
tions ~only direct transitions seen clearly in the PIP! and
partly for the peaks at649°. Finally, at 1250 eV, when the
PIP has reached its~core-level! XPD-like final form, the
zero- and one-phonon components are completely negligible
and the PIP is due entirely to the multiphonon component.

Therefore, we can conclude that thekW i-conserving regime
at low photoelectron energies and the XPD-like regime at
high energies correspond to the limiting cases of completely
elastic photoemission and of inelastic photoemission with
excitation/absorption of multiple phonons.

The transition from the elastic to the inelastic regime is
governed by the Debye-Waller factors as explained in Refs.
2 and 3. The differences between the two types of photo-
emission that cause the different angular patterns are the fol-
lowing. In elastic photoemission, due to the wave-vector
conservation rule, the electrons are emitted only along the
Mahan directions. The forward focusing cannot show up in
this regime because the Mahan directions rarely coincide
with the internuclear axes. In the inelastic photoemission,
particularly when several phonons are excited and/or ab-
sorbed, the restrictions imposed by the wavevector conserva-
tion rules are counterbalanced by the continuous supply of
phonon wave vector; this relaxes the electronic wave-vector
conservation rule and allows the forward focusing to produce
intensity enhancements at the main internuclear directions.
Therefore, the evolution of the angular distribution of photo-
electrons as the energy is increased is explained as follows.
At sufficiently low energies the probability of the inelastic

FIG. 7. Decomposition of the PIP’s of Fig. 4 corresponding to
the state labeledA into the three phonon contributions defined in
the text: zero phonon~thin solid line!, one phonon~broken line!,
and multiphonon~dotted line!.
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events is negligible; the photoemission is dominated by the
elastic events, and the electrons are emitted only along the
Mahan directions. Increasing the energy decreases the prob-
ability of the elastic photoemission and increases the prob-
ability of the inelastic events. The first inelastic events to
turn on are the one-phonon photoemission events; however,
since the average wave vector of the phonon involved in the
transition is small, the emission is still concentrated in the
Mahan directions. Increasing the energy further increases the
probability of the inelastic events that involve larger num-
bers of phonons and larger total wave vectors exchanged
with the lattice. Eventually, at a certain energy all the emis-
sion directions become more or less equally probable, except
those near the main internuclear axes which benefit from the
forward focusing. In this way, the relaxation of the electronic
wave vector conservation rule combined with the forward
focusing produce the enhanced intensities at the main inter-
nuclear directions.

We will finish this section with two considerations regard-
ing the other causes postulated to explain the transition from
the kW i-conserving regime to the XPD-like regime. First, we
note that two of the proposed causes~the hole localization
and the phonon excitation! are intrinsic to the photoemission
process, while the other obeys external parameters~the an-
gular and energy resolutions!. With respect to this latter, we
have shown above that at room temperature, at high photon
energies the excitation/absorption of multiple phonons will
always lead to XPD-like angular patterns, irrespective of the
angular and energy resolutions. In other words, we have
shown that at room temperature and high photon energies it
is impossible to set back to thekW i-conserving regime by im-
proving the angular and/or energy resolutions alone. This
could only be achieved if one in addition cools down the
crystal to suppress the excitation/absorption of phonons. This
is shown in Fig. 8, where we compare the PIP’s calculated
for the state labeledA at room temperature and at liquid N

2 temperature. It is seen in the figure that lowering the crys-
tal temperature down to the liquid N2 temperature one re-
covers practically all the peaks corresponding to the
kW i-conserving regime.25 One could now use this change of
the PIP with the temperature to test the validity of the hole
localization argument. The test would be based on the as-
sumption that this effect, if present, should depend mainly on
the photon energy and should be approximately independent
of the crystal temperature. Therefore, cooling the crystal to
suppress the excitation/absorption of phonons, in the absence
of hole localization, at high photoelectron energies the angu-
lar pattern should transform as discussed above, showing
again direct transitions~with enough angular and energy
resolutions!, but, if hole localization does occur, the angular
pattern should retain its XPD-like character, approximately
independent of the temperature and of the angular and en-
ergy resolutions.

V. CONCLUSIONS

The purpose of this work has been to analyze the nature
of the transition in VB photoemission from the low-energy
or kW i-conserving regime to the high-energy or XPD-like re-
gime.

Three possible causes have been put forward to explain
this transition: localization of the hole at high photoelectron
energies,4 complete zone averaging due to poor angular reso-
lution and energy integration,8 and excitation and/or absorp-
tion of phonons during the photoemission.9 In this paper we
have demonstrated that the transition can be explained com-
pletely in terms of the excitation and/or absorption of
phonons. Therefore, this transition is of the same kind as the
one occurring in the elastic scattering of electrons from crys-
talline surfaces, where there is akW i-conserving or LEED-like
regime at low energies, and a non-kW i-conserving or XPD-like
regime at high energies.

We have presented a treatment of the VB photoemission
that takes into account both the vibrational degrees of free-
dom of the lattice and the multiple scattering of the electron
in the final state. The first is needed to explain the relaxation
of the electron wave-vector conservation rule, and the second
is needed to explain the maxima of intensity at the main
crystallographic directions that are observed in the high-
energy regime. Using a phonon expansion of the transition
rate, we have shown that the low-energy orkW i-conserving
regime and the high-energy or XPD-like regime correspond
to the limiting cases of completely elastic scattering and of
inelastic scattering with excitation/absorption of multiple
phonons, respectively. We performed a calculation based on
this model that is in very good agreement with the experi-
mental results of Osterwalderet al.4
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APPENDIX

In this appendix we will derive an expression for the
probability per unit time of emission of an electron with

FIG. 8. PIP’s along the@100# azimuth calculated for the state
labeledA at a photoelectron energy of 1250 eV and at two tempera-
tures: 77 and 295 K. Both PIP’s are decomposed into the three
phonon contributions; the correspondence of the lines with the con-
tributions is as in Fig. 7.
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energy« f along the directionk̂f from an initial state with

energy« i and wave vector parallel to the surfacekW i i consid-
ering the vibrational degrees of freedom of the crystal lattice.

The Hamiltonian of the electron interacting with the ra-
diation field and with the atoms of the vibrating lattice is

H5Hph1Hel1DU~rW,$RW %!1H rad1U rad, ~A1!

whereHph is the Hamiltonian that describes the lattice vibra-

tions, Hel5pW 2/2m1U(rW,$RW 0%) is the Hamiltonian of the
electron moving in the semi-infinite crystal with the atoms

fixed at the equilibrium positions,DU(rW,$RW %)5U(rW,$RW %)

2U(rW,$RW 0%) is the part of the potential that couples the

electronic and the atomic motions (rW and $RW % denote the
electron and the atomic positions, respectively!, H rad is the
Hamiltonian of the radiation field, andU rad is the interaction
potential between the electron and the radiation field.

The basis set used to analyze this problem is composed of
the eigenstates of the HamiltoniansHph, Hel , and H rad.
Mahan1 and Feibelman and Eastman13 have shown that the
eigenstates ofHel relevant to the photoemission problem are

the initial stateuF i($RW
0%)&, with energy« i and wave vector

parallel to the surface kW i i , and the final state

uC
2kW f

LEED($RW 0%)* &, the time-reversed LEED state correspond-

ing to an electron impinging on the crystal with energy« f

along the direction2 k̂f . Then, the transition probability per
unit time is

R5
2p

\ (
zf &

(
u i &

z^C2kW f

LEED
~$RW 0%!* u^ f u^nut~« i1V i

1~n11!hn!un11&u i &uF i~$RW
0%!& z2

e2V i /kBT

Z

3d~V f2V i1« f2« i2hn!, ~A2!

whereun11& andun& are the states of the radiation field with
n11 andn photons of frequencyn, respectively, andu i & and
u f & are the initial and final vibrational states of the lattice
with energiesV i andV f , respectively. We have summed
over all the final states of the lattice and over all the initial
states populated at temperatureT (Z is the partition function
of the vibrating lattice!. The transition operatort(E) can be
written in terms of the Green operatorG of the unperturbed
HamiltonianHph1Hel1H rad as

t~E!5DU1U rad1~DU1U rad!G~E!~DU1U rad!1•••.
~A3!

Using the integral representation of thed function one can
eliminate in Eq.~A2! the sum over the final states of the
lattice;26 then,

R5
1

\2E
2`

`

dt ei ~« f2« i2hn!t/\^^ ^C2kW f

LEED
~$RW 0%!* u

3^nut„« i1V i1~n11!hn…un11&uF i~$RW
0%!&*

3^C2kW f

LEED
~$RW 0%!* u^nut„« i1V i1~n11!hn;t…un11&

3Fu i~$RW 0%!& &&, ~A4!

wheret(E;t) is the time-dependent transition operator in the
interaction picture,

t~E;t !5eiHpht/\t~E!e2 iHpht/\,

and where the symbol̂̂ && denotes the thermal average of
the argument over the initial states of the lattice populated at
temperatureT:

^^O~$RW %!&&5(
u i &

^ i uO~$RW %!u i &
e2V i /kBT

Z
. ~A5!

We will now make two approximations:~i! In Eq. ~A3!
we will keep only the terms linear inU rad. Then, the transi-
tion operator becomes

t~E!5DU1@•••1DUG~E!11#U rad@11G~E!DU1•••#

and the matrix elements oft between the states of the radia-
tion field result:

^nut„« i1V i1~n11!hn…un11&

5@•••1DUG0~« i1V i1hn!11#

2
e

mc
AW •pW @11G0~« i1V i !DU1•••#,

where we have used

^nuU radun11&52
e

mc
AW •pW ,

whereAW is the vector potential of the radiation field in the
Coulomb gauge andpW is the momentum operator of the elec-
tron.G0(E) is the Green operator of the unperturbed Hamil-
tonianHph1Hel , which is written in terms of the eigenstates
of Hel (uFn& with energy «n) and Hph (ul& with energy
Vl) as

G0~E!5 (
uFn&

(
ul&

uFn&ul&^lu^Fnu
E2«n2Vl

. ~A6!

~ii ! Adiabaticapproximation. In Eq.~A6! we will neglect
the phonon energies, which are 104–105 times smaller than
the electron energies. Then,G0(«1V) becomesg0(«), the
Green operator of the electron moving in the semi-infinite
crystal with the atoms fixed at the equilibrium positions, and
the matrix element of̂ nut(E)un11& between the states
uF i($RW

0%)& and uC
2kW f

LEED($RW 0%)* & can be set as~using

« f5« i1hn)
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^C2kW f

LEED
~$RW 0%!* u^nut„« i1V i1~n11!hn…un11&uF i~$RW

0%!&

5^C2kW f

LEED
~$RW %!* u2

e

mc
AW •pW uF i~$RW %!&, ~A7!

where

uC
2kW f

LEED
~$RW %!* &5@11g0~« f !DU1•••#uC2kW f

LEED
~$RW 0%!* &

and

uF i~$RW %!&5@11g0~« i !DU1•••#uF i~$RW
0%!&

are eigenstates ofHel1DU(rW,$RW %), the Hamiltonian of the
electron moving in the crystal with the atoms at arbitrary
positions$RW %.

Now, replacing Eq.~A7! in Eq. ~A4!, the transition prob-
ability per unit time can be written as

R5
1

\2E
2`

`

dt ei ~« f2« i2hn!t/\^^bi f ~$RW %!* bi f ~$RW %,t !&&,

~A8!

where

bi f ~$RW %!5 K C
2kW f

LEED
~$RW %!* U2 e

mc
AW •pWUF i~$RW %!L ~A9!

is the photoemission matrix element calculated for the crys-
tal with the atoms occupying positions denoted by$RW %, and

bi f ~$RW %,t !5eiHpht/\bi f ~$RW %!e2 iHpht/\ ~A10!

is the photoemission matrix element in the interaction pic-
ture.
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