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Thek-p method of band-structure calculation provides a detailed description of a crystal’'s energy dispersion
near a high symmetry point in the first Brillouin zone. The resulting parameters of this calculation are a series
of momentum matrix elements. Presented here is a set of band-structure parameters for the zinc-blende struc-
ture of GaAs at thd” point that takes the lack of inversion symmetry into account as well-dspendent
spin-orbit contributions to the Hamiltonian. A comprehensive optimization was performed in order to satisfy
effective mass data as well as conduction band spin-splitting data. It was found that the lack of inversion
symmetry has a profound influence on the nonparabolicity of the conduction band and the contribution of the
k-dependent spin-orbit effect cannot be ignored in the calculation of the effective mass of the conduction, light
hole, and spin-orbit bandsS0163-18206)03543-9

Many semiconductor heterostructures and devices depend In Sec. |, thek-p model considered will be developed,
on GaAs or a compound with GaAs, such ag®@4;_,As or  and the parameters that are to be optimized are identified and
In,Ga;_,As. Possibly important devices that depend ondefined. In Sec. Il, a review of effective mass and spin-
GaAs technology include quantum well modulators, gradedsplitting measurements over the past 35 years will be pre-
band-gap heterojunction transistors, high electron mobilitysented. Section 11l will illustrate the relationship between the
transistors, vertical cavity lasers, quantum cascade lasergane matrix elements and effective mass. The optimization
and broad band light-emitting diodes. Growth techniques angf the Kane matrix elements to the relevant physical data
more sophisticated experimental investigatiofisof these  giscussed in Sec. |1 will be described. In Sec. IV, the findings

GaAs based heterostructures are increasing the demands QNihis model will be reviewed and compared to previous
their theoretical treatments. We present a methodology foy,

the accurate description of bulk GaAs in a model that can be
applied to quantum heterostructures.
Many theoretical treatments of quantum heterostructures I. BULK ZINC-BLENDE BAND STRUCTURE

are based on bulk-p Hamiltonians in the envelope-function

approximation. Reviltgws of t_heisle treatments inc_lude Bastard Ear|y band theory work Concerning the importance of

and co-V\/zolrgergf_ Smith}> and Marzin and  symmetry*>=3* boundary conditiond’ and time-reversal

co-workers:*** Typically, a transfer-matrix is applied t0 & symmetry> have led to some powerful methods currently in

bulk k-p Hamiltonian in the envelope-function approxima-  5e today, such as the tight-binding method and khe

tion. Effects such as strain, nonsquare wells, symmetry fore,qih6q. The tight-bindingTB) method of crystal band-

(tjndden dtranﬁl_tlonhsé( and e(lje(itrt;c and mggnet}:c f'erl]d?éflzrze a%trycture calculations has proven to be quite successful in the

Azfsésfeth(\e/vslte 'rr:]; del.sp (;ggere] d gna;nun;st?r;gtic?#to? thep determination of semiconductor energy dispersion. In the TB

matrix elements. Many authdf<>~?>°have estimated some approximation, the crystal wave functions are assumed to be
. u(fomposed of free atomic wave functions. The resulting dis-

of these matrix elements to explain a given set of data, b ion is defined b . f lap-functi trix el
the models used fall short of predicting other reliable datd?€rSION 1S Celined by a Series of overlap-function matrix €el-
ements in the full zon& representation.

found elsewhere. The most influential differences that distin- .
guish one model from another are the band levels consid- '"€ k-p method has been developed and utilized by a

ered, inversion asymmetry, ahddependent spin-orbit cou- humber of author§?***-%%nstead of free atomic wave
pling. The model that we consider here is an 8 k-p Kane functions, thek-p method assumes that a basis se'ug;J0
Hamiltoniar®® that takes into account both the inversion Bloch functions completely spans the space of functions pe-
asymmetry of GaAs and tHedependent spin-orbit coupling riodic in the entire first zone. This set of states is referred to
of the Kane modet! we present a set of matrix elements as thek-p representation. The result is a band structure that
that reproduces physically measured effective mass and cois defined by a series of momentum matrix elements. The
duction band spin-splitting data. The data selected are base€lationship between TB ank-p has been illustrated by
on the criteria discussed in Sec. Il. The effective massePriester and Lannot!,who have derivek-p parameters in
considered here are those of the conduction band, heavy atgerms of TB parameters. With a reduced basis setktpe
light hole bands in both thgd01] and[111] directions, and method can provide detailed information about the band
the spin-orbit band. With the proper determination of its ma-structure of a given crystal in the vicinity of an arbitrary
trix elements, we expect this model to provide an improvedoointky. Since the free electrons and holes of a semiconduc-
basis for the theoretical treatment of quantum heterostrudor are usually confined to a small region about a high sym-
tures. metry point in the first zone, thie-p method can be an effi-
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cient and flexible model for the theoretical investigationby approximating the unknown Bloch states as an expansion
of semiconductors and semiconductor quantum heteran the known Bloch states of a high symmetry point located
structures. Full zond&-p schemes have been developed byat kg,
Cardona and PolldR and others, but its power lies in ex-
Lrjctmg detailed dispersion information in the vicinity of Unk(f)=§n: Cnnunko(r)-
Consider the general Hamiltonian eigenvalue equation ) ) .
This can now be solved by perturbation theory, as is usually
the case, or by Schur-complement decompositidmwdin
Wi (r) =E(k)Wy(r). perturbation theoi? will be considered here and the follow-
ing results are after Kafkand Bahder® Lowdin perturba-
Expressing thex representation eigenvector in Bloch form  tion theory divides all possible eigenvectors into two classes,
ke A andB. The classA states represent the primary states of
Wi(r)=e™Tu(r) interest. The clasB- states consist of all states outside of the
leads to the equivalent form in thep representation classA states and are to be treated by perturbation theory.
Here, the clasg: states are taken to be the band-edge eight-

p2
[z—rno'i‘V(r)

2 . : . .
i i I fol f
[Zr:n V(r) | €U (r) = E(k) e Tuy(r), dimensional manifold defined as
o
V= |S>X¢ y o V2= |X>XT y V3= |Y>X¢ R RS |Z>X1 )
2 (1.29
A i) | =ERug(n)
—_— r)|ug(r)= u(r),
2mg k K vs=[S)x|, ve=|X)x;, vi=|¥)x;, vs=|2)x|.
(1.2b
2 2,2
P h h7k — where
[2—%+m—0k-p+2—%+V(r) u(r)=E(k)u,(r).
With the inclusion of the spin-orbit interaction, the Hamil- X = 1 - 0
. 1 ’ Xl .
tonian becomes 0 1
p2 4 72K2 The classB states have a small effect on the cldsstates,
HTO‘:Z_mO+ m—ok-p+2—%+V(r)+Hpso+Hkso, meaning
(1.) IHil<|Hi—Hwl, i inclassA, k in classB.
B Renormalization of the class-interactions of »;} results in
Hpso_4mSC2(VV)Xp""' an 8x8 Kane-like interaction Hamiltonian matrix. Trans-
forming {v;} by unitary transformation to a basis for the
£2 {T's, T'7, T'g} irreducible representations of tfig; double
Hkso=m(VV)Xk-0’, group gives{u;} as defined in Appendix A° Now, renor-
o

malization of the clasé#x interactions of{u;} results in the
where H g, corresponds to Kane’s H; and Hyg, corre-  Hamiltonian matrix given by BahdéP, which will be de-
sponds to Kane'sl,. Solutions to Eq(1.1) can be obtained noted aH,,

i u 1161 n u 1;62 u 583 " u E"l ” u 1;/32 u ;‘; u E’l n u E’z 7
A 0 T*+V* 0 -V3(T-v) V2(w-U) wW-U V2(T*+V*)
0 A VZ(W=U) = \3(T*+V*) 0 T-V -V2AT-V)  W*+U
T+V V2(W# =) -P+Q —§* R 0 (32 -\20
0 - B3(T+V) -5 -P-Q 0 R -\2R (s
—VB(TF-v¥) 0 R 0 -P=0 s* (3)"2s* V2R*
VZ(Wr-U) T*-y* 0 R* s -P+Q V20 (3)"2%
WE—U —V2(T*=V*)  (3)as* —V2R* (H"2s V20 z 0
V2(T+V) W+U -\20 ()25 V2R (h2s 0 z
o -

1.3
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The constants in matrikl.3) are defined as follows: uls uls 407
A=E + A’+2—m0 (KE+KZ+KD), (1.43 kso= (7| Hisol ) = M o0 o0 |
M, 0 0
U ! Pok (1.4b
= —_—— 0 y .
V3 ’ where
Co
1 M=%
V=EPO(kX—iky), (1.40 ] ) ) )
u i W 3
L X | = (k,+iky) 0 —\Blky—iky) 2k, |,
W=iﬁkaky, (1.49 2k, \B(ktik,) 0 k.—ik,
Iy T,
“_\p Uyp
S » M,=2C, [ -k, k.+ik, ],
=— + .
5Bkt iky), (148 it &,
P=—-E + h_z(k2+k2+k2) (1.4 Coe 1 #2 PAYA
v 712m0 x T KyTKz), . O_ﬁmécz S&X .
52 y o , The complete Hamiltonian matrix is then given by
Q:722_rno(kx+ky_2kz)a (1.49
HT:HO+MkSO' (16)

h? 2 2 . Mo couples clas#: and clas$ states in the second-order
R=— ‘/52_%[72(kx_ky)_2' vakiky], (14N perturbation. This results in the coupling Bf to both 'y
andI'; to first order ink. Hys, also generates matrix ele-
52 ments in{x|aV/dx|z), which have been shown to be zero by
S=Bya—Ku(k—iky), (L4p Birand Pikus® o
Mo Now the dispersion near the point is defined and pa-
rametrized byEg, A, A’, B, E,, Co, ¥1, ¥2, andys. The

72 energy gap is defined d5;,=E(I's) —E(I'g) and the spin-
Z:EU—A—ylﬁ(kiJr ko+K2). (1.4)  orbit splitting asA=E(I'g)—E(I';). Eq and A have been
0 determined to a reasonable degree of accuracy and will be

considered as known parameters, or constants, here. The set

The band structure given by matrig.3) is parametrized of unknown parameters, is then taken to be
by the constantd\’, B, E,, v1, v, and y3, which are

defined in Appendixes B and @' is the momentum matrix S:{,yl y' y' A’,B,Cyo,E,}. 1.7)
element that couples clagsstates to the clasa-conduction L7273t m =0 Ee

band edgel', in the double group notatiofl accounts for  \ye wish to optimizeS to effective mass and spin-splitting
the inversion asymmetry of the zinc-blende structuf@ ( gata within the described model. To do this, it will be nec-

point group, Schoenflies notatiprif B=0, then the structure  essary to pay considerable attention to the choice of data
will be that of diamond Qy, point group, Schoenflies nota- ysed in the optimization.

tion). E, is the energy associated with tRg matrix element Over the past 35 years, substantial experimental effort has
that coupled’s to the classA valence band edgEg and is  gone into the determination of the effective mas@ésctron
defined as and holé of GaAs. Here, we review this body of work and

determine a set of effective masses to be used in the deter-

2mg mination of S [Eq. (1.7)].

Ep:?PO'

Il. DETERMINATION OF PARAMETER SET

v, are the modified Luttinger parameters where the standard

Luttinger parameters will be denoted a$ Matrix (1.3

accounts for the interactions given in Efj.1), except for the Early work on determining th& point conduction band-

k-dependent spin-orbit interactidd,,. This is accounted edge effective mass consisted of infrared reflectivity and Far-

for by the matrixM 4, (after Bahde?’), aday rotation experiments as well as some cyclotron reso-

A. Conduction electron mass
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TABLE I. Experimentally determined conduction band mass and spin-orbit splitting for GaAs.

Source m¥/my ¥ (eV A3  Temp.(K) Method
Aspnes(Ref. 76 0.067 * 0 Hall coefficient data
0.063 * 295
Stradling and WoodRef. 77  0.0665 * 60 magnetophonon magnetoresistance
0.0636 * 290
Miller et al. (Ref. 63 0.0665 * 77 quantum well transitiorfs
Fettermaret al. (Ref. 5J) 0.06649 * 4.2 cyclotron resonance, 33mMm
Stillman et al. (Ref. 50 0.0665 * 1.5-4.2 Zeeman effect, shallow donors
Narita and Miyao(Ref. 78 0.067 * 4.2 Zeeman effect, shallow donors
Marushchaket al. (Ref. 72 * 22 4.2 electron spin relaxation
Aronov et al. (Ref. 71 * 20.9 4.2 electron spin relaxation

a3quare and parabolic wells, GaAs{AGa, As, L,=51-521 A.

nance experiments. Work by Spitzer and Whélawith  for example, 2%+ mitL As a result, early measurements
infrared ~ reflectivity data and later refinements by that were influenced by off point contributions tended to
Ehrenreicf’ lead to a conduction band-edge mass Ofqerestimate the effective mass in t201] direction and
mC:O'ngmo' Faraday rotation experiments by Moss andunderestimated the effective mass in fheL1] direction.
Waltorf® and Cardon® lead to measurements that were in Due to GaAs's inversion asymmetry and the electronic prop-

close agreement with this infrared reflectivity work. Al- erties of its cation and anion, it is slightly ionic. Therefore,

though there existed a great deal of agreement between mOé;thotron resonance measuremeitE 535 where o<

of these early results, they tended to overestimate the cort? wall " I ’ d‘" “"O’t o

duction band effective mass with respect to more recent re2ctualy S”;SaSWe € polaron mass and mus €
orrectec?®>®® This correction depends on the ‘Bfich po-

sults listed in Table I. The mass that was measured in most ) ) . !
of these early experiments was the optical masg,, and is laron coupling constanty: , which describes the coupling of

influenced by impurities and electron concentration, thus re€!ectrons and longitudinal optical phonons, and is fairly well

quiring a correction for polaron interactions. The nonparaboknoWn for the conduction band, but is not so well known for

licity of the conduction band also had the effect of producingt"® llght and heavy holes bands due to the anisotropy of

larger effective masseskf 0 contributions were not kept to 1€S€ bands. _ .
a minimum. Table Il lists various results fan,, andm, obtained by a

The results of later work are given in Table | for a numberVariety of experimental methods. Generally, it is difficult to

of different temperatures and experimental techniques. Still€o'rect bulk data from cyclotron resonance and magneto-
man and co-workef8 utilized the Zeeman effect on shallow ©OPtic measurements for effects due to Kyedependence of
donors and obtained a value of,= (0.0665+ 0.0005)m, at low-lying Landau levels, line shape broadening, hole con-
liquid helium temperatures. Fetterman and co-worKezsn- centration, and polaron mass. Looking at Table Il, the data
ployed cyclotron resonance with high purity GaAs. NarrowS€€ms to form two, fairly distinct, groups. Studygr;g bulk
cyclotron resonance absorption was observed ay@87and ~ materials, Vrehefi; Seisyan and co-workef§ Balslev;and
311 um, where the magnetic field used was accurately charSkOIn'Ck and_ co-workef$ 6.‘" obtalned S|m|_lar values for
acterized using NMR techniques and corrections that acThh @nd my, in the [001] direction, but their results vary

counted for the nonparabolicity of the conduction band werdramatically in the[111] direction. The second group of
made resulting in a value ofi,= (0.066 49-0.000 03)n, at measurements incorporates both bulk and quantum well sys-

i . tems. Hess and co-worketsYamanaka and co-workefé
4.2 K. Other work utilizing magnetophonon magnetoresis--. ! !
g magnetop 9 iller and co-worker$® and Shanabrook and co-work&rs

tance, Hall coefficient data, and quantum well transitions al ) e )
yielded similar results. Using cyclotron resonance, Chamber@!l obtained similar results fomy, and my, in the [001]
lain and Stradlin®? found no detectable change in, over  direction. Measurements ofi,, andmy, in the [111] direc-
the temperature raegd K to 115 K.Considering the agree- tion were done on bulk GaAs by Hess and_co—worker_s, and
ment between the bulk of these more refined measurement@) GaAs/AlGag 7As quantum wells of varying well thick-
a value ofm,=0.0665n, will be used in the determination ness py Shanabroqk an_d co-workers. The resu!ts o_f these two
of S at K. experiments are in fair agreement, but their differences
should be discussed. The work done by Hess and co-workers
utilized high field magnetoreflectance of free excitons to
study bulk GaAs. Their data fit well within an adiabatic de-
The problems that researchers faced when measuring theeription of free excitons in a high magnetic fiéftbut the
effective masses of thé&'g valence band edgean,, and resulting band-structure parameters, from which effective
my,, were very similar to the problems that were overcomemasses are calculated, are very sensitive to the band-
in measuringm;, yet there still remains a considerable structure model used. Experimental data derived from quan-
spread in the experimentally obtained values fig, and  tum well experiments are dominated by the new symmetry of
my,. This is due to the fact that thEg band edge is not the quantum well system. The effective masses are primarily
spherical. There exists a considerable anisotropy such thalgefined by the bulk band structut® the absence of strain,

B. Valence hole masses
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TABLE Il. Valence band effective masses and Luttinger parameters for GaAs.

Source moet mit m®® mitt 5L 4L 44 Temp(K) Method
Skolnick et al. (Ref. 60Q 045 057 0.082 0.079 7.21 249 273 50-77 aCR
Vrehen(Ref. 57 045 045 0.082 0.082 7.21 249 2.49 77 MDA
Seisyanet al. (Ref. 58 0.434 0.469 0.0829 0.0817 7.18 2.44 253 77 MOoA
Balslev (Ref. 59 045 099 0.088 0.080 6.79 2.29 2.87T<100 PT
046 1.03 0.083 0.075 7.11 2.47 3.09T=200
Mears and StradlingRef. 73 0.475 * 0.087 * 6.80 235 * 50 cR
Miller et al. (Ref. 63 0.34 * 0.094 * 6.79 192 * 7 QWg
Hesset al. (Ref. 61 0.38 0.95 0.090 0.070 6.85 2.10 2.90 5 HFVR
Yamanakeet al. (Ref. 62 0.34 * 0.12 * 564 135 * 295 PCS
Shanabroolet al. (Ref. 64 0.34 0.75 0.094 0.082 6.80 190 2.73 10 BERS

&Cyclotron resonance, 33Zm and 2.2 mm.

®Interband magneto-optic absorption.

Piezotransmission.

dCyclotron resonance, 155 GHz, high purity epitaxial films.

®Quantum well transitions in square and parabolic GaAgiBb, -As, L,,=21—521 A,
fHigh field magnetoreflectance of excitons.

9Photocurrent spectroscopy, GaAsfAlGa, seAs quantum wells.

PElectronic Raman scattering, GaAs{ABGa, -As gauntum wells|,,=100—400 A.

with strain, band mixing effects must be taken into accpuntwhere

of a specific constituent material, but the effect of mass on

experimental data is dominated by the quantum well struc- o N

ture. Shanabrook and co-workers utilized electronic Raman S= F(kxky+kykz+kzkx)’ (2.2
scattering to measure intersubband quantum well transitions

in GaAs/Aly Gag ;As. The drawback to this kind of investi- 1

gation is that knowledge of the precise dimensions of the t= F(k’%kiki)'

guantum well system is required in order to extract informa-

tion on energy levels and effective mass. Shanabrook angpe eyxnerimental values were obtained by electron spin re-

co-workers characterized the widths of their quantum well§ay ation measurements. The analysis of this data depends, in
by growth characteristics, intersubband transitions of photo-

ted el 4 oh p ) ﬁéatrt, on the Frblich polaron coupling constani, which
excited electrons, and photoreflectance spectroscopy. Singe ¢ depends on a number of previously measured

intersubband transitions of holes were examined, the data @Jantitiesf‘.S The experimental methods of Arondvand
more sensitive to changes in effective mass than the deteMarushchaRZ are similar. but Aronov used a value for the

mination of the interband exciton energies themselves. Alsoz ¢y ich polaron coupling constant af-=0.06. Estimates
this type of measurement is fairly insensitive to changes irbf ar vary to some degree, but trFle r'nos't often cited
the band offset of the quantum wé&flThus, for the determi- valuegg*6°'73'74is az=0.06 Aronov’s result is in fair agree-
nation ofS [Sef[e Egélr;?)], \é)ve W|l” ergploy the effe(EIEIVEI MasS  ment with most of the theoretical calculations, especially the
measurements o anabrook and co-worksee Table I\ results of ZawadzkP using a five levek-p analysis. As a

Measurements on the spin-orbit band mass,, were result, we will use Aronov’s value of=20.9 eV A3 in the
done by Vrehe using interband magnetoabsorption. He yotermination ofs.

obtained a value of 0.15%, at 77 K. Later work by Reine
and co-worker® utilized stress-modulated interband magne-
toreflectivity data. They obtained a value of 0.%dat Iil. DETERMINATION OF S

about 30 K. Likem,, no detectable change in this mass is  \ye now wish to determine the band-structure parameter

anticipated to 0 K. Reine and co-workers results have sincggts that produces the measured observabld g8t H, [see
been widely accepted and cited by a number of autffofs: Eq. (1.6)].

therefore, a value of 0.154, at 0 K will be used for the

determination ofS. S:{—yll,'ylz,'yls,A’,B,CO,Ep}, (3.2
C. Conduction band spin spitting T={m, ,mﬂﬂl,mﬁﬁl,mﬁ?l,mﬁn,mso,7},

Table Il lists experimental and theoretical values of the ] ]
conduction band spin-splitting parameter, defined by the ~Where the elements df were defined previously as
conduction band dispersion relatiGn ool

m.=0.0665, m%'=0.34,
2

Ery (k)=

2 4 _ 1/21,3
(0= g Kot (atspIktE 4(s=90MAC, (2.

mit'=0.75, y=20.9 eV &, (3.2
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TABLE lll. Experimental and calculated nonparabolicity parametersg, y) and momentum matrix element energy for GaAs.

Source —a(@VAY) -p(@eVAY) y(@eVA®) E,(eV) E;(eVv) Temp(K) Method
Balslev (Ref. 59 * * * 22.93 * 205-295 piezotransmission
Aspnes(Ref. 79 * * * 22.53 * 0-295 Hall coefficient data
Lawaetz(Ref. 23 * * * 25.7 * 0 k-p?
Rossler(Ref. 24 1984 1380 19 * * 0 8&8k-p

2132 2493 30 * * 0 1x14k-p
Christensen and CardoriRef. 25 * * 18 26.29 3.55 0 five levek-p

* * 17 * * 0 modified LMTO

Yoo (Ref. 26 1937 * * * * 0 8 X8k-p b
Hermann and WeisbuctRef. 27 * * * 28.9 6 0 five levelk-p
Zawadzkiet al. (Ref. 28 * * 20.7 28.9 5.72 0 five levek-p
Eppengeet al. (Ref. 18 * * * 28.8 * 0 8 x8k-p°©
Marushchaket al. (Ref. 72 * * 22 * * 4.2 electron spin relaxation
Aronov et al. (Ref. 7)) * * 20.9 * * 4.2 electron spin relaxation

aSemiempirical five level.
®Transfer matrix applied to GaAs/&Ba;_,As quantum wells.
“Applied to GaAs/A}, ,<Ga, -sAs quantum wells in the envelope-function approximation.

Mse=0.154, mﬁ?l: 0.094, mﬁ111=0.082. fixed, successive iterations from one solution to the next will

have to be made until a final, stable, point is reached. The

It should be understood that the given electron and holgroblem with this method is that the function space defined
masses are in terms of the bare electron rest mgssand  here is extremely sensitive to this kind of linear approxima-
that the valence band masses are actually negative quantitigiyn. Attempts at linearizing all seven dimensions and solv-
The parameters dfi; that are taken to be constant are, foring by general matrix methods has proven to be divergent,

T=0 K, meaning successive, finer, iterations diverge quadratically,
regardless of the initial point chosen.

E(I's)=1.519 eV, E(I's)=0 eV, (3.3 The problem has been solved by linearizing only one di-

mension at a time. In order to do this, prior knowledge of the

A=E(I'7)=0.341 eV, a=5.65228 A one-dimensional partial derivatives is used to preprogram a

given path through the seven-dimensional parameter space as

A first attempt at solving this problem might consist of solv- discussed below. Figures 1-6 illustrate the dependence of

This would involve selecting two specific directions flor
Koo, andkq1; and solving for the respective eigenvalues
(one direction at a time{\;(S,kgop} and{\;(S,ky17)}. The
elements ofS could then be solved for from the resulting
expressions for the six possible effective masses and the con- 02 — T T
duction band spin splitting of the observable $etThis is | ]
not possible owing to the overwhelming complexity of the me
analytic representations éh;(S,koo1)} and{\;(S,ky17)} as 00 - T
well as the time required to completé possible such a
task.

A second attempt might be to tackle the problem as a
whole with a multiparameter search method such as utilizing
a seven-dimensional closed simplex in an eight-dimensional
Euclidean space. The problem with this and other similar
methods is that a simple closed form function does not exist
in this application. Herel+ must be diagonalized and evalu-
ated numerically for a number of values lof and then cur-
vefit to obtain any member of the observable Bet

Examine Figs. 1-6. These were generated by successive
numerical solutions for the eigenvalues ldf. With this
information, the problem could be simplified by obtaining a y!
linear approximation of these curves about a trial seven-
dimensional solution point and solving for the elements of F|G. 1. Effective mass in thg001] direction as a function of
S by general matrix methods. Since these curves are sensj! . The values of the matrix elements used in the calculation of the
tive to changes in parameters that are assumed to be heddrves are given in the first row of Table IV.

effective masses, but it does have a sizable influence on the
third- and fourth-order nonparabolicity parameters as will be

mjp
Mgo

m,
0.2 th

-0.4

Effective Mass

-0.8
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FIG. 2. Effective mass in thg001] direction as a function of FIG. 4. Effective mass in thg001] direction as a function of
¥, . The values of the matrix elements used in the calculation of thdE p. The values of the matrix elements used in the calculation of the
curves are given in the first row of Table IV. curves are given in the first row of Table IV.
i i i i - i 111 _ |l —95 Jy—-1
discussed in the next section. Figures 1-8 were made with mhmh)—(?’1+273) _ (3.4b

the final data given in Table IV foA’ =0. The data for the
original versions of Figs. 1-8 used in the determination of o ]
S were derived from an initial gues® seven-dimensional Within the 8X8 Hamiltonian discussed herdyr, the above

initial point, S.) and showed the same trends and depende,{_elation formhh in both directions still holds. Undgr a unitary
cies as the final figures. transformation, the heavy hole valence band will completely
Both S and T have seven elements, but it turns out thatdecouple from the 88 Hamiltonian matrix in both the

this system is still underdefined. There are four valence banf001] and the[111] directions. Formy,, which remains
hole masses, two in thg001] direction, and two in the coupled to thd'g andI'; states, Eqs(3.4) are not exact, but

[111] direction. Within the 4<4 Luttinger Hamiltonian, &re Still a good approximation. What this means is that a
these four valence band effective massesﬂ%h) and diven set of parameters, will produce specific values for

111 . g the four valence band effective masses, but noSsekists
m , are completely defined by the three Luttinger pa- ; ’ .
hhdlh) > =, pietely y 987 P&hat can manipulate the value of one of these effective

| |
rameters,y;, vz, andys, masses without affecting the other masses as defined by Eq.
001 Lo (3.4). Another way to look at this is to define the three Lut-
Maniny = (Y17 272) 7, (3.48  tinger parameters by rewriting E¢B.4) as
05 ' ' ' ! ' ' ' 0.2 LA L DL IR L S BN
00 [ m 0.1 _\
mjp
E 1 Mso [ Mg
0.0 -
é 05 . 2
» =
&= 2 o1 F = mp
g 2
5 10 - % mgy
0.2 |- -
‘15 F y oh
03 F -
Mhh
2.0 t L : 1 L L ! P T T S T R SR T
1.0 15 2.0 25 3.0 U e 5 a0 5 o s 10
v} A
FIG. 3. Effective mass in thg1l11] direction as a function of FIG. 5. Effective mass in thg001] direction as a function of

¥4 . The values of the matrix elements used in the calculation of thed’. The values of the matrix elements used in the calculation of the
curves are given in the first row of Table IV. curves are given in the first row of Table IV.
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FIG. 6. Effective mass in thg001] direction as a function of FIG. 8. Nonparabolicity parameters as a functionQy. The
Co. The values of the matrix elements used in the calculation of thé’ame.S of 'Fhe matrix elements used in the calculation of the curves
curves are given in the first row of Table IV. are given in the first row of Table IV.

respect to the parameters® One parameter i$ will have
[ :E i+ i (3.5 to be fixed at a constant value during the search process.
Y172 | Pl ool ' The search process involved in the determinationSof
depended on the linearization @£ vs »,. From an initial

11 (3.5b point Sy, two m® vs 4} points were determined from
Y27 2| 0L oot ' Y1 = Y10+ N2 and y; = ¥} )~ h/2, whereh is some ini-
tial iteration step. Two setS* and S™, were constructed
11 N 1) 1 (350 from y; andy; as follows.
Y374 | mi0L T 001 T pmI- ' (1) Data fory;'~, mPt, and mit were used to obtain

| | + _ .
Therefore, within the 44 Luttinger model, only three ef- yi,a,ng:d?’ ;ﬁi,ea"h ofS™ andS. They will be denoted as
3 .

fective masses are required to completely define the thre? 2) Di ion data f £ d c

Luttinger parameters. Equatioi(i3.58—(3.50 are not exact ( )_ ISpersion cata +o/|r_nc Vf,_" an mS,O_V.S o Were
; : ; linearized about, for y v and y in order to

when applied to the case defined Hy, but the approxima- Y b Lo T2 3 .

tion is strong enough to reduce by one the number of degred¥tainE, " andCqy* . This procedure completed™ and

of freedom of the observable s&t Thus, to a large extent, S for the first iteration.

the seven members of will actually behave as six with (3 To complete the first iteration, a pair of points for
My, Vs y; was obtained byl andS™ ~. From these points,
a different value fory} was calculated from the known value
B for mio™,
(4) A procedure analogous to lines 1-3 was used to cal-
culate a new central poirg,. Dispersion for this new central

point was calculated and used to generate a first iteration

500 . . . ; . ,

§ 500 ] approximation of the observable SetThis iteration process

E . . L b

g was then continued until the approximationTofell within a

‘i; predetermined tolerance.

2 o0 T The primary line of iterationm®* vs 7}, was chosen

‘§ based on two criteria, linear approximation and the magni-

g 1500 | . tude of its slope abous,. Examination of Fig. 1 shows that

2 md%t vs »! is approximately linear abou,=7.0 and has a
000 [ H o slope large enough to have a fairly predictable influence over

the search process. Also, all of the valence band masses are
influence byy'l with the same sign of their partial deriva-
B T s s tives. This adds to the predictability of the search process.
We have choseA\’ to be fixed at one of two values, 0
and—14.70 eV A2, Table IV shows the final results of both
FIG. 7. Nonparabolicity parameters as a functionBf The  values. An estimate ok’ was determined from Bahde?s
values of the matrix elements used in the calculation of the curve@nalytic dispersion relation for the conduction band which
are given in the first row of Table IV. considersC, to be zero.
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TABLE IV. Final optimized values of the Kane>88 band-structure parameteis=0 K. Both sets of
parameters will produce.

A E, Co B
(eV A?) % 7o 75 ev) eV A) (ev A?
0.0 6.672 1.866 2.669 22.827 0.1257 41.90
—-14.70 6.669 1.864 2.668 29.112 0.1564 39.11
m om E +2A given in Table IV and in Eqgs(3.99—(3.9f) provide a de-
01+ 20 A'+E, 93~ (3.6) tailed description of the band-structure parameters for the
me h Eg(Egt+4) eight-bandk-p model discussed here. The original model

Now, Hermann and Weisbuthhave defined the conduction Was defined by seven independent parameters. The param-

electron’s effective mass in terms of the band parameters ditrization has now been reduced to oAé, With the param-
a five levelk-p model. Their result is given by eter values given in Eq3.9 and Table 1V, the model now

reproduces some of the best physical measurements made on

Mo Ep( 2 1 effective mass and conduction band spin splitting.
— =1+ =+
m. 3 |E; EgtA
Epr 2 IV. DISCUSSION
3 \ETYH- Eq - E(I'9) - E,q +C. 37 A. Kane nonparabolicity parameters

One of the most interesting results of this study is the
dependence ofr and B8 on matrix elemenB. Recall Egs.
2m, Ep 2 (2.1) and(2.2), in order to determine and g, a fourth order,
?A'E— T( ETS—E + E(TS)—E )+C. in k, curve fit of the energy dispersion in two different di-

8 g 7 g :
(3.9 rections must be performed. Thenand3 can be solved for

by way of Egs.(2.1) and (2.2). Table V lists the results of
Zawadzkf® definedE, =5.72 eV (see Table I}, and Her-  this calculation for four different high symmetry directions
mann and Weisbuch defindgi= —2 (in terms of 2ny/4?).  of the zinc-blende structure. The data corresponding to
This gives an estimate &&'=—14.70 eV 2. Thisis only B=0 gives consistent results far and B for all possible
an estimate, meaning that the sign and order of magnitudeombinations of the four directions examined. The data for
are probably the most one could hope to glean from thiB=0 produces inconsistent results farand 8. Only the
value, but it does illustrate the dependence of the other bangiata from the two main cubic axeg)01] and[111] pro-
parameters to changes AT (see Table IV). This is not to  duces a result that is consistent with Fig. 7, which illustrates
say that the other elements $depend explicitly, or analyti- how « and vary with matrix elemenB. A maximum mag-
cally, onA’, but changingA’ to a different constant value nitude value for8 occurs atB=0 and the curve shows a
will force the other elements 0B to change in order to parabolic symmetry foB+0. Therefore, we conclude that
produce the same observable $eby H- . the fourth-order term of Eq2.1) neglects the lack of inver-

The elements o8 can now be calculated as a set of para-sion symmetry of the zinc-blende structure as well as the
metric relations inA’. This was done by simply determining k-dependent spin-orbit interaction which, in reality, has a
a setS for each of ten different arbitrary values &f and

Solving forA’ gives

then curve fitting the results for each elemengoThe result TABLE V. Fourth-order nonparabolicity —parameter,
is given below and assumés in units of eV A?, (a+sB)k?, dependence on matrix elemet(A’ =0).
¥;=6.6723+ 1.9027< 10 “A’, (3.98  Directions B (eV A?) a (eV A% B (eV A%
vo=1.8655+9.4762< 107 °A’, (3.9b
[001][011] 0 —1919.74 —1211.56
7I3=2.6695+— 9.4762< 107 °A’, (3.90 [001][11]] 0 —1919.74 —1211.55
[001][130] 0 —1919.74 —1211.56
E,=22.827-0.42760\’, (3.99  [011[11]] 0 —1919.73 —1211.52
[011][130] 0 —-1919.74 —1211.56
Cy=0.12568-2.0881x 10 °A’, (3.99  [111][130] 0 —1919.74 —1211.54
B=41.90+0.18978\" . (3.99 [001][01]] 36 —-1919.74 +74889.20
[001][111] 36 -1919.74 —410.58
The three parametek,, B, andC, are the most sensitive to  [001][130] 36 —1919.74 +93714.19
changes iPA’ (see Appendix B and Table )VThe effective  [o11[111] 36 +73380.06 —226309.92
hole mass in th€011] direction has also been calculated and[o11)[120] 36 +6446.94 +41422.56
appears to be independent of the choice madeAforThe  [111)7110] 36 +27041.75 —87294.98

masses aren'i'=0.593n, and m{:'=0.0841m,. The data
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TABLE VI. Final optimized values of the Kane nonparabolicity The third-order paramete, is best calculated by deter-
parametersy, B, y and their dependence @& andB, T=0 K. mining the spin splitting of the conduction band and fitting to
Eqg. (2.1). This calculation produces consistent valuesyof
A’ B @ Y (B#0) for all directions of high symmetry. IB is set to
evA? (evA?)  (evAh)  (evAYH)  (evAY) zero, theny will be zero. By examination of Fig. 8, It should
be apparent that the matrix elemey, which accounts for

0.0 0.0 —1919.86 —1211.56 0.0 . . . . .
00 41.90 101986 —126.38 20.90 the k-dependent spin-orbit coupling interaction, has a mea-
_14'70 39'11 _1827'17 _599'01 20'90 surable effect ony. Analytic expressions offered by other
' ' ' ' ' worker€®312 neglect this effect and produce varying re-
sults.

strong influence on the nonparabolicity of the conduction
band(see Fig. 8 The results shown in Table VI are from
calculations using the optimized band-structure parameters
of Eg. (3.9). The first row of Table VI used the same data as  The valence band parameters are defined by Dresselhaus
the second row, excef@ was set to equal zero. The results 558

in Table VI should be compared to the previous work done

on determininge and B given in Table IIl. The data corre- CAL2 DA N2 202 0 L2021 L2125 11/2
sponding toA’,B=0 seems to agree with the work done by EF8(k)_Ak FIBTHCo (kg Tyl FiGlo) I
Rossler?* The magnitude ofr and 8 given here are smaller
than those proposed by Bsler since thé-dependent spin-
orbit interaction was not taken into accousee Fig. 8 nor
was B explicitly taken into account. Table VI suggests a
smaller value forg8 than shown previously, sind®@ cannot
be zero(in order to account for conduction band spin-
splitting data) A=-6.672, B=-3.731, C?=43.75.

TABLE VII. Valence band parameters for GaAs.

B. Valence band parameters

4.1

Table VI lists a number of values by different authors. As a
result of the work done here, we propose the following va-
lence band parameters fo=0 K:

Source -A -B c? Temp(K) Method
This work 6.67 3.73 43.75 0 A'=0
6.67 3.73 43.72 0 A'=-14.70
Skolnick et al. (Ref. 60 6.98 4.4 38.4 50-77 CR
Vrehen(Ref. 57 7.2 5 0 77 MOA
Seisyaret al. (Ref. 58 7.183 4.88 12.82 77 MOR
Balslev (Ref. 59 6.77 4.55 37.45 T=<100 PT
7.13 4.98 39.56 T=200
Cardona(Ref. 79 55 4.5 -1 0 five levelk-p?
Pollak et al. (Ref. 80 7.39 4.93 25.7 0 five levek-p
Bowers and MahaiRef. 29 5.80 2.43 27.7 0 1815k-p°¢
Lawaetz(Ref. 23 7.65 4.82 59.40 0 five Ievetd-pf
Miller et al. (Ref. 63 6.79 3.84 * 77 Qw?t
Hesset al. (Ref. 6 6.85 4.20 48.0 5 HFMR
Yamanakeet al. (Ref. 62 5.64 2.70 * 295 PCS
Shanabroolet al. (Ref. 69 6.8 3.8 46.1 10 ERS
Eppengeet al. (Ref. 18 7.06 4.43 49.5 295 88k-pX
Mears and StradlingRef. 73 6.80 4.69 * 50 CR

&Cyclotron resonance, 33Zm and 2.2 mm.

bInterband magneto-optic absorption.

Piezotransmission.

4T 4 symmetry wave functions approximated by antisymmetric perturbing potential applied to diamond struc-
ture.

®Matrix elements evaluated by zinc-blende pseudopotential.

fSemiempirical model, considers the dependence of matrix elements on lattice constant, ionicity, and
d-electron shells.

9Quantum well transitions, square and parabolic GaAgiBh, As, L,,=51-521 A

"High field magnetoreflectance of excitons.

'Photocurrent spectroscopy of GaAs§AlGag seAs quantum wells.

iElectronic Raman scattering, GaAsfAGa, -As quantum wells|,,= 100—400 A.

Kapplied to GaAs/Ab »:Gag 7sAs quantum wells.

'Cyclotron resonance, 155 GHz, high purity epitaxial films.
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This result is virtually independent of the choice made for o

A’. There should be no confusion between matrix element ug,= \/_[|x>+||y)]xi+| \[|Z>XT, (Alc)
B and valence band paramet®r The above valence band

parameters were calculated from the Luttinger parameters _

given in Table IV (also see Appendix €It should be no rg _ ! .

surprise that the parameters given above are very close to U_12= E“XHWW]XT* (Ald)
those of Shanabrook and co-workérsand Miller and

co-workers® since it was their values for effective hole i

masses that were used in the optimization, but take note that u{/szz —[|X>—i|Y>]XL, (Ale)
there is some difference. V2

C. Momentum matrix element energyE

Table Il lists some of the previous work done in the 3\2 \/—[|X>_||Y>]X¢+| \[|Z>X¢, (ALf)
determination oE,. A comparison with the values obtained
here in Table IV shows thdt, varies between 22.827 eV for

=0 and 29.112 eV foA'=—14.70. This range encom- u
passes all but one of the previously obtained values in Table -2
lIl. Zawadzk?® used a five-levek-p to obtain y=20.7 eV
A% and E,=28.9 eV, both of which are close to the values o = i
obtained here foA’=—14.70. The work done which ig- u o= =[x +ily)lx,— —=l2x; . (Alh)
noresA’ or its equivalent produces values Bf around 22 3 3
to 23 eV, while the work that tooR’ or its equivalent into
account obtained values &, that are 25 eV or greater. APPENDIX B: DEFINITION

OF THE KANE MATRIX ELEMENTS

r; _

—i i
= ﬁ[|X>—i|y>]xT+ ﬁlzm, (Alg)

V. SUMMARY The Kane matrix elements that make up HE#.3) are
defined as follows:
We have fit the matrix elements of an eight-baag

model for the zinc-blende structure of GaAs to experimental E |(s|pyInT'sj)I? B1
data on effective masses and conduction band spin splitting. mo < E.—Enr. ' (Bla
This model is now parametrized by only one matrix element, e
A’, and reproduces reliably measured values for effective (s|pnT'sj }{NTsj| pyl2)
masses and the conduction band spin splitting of GaAs. Fu- B=2 22 (E.FE,)/2—E , (B1b)
ture work will involve the definition of the final matrix ele- Mo n] v nls
ment by further analysis of reliable experimental data. The B
data already available for the nonparabolicity parameters, M=Hj+H,, (B1o)
and B, are too model dependent and varied to determine A
A’. It was found that the fourth-order conduction band dis- L'=F"+2G, (B1d)
persion terms are greatly influenced by matrix elemdhts N'=F'—G+H.—H B1
andC,. The effective masses also showed a strong sensitiv- GHHi—H,, (Bl®
ity to Cy. This model is well suited for the theoretical ex- 4
amination of semiconductor heterostructures. Po=—i m—<s| PxlX), (B1f)
o
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APPENDIX A: T4 SYMMETRY BASIS FUNCTIONS H,= E — ) (B1i)
2mg%  E, Enr,
The classA states as basis functions for thEg,I";,I"g}
irregiucible representations of tfig double group are given E [(X] Py T 4j )2 81
by3 S 0y Ev_ En,F4 ( J)

The above sums involvingnl'j) terms run over the single
1/2 =[s)x, (Ala) group clasB states of the indicated irreducible representa-

tion. The notation used for the irreducible representations is

that of Koster-Dimmock-Wheeler-Stat? see Bahdef and
1/2 =[s)x1, (A1b)  Bir and Piku4® for more information.
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APPENDIX C: LUTTINGER PARAMETERS AND | 1 Ep
VALENCE BAND PARAMETERS V3= Y3t 550> (C30
2 3E,+A

The standard Luttinger parameters are defined from thsvhere
Dresselhau® k-p matrix elements, I(, M, N) as follows:

PZ
2m0 =F'+ —0 - -
h=-gpz(L+2M)-1, (C1a F=Fteg BB 3 €4
L=F+2G,
[ Mo
YZZ_W(L_M)’ (Clb)
N:F_G+H1_H2
| Mo The Dresselhaid&® valence band parameters are defined as
73=~ 372N (€19 follows.
The modified Luttinger parameters are defined from the 1 2
Kane>""k-p matrix elements, (', M, N') as follows: A=z(L+2M)+ 2my’ (C53
_ 20wy -1 c2 1
M= gz (L 2M) =1, (C2a B=Z(L—M), (C5b
2 =—E(L’—M) (C2b 1
27 3p? ’ c2=§[N2—(L— M)?2]. (C50
__ EN’ (C20 The standard Luttinger parameters are related to the valence
LEIE YA band parameters by
The difference between these two developments is that Kane l—_A (A<O c6
used a{|s), |x), |y), |z)} manifold for his classA states, N ( ) (C6a
while Dresselhaus used{), |y), |z)} manifold. The two 1
are related by Yy=— 5B (B<0), (Céb
R (C33 1
1 ’
3Eg A (v5)=75(C?+38), (C69)
I _ 1 5
2= 72 3 3E TR (C30 C2=12(y5)*~ (75)?]. (C6d)
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