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The existence of a pseudosymmetry in a crystal structure is indicative of a slightly distorted structure of
higher symmetry. If the distortion is small enough, it can be expected that the crystal acquires this more
symmetric configuration at a higher temperature after a phase transition. The aim of the present study is the
development of a general procedure for the systematic search of pseudosymmetric structures in the available
structural databases. The first step is the determination of all relevant supergroups of the space group associated
to the known structure. This problem is reduced to the generation of minimal supergroups of space groups
using the existing data on their maximal subgroups and normalizers. The determined pseudosymmetry ele-
ments are then applied to the crystal structure and a quantitative comparison of the transformed structure and
the original one is performed. Pseudosymmetry is detected when the difference is under a certain threshold. As
an example we present the results obtained for inorganic structures with space groupP212121 retrieved from
the Inorganic Crystal-Structure Database. A significant number of compounds with known phase transitions at
high temperatures have been clearly detected as pseudosymmetric with differences between the transformed
and the original structures lower than 1.0 Å. About 20 additional structures were detected with pseudosym-
metric features under the same threshold. These compounds are considered as having a high probability of
exhibiting a phase transition at higher temperatures.@S0163-1829~96!07242-6#

I. INTRODUCTION

A method for searching new ferroelectrics based on struc-
tural data has been proposed in the last decade and applied
with great success.1,2 Polar structures having atomic dis-
placements smaller than 1 Å with respect to a hypothetical
nonpolar configuration, were considered as materials with a
high probability of having a phase transition into this con-
figuration at a higher temperature. Using the structural data
available in the Inorganic Crystal Structure Database
~ICSD!,3 substances satisfying this condition were sorted out.
The method has demonstrated to be very efficient: more than
50 new ferroelectric crystals were predicted and the success
rate was very high. Furthermore, an empirical general
relation4 was used to estimate the transition temperature
from the observed maximum atomic displacement.

The concepts involved in this search of high-temperature
ferroelectric phase transitions are especially simple. In fact,
one has only to look for pyroelectric materials where the
particular smallness of the atomic displacements producing
the spontaneous polarization suggests the possibility of po-
larization switching, essential for a ferroelectric, and indi-
cates the possible existence of a phase transition at higher
temperatures, where these displacements disappear. This ba-
sic argument can be expressed in a more general form, and
applied to any kind of Landau-type structural phase
transition.5 Basically, in order to find materials with a struc-
tural phase transition at higher temperatures, one must look
for substances having some pseudosymmetry, i.e., structures
that can be interpreted as slight distortions of configurations
of higher symmetry. If the distortion is small enough, it is

probable that the system acquires this more symmetric con-
figuration at higher temperatures through a Landau-type
structural phase transition.6

The detection of pseudosymmetry in a crystalline struc-
ture is the aim of several computer programs reported in the
literature.7 These programs were essentially developed for
detecting false symmetry assignments in structural investiga-
tions and therefore, consider pseudosymmetry in a more re-
strictive sense than in the present work. Their main aim is to
detect atomic deviations from the perfect symmetric posi-
tion, which indicate that some symmetry has been over-
looked in the determination of the structure. This implies
atomic deviations somehow smaller than the ones we are
interested in. In the search for pseudosymmetry these pro-
grams use more or less brute force methods, in the sense that,
within a given crystal system, the location of the pseudosym-
metry operations with respect to the operations of the real
space-group symmetry have in general no aprioristic con-
straint. The pseudoaxes, planes, etc. are introduced at a lo-
cation which is systematically varied until eventually a suc-
cess is achieved. The group internal consistency of the
checked operations is not guaranteeda priori. In the present
work we are thinking of pseudosymmetry as a more loose
concept with atomic deviations from the perfect symmetric
position of the order of 1 Å or larger, and the search is to be
applied not to a single structure, but to all structures of some
symmetry in a database. This requires the development of
more efficient and controlled search tools. In this respect, we
present here a general procedure for the detection of pseudo-
symmetric structures based on the previous determination of
the minimal supergroups of the structure space group. As a
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first application, we report the results obtained for the struc-
tures available at the ICSD database withP212121 symmetry.

II. FERROELECTRIC CASE

The search of potential ferroelectrics is especially
simple.1,2 In a ferroelectric transition, at least an inversion
center, a mirror plane, or a binary axis, is lost. Hence, ifH is
the polar space group of the investigated structure, a minimal
supergroupG in the chain connectingH with the symmetry
of the paraelectric phase can always be expressed by means
of the following coset decomposition:

G5H1~gi ut i !H, ~1!

with the rotational part of the coset representativegi being 1̄,
m or 2 ~i.e., the inversion, a mirror plane or a twofold rota-
tion!. The orientation of the mirror planem or the binary
rotation 2 is in general restricted by the structure of the space
groupH, but the translational partst i of the coset represen-
tatives may have any value within some loose limits imposed
by the groupG. In other words, any location for the lost
inversion center, mirror plane or binary axis is possible, with
respect to the origin chosen for the description of the group
H. This is related to the well-known fact that in a polar
structure, the cell origin is chosen arbitrarily at least in one
direction, while in a nonpolar group asG, there are always
special symmetry points that are chosen as conventional ori-
gins. Abrahams and co-workers1,2 limited their search to
pseudosymmetries described by a lost inversion center or a
mirror plane. The search was done by relating the atoms in
the structure through the chosen lost operation, and calculat-
ing the atomic displacements from a perfect symmetry rela-
tion. The maximum atomic deviationDz along the polar axis
from the full symmetric position was taken as a quantitative
parameter measuring the degree of pseudosymmetry.8 A
crystal was predicted to be ferroelectric, and therefore, ex-
pected to transform to a paralectric phase at higher tempera-
tures, if Dz was less than 1 Å and greater than 0.1 Å. An
estimation of the transition temperature was obtained from
the expression4

Tc5C~Dz!2 ~2!

with C'2.03104 K/Å2. Structures withDz less than 0.1 Å
were considered doubtful, with a high probability of having a
wrong symmetry assignment.

One should note that, once detected in the structure a
pseudomirror plane or a pseudoinversion center, in general,
the correspondingG given by Eq.~1! is not necessarily the
space group of the hypothetical paralectric phase. This latter
could be a supergroup ofG as, for instance, in the case of an
antiferrodistortive transition, where the lattice also changes.
Abrahams and co-workers1,2 did not try to identify the actual
paraelectric space group, the pseudosymmetry with respect
to the minimal supergroupG being enough for postulating
the existence of a nonpolar similar structure of higher sym-
metry.

III. THE SUPERGROUP PROBLEM

In a general case, we are interested in pseudosymmetries
associated with a supergroup~space group! G of the space

groupH of the structure, that should correspond to the sym-
metry of the nondistorted phase at higher temperatures. Any
supergroup-group relationG.H can be decomposed into a
chain of intermediate minimal supergroups
G.H1.H2.•••.Hm.H.9 Hence, if pseudosymmetry ex-
ists for the physically relevant supergroupG it will also be
present for all intermediate minimal supergroupsHi along
the chainG.H. Therefore the detection of any pseudosym-
metry can be reduced to a stepwise search of pseudosymme-
try for the minimal supergroups along one chain of minimal
supergroups. Hence, a first step of the general pseudosym-
metry search is the determination of the minimal super-
groups of the structure space group.

There are few papers in the literature treating the super-
groups of space groups in some detail.10,11 In fact, the exist-
ing listings of minimal supergroups of space groups are not
complete in the sense that they contain only the types of
supergroups~Ref. 12 andInternational Tables for Crystal-
lography, Vol. A,13 in the following referred to as IT A!. The
entries in IT A under the headingMinimal nonisomorphic
supergroupsprovide a list of those space groupsG which
containH as a maximal nonisomorphic subgroup. Why such
data is not sufficient for our search is clear from the ferro-
electric example discussed in the previous section: due to the
arbitrariness of the origin choice in a polar structure there
are, for instance, infinitely many centrosymmetrical minimal
supergroups of a polar group, although there is one single
maximal polar subgroup of a particular centrosymmetrical
group. As another example, we can consider the group-
subgroup chainP41212.P212121 . There is one maximal
subgroupP212121 of the groupP41212 and the relation be-
tween the two groups can be expressed by the coset decom-
position of the group with respect to the subgroup:

P412125P2121211~4z
1, 14

3
4

1
4 !P212121 . ~3!

However, the search for the minimal supergroups of
P212121, of typeP41212, shows~see Table I! that there are
five additional ones:

P41212
~2!5P2121211~4z

1, 34
1
4

1
4 !P212121 ,

P41212
~3!5P2121211~4y

1, 34
1
4

1
4 !P212121 ,

P41212
~4!5P2121211~4y

1, 14
1
4

3
4 !P212121 , ~4!

P41212
~5!5P2121211~4x

1, 14
1
4

3
4 !P212121 ,

P41212
~6!5P2121211~4x

1, 14
3
4

1
4 !P212121 .

As space groups, all of them are isomorphic toP41212,
but as supergroups ofP212121, they can be mathematically
distinguished due to the different location and/or orientation
of the additional symmetry operations with respect to the
conventional origin and setting ofP212121. Due to the iso-
morphism of the groups of the list given by Eqs.~4! it is
clear, that one can transform any of them to the conventional
setting and origin ofP41212, Eq. ~3!, and choose the trans-
formations so that the conventional description ofP212121 is
not changed. From another viewpoint, one can say that Eqs.
~4! list all the different expressions that the supergroup given
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in Eq. ~3! can acquire, depending on the setting and origin
choice, when this is conventional forP212121 but not for its
supergroup. In general, one must assume that the investi-
gated structures have been described in the literature without
being aware of their eventual pseudosymmetry, it is then
expected that the setting and origin used will be in most
cases not conventional for the supergroup, and therefore all
the possible cases, as listed in Eqs.~4!, should be considered
and tested.

In practical terms, the existence of the set of supergroups,
Eqs. ~4!, implies that the search of pseudosymmetry de-
scribed by the space groupP41212 in a structure ofP212121
symmetry can be reduced to the search of a pseudoquater-
nary helicoidal axis 41 along z passing through either the
point ~3/4,1/2,0! or ~1/4,1/2,0! ~with respect to the standard
origin used for theP212121 description!, and equivalent
searches of analogous operations along thex andy axes.

For the cases relevant to our study, if the space groupH is
nonpolar the number of minimal supergroups is discrete; fi-
nite in the cases of minimaltranslationengleicheand noni-
somorphic klassengleichesupergroups. Although one can
consider minimal isomorphic supergroups of any prime or-
der, only those of small order corresponding to simple lattice
changes in the structure are physically relevant and are to be
considered. In this sense, once the minimal supergroups have
been determined, the search of pseudosymmetry in nonpolar
structures can be even simpler than in polar ones. The search
is limited to a few supergroups, while in polar structures, a
continuous set of possible supergroups exist and a minimi-
zation process is required~see Ref. 8!.

The determination of all minimal supergroups of a given
space group can be done by somehow inverting the data
available on the maximal subgroups of space groups. As al-
ready mentioned above, this data is only partly published in
IT A, but a full listing is the subject of a forthcoming volume
of International Tables for Crystallography, Vol. A1~Ref.
14! ~henceforth referred to as IT A1!. Using this full listing,
a systematic inversion process to derive the minimal super-
groups is possible. In the following, we outline the basic
arguments necessary for this.

Consider the group-subgroup chain of space groups
G.H, whereG is a minimal supergroup ofH. It is possible

to decomposeG into cosets with respect toH:

G5H1q2H1q3H1•••1qnH. ~5!

The number of theH cosets equals the index ofH in G, and
qj , j51,...,n, are the chosen coset representatives, withq1
being the identity,q151.

We are interested in all supergroupsGi of H, which are
isomorphic toG, Gi>G, i.e., belong to the same affine
space-group type:

Gi5ai
21Gai . ~6!

Here,ai is an affine transformation~for details, see Ref. 13!.
The combination of Eqs.~5! and~6! results in the following
coset decomposition ofGi :

Gi5ai
21Hai1ai

21q2Hai1ai
21q3Hai1•••1ai

21qnHai

5Hi1q2
i Hi1q3

i Hi1•••1qn
i Hi . ~7!

The notation used in Eq.~7! is obvious: the groupHi belongs
to the same affine space group type asH, andq k

i 5a i
21qkai

are the coset representatives ofGi with respect toHi .
On the other hand, asGi should be supergroups ofH,

then they can be also decomposed with respect toH:

Gi5H1qi ,2H1qi ,3H1•••1qi ,nH. ~8!

Here againqi ,1 is chosen as the identity.
The comparison of Eqs.~7! and~8! shows that the super-

groupsGi of H can classified into the following two sets:
~i! SupergroupsGi for which the affine transformationai

belongs to the affine normalizer ofH, aiPN(H). In this case
the image ofH under the mappingai , coincides with the
groupH, Hi5H, andqi ,k5q k

i ~5a i
21qkai!. The procedure

for the determination of suchGi is discussed in detail in the
literature; see, e.g., Ref. 10, where four different cases are
distinguished depending on the group-subgroup relations be-
tween the normalizers ofH andG. The intersection of the
normalizersN5N(H)ùN(G) plays a key role as the num-
ber of supergroupsGi equals the index ofN in N(H).

~ii ! A more detailed examination of Eqs.~7! and ~8!
shows that there could exist an affine transformationak , not
belonging to the normalizerN(H), ak¹N(H), such that the

TABLE I. Minimal translationengleiche supergroupsGi of P212121. Each supergroup is specified by the
coset representatives of its decomposition with respect toP212121.

Index,
Super-
groupsG

Number of
G i5G

Coset representatives ofGiwith respect to
P212121 ~different from identity!

G1 G2 G3 G4 G5 G6

@2# Pbca
~No. 61!

2 ~1̄,000! ~1̄,12
1
2
1
2!

@2# Pnma
~No. 62!

6 ~1̄,0012! ~1̄,0120! ~1̄,1200! ~1̄,12
1
20! ~1̄,120

1
2! ~1̄,012

1
2!

@2# P41212
~No. 92!

6 ~4z
1,14

3
4
1
4! ~4z

1,34
1
4
1
4! ~4y

1,34
1
4
1
4! ~4y

1,14
1
4
3
4! ~4x

1,14
1
4
3
4! ~4x

1,14
3
4
1
4!

@2# P43212
~No. 96!

6 ~4z
1,14

3
4
3
4! ~4z

1,34
1
4
3
4! ~4y

1,34
3
4
1
4! ~4y

1,14
3
4
3
4! ~4x

1,34
1
4
3
4! ~4x

1,34
3
4
1
4!

@3# P213
~No. 198!

4 ~31,000! ~31,12
1
20! ~31,012

1
2! ~31,120

1
2!

~32,000! ~32,120
1
2! ~32,120

1
2! ~32,012

1
2!
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supergroupGk5a k
21Gak is still a supergroup ofH. In that

caseHk5a k
21Hak the image ofH under the mappingak , is

only isomorphic toH, Hk>H. The determination of such
supergroupsGk of H does not seem an easy problem as the
only restriction on the choice of the correspondingak fol-
lows from the fact thatak¹N(H). However, it is not the
case: it is easily seen that the affine transformations leading
to the supergroupsGk>G can be retrieved from the sub-
group data ofG. The decomposition ofGk with respect toH,
Eq. ~8!, and the affine equivalence ofGk andG, Eq. ~6!,
leads to the following decomposition ofG:

G5akG
kak

215akHak
211akqk,2Hak

21

1akqk,3Hak
211•••1akqknHak

21

5Hk1akqk,2ak
21Hk1akqk,3ak

21Hk

1•••1akqk,nak
21Hk. ~9!

The groupHk5akHa k
21 is a subgroup ofG, Hk,G.

This result indicates the procedure for the determination of
the supergroupsGk, with ak¹N(H): Each subgroupHk of
G, Hk>H, determinesak which gives rise to a supergroup
Gk5a k

21Gak . Obviously, ifakPN(G), thenGk5G.
Therefore, for a given a group-subgroup chainG.H,

whereH is a maximal subgroup ofG, it is possible to obtain
all ~minimal! supergroupsGi of H, which are isomorphic to
G, using the data on maximal subgroups ofG and the nor-
malizers ofG andH. The above considerations serve as a
basis of a systematic procedure for deriving the minimal su-
pergroups of space groups starting from the data on normal-
izers of space groups~e.g., IT A, Section 15! and the sub-
group data of IT A1. For further details on the procedure the
reader is referred to a forthcoming paper15 where also the
corresponding software will be presented. The results of the
application of the procedure for the case ofP212121 are
given in Tables I and II where the complete set of minimal
translationengleicheand klassengleichesupergroups are
listed. The different supergroups belonging to the same space
group type are specified by sets of coset representatives of
their decompositions with respect toP212121. The minimal
klassengleichesupergroups are restricted to those of index 2
and 3.

IV. THE SEARCH OF PSEUDOSYMMETRY

Once the possible minimal supergroups have been de-
rived, the second step in the pseudosymmetry search is their
checking as eventual pseudosymmetry of the structure. This
can be done in a straightforward way.1,2 If we call S1 the set
of atomic positions corresponding to the observed structure
of symmetryH, the application onS1 of the coset represen-
tatives~gi ut i! of one supergroupG of indexn, generatesn21
additional hypothetical structures:

Si5~gi ut i !S1 ~ i51,...,n!. ~10!

If the structureS1 is really the result of a Landau phase
transition from a phase with space groupG or higher, the
structuresSi should only differ fromS1 by a small structural
distortion. In fact, in the language of Landau formalism, the
atomic configurationsSi would be the physically equivalent
configurations associated to the possible domains in the low-
symmetry phase. Symbolically, if we callS0 the hypothetical
high-symmetry structure, we can writeS15S01U1 , where
U1 represents the small structural distortion relating both
phases. AsS0 should be invariant byG, we have that

Si2S15giU12U1[DUi , ~11!

which is necessarily small, ifU1 is. We will consider a struc-
ture as having pseudosymmetryG, if DUi does not surpass a
given threshold for all coset representativesqi5~gi ut i! in Eq.
~5!. More explicitly, the algorithm derives all the atomic po-
sitions rm in the unit cell of the experimental structure~S1!
from the atomic positions of the asymmetric unit,r n

asym,
given in the database. Then, it calculates the asymmetric unit
of Si , i.e., the transformed atomic positions~gi ut i!r n

asym~mod.
the Bravais lattice!. Among the atomic positions ofS1, those
which can be related through small displacements to the cal-
culated asymmetric unit ofSi are searched and the displace-
mentsDu n

i are calculated:

Dun
i [~gi ut i !r n

asym2r n~ i ! ~n51,...,s!, ~12!

wherer n( i ) represents a particular atomic position in the unit
cell of the structureS1 for an atom of the same species as in
r n
asym. If a ‘‘pairing’’ ~r n

asym,r n( i )! can be achieved for every
coset representative~gi ut i!, such that all the displacements
Du n

i are under the chosen threshold, we can assume that
Si'S1 for all i , and the structureS1 can be considered as
pseudosymmetric for space groupG. In fact, this rather ef-

TABLE II. Minimal klassengleiche supergroupsGi of P212121 of index @2# and@3#. Each supergroup is
specified by the coset representatives of its decomposition with respect toP212121.

Index,
SupergroupsG Number ofG i.G

Coset representatives ofGi with respect
to P212121

~different from identity!

G1 G2 G3

@2# P21212 ~No. 18! 3 ~1,0012! ~1,0120! ~1,1200!
@2# C2221 ~No. 20! 3 ~1,12

1
20! ~1,120

1
2! ~1,012

1
2!

@2# I212121 ~No. 24! 1 ~1,12
1
2
1
2!

@3# P212121 ~No. 19! 3 ~1,1300! ~1,0130! ~1,0013!
~1,2300! ~1,0230! ~1,0023!
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ficient restriction of the pseudosymmetry check to the atoms
of the asymmetric unit is only rigorously justified ifH is a
normal subgroup ofG. In a more general case, a successful
‘‘pairing’’ restricted to the asymmetric unit is a necessary
but not sufficient condition for an equally successful pairing
of the whole unit cell and a further check for all atoms in the
unit cell is to be done.

As a quantitative parameter measuring the deviation from
a perfect symmetry relation, we take the maximum displace-
mentDu, of the set of vectorsuDu n

i u. Du is a generalization
of the parameterDz considered in Refs. 1, 2. For the sim-
plest cases considered thereDu would be approximately
2Dz, if the contribution of the displacements along the other
nonpolar directions are neglected.

If G belongs to a different crystal system, the application
of Eq. ~12! requires further specification. The vectors
~gi ut i!r n

asym and Du n
i are calculated using relative compo-

nents. The value of the vectorDu n
i is only transformed into

absolute units at the end of the calculation. Therefore, the
eventual deviations of the unit-cell metric from the require-
ments of the crystal system ofG are in general neglected.
This means, that structures distorted from a higher symmetry
only through an arbitrary deformation of the unit cell, would
result in null values forDu n

i . We have considered this ap-
proach more direct and simpler: the consistency of the lattice
metrics with the detected pseudosymmetry can be checkeda
posteriori in each compound. Furthermore, proper ferroelas-
tic materials will be easily detectable even for large values of
the spontaneous strain.

It should be noted that those structures having a Landau-
type phase transition, where the main ‘‘distortion’’ relating

both phases is a symmetry-breaking change in the pattern of
atomic occupation probabilities, fall out of our framework.
In general, this type of pseudosymmetric structures cannot be
identified by the simple method explained above.

V. RESULTS FOR P212121 INORGANIC MATERIALS

The ICSD database contains 442 files with space group
P212121. We have not included in our search those ICSD
files for which some atomic positions in the structure are not
given, this is the case, for instance, of a set of files with
undetermined hydrogen positions. Also, files containing at-
oms with an occupation probability different from 1 have not
been considered, with two exceptions~see below!. Under
this restriction, the number of files investigated was 407.
First of all, the sensitivity of the search to the threshold value
for the parameterDu was tested: 24, 58, and 232 cases were,
respectively, detected withDu smaller than 0.5, 1.0, and 1.5
Å, for at least one minimal supergroup. From these results, it
is clear that in order to obtain sensible and manageable re-
sults, the threshold must be maintained at values somehow
smaller than the analogous one considered in polar structures
~2 Å!.1,2

Another significant result for deciding the threshold to be
used is the value ofDu in compounds with a known phase
transition at higher temperatures. The dataset contains struc-
tural data for 19 such compounds. Most of them are listed,
for instance, in the review by Tomaszewski.16 The results for
these structures are summarized in Table III. When several
files exist for the same compound, only the one with mini-
mum Du has been included in the table. The compound

TABLE III. Inorganic compounds of symmetryP212121 with known phase transitions characterized by the transition temperatureTc and
the symmetry groupG0 of the high-temperature phase. The temperaturesT at which theP212121 structures have been determined are
indicated only if they differ from room temperature. The corresponding references are listed in the last column. The pseudosymmetry group
G with the smallestDu ~column 1! for each compound is listed in column 4. The number in parenthesis afterG follows the labeling scheme
in Tables I and II.

DU ~Å! Tc ~K! T ~K! G G0 Ref.

AgErSe2 1.93 1073 Pnma~3! P63mc 39
Ag2Se 1.24 406 Pnma~3! Cubic 40
As2O5 0.41 578 P41212~1! P41212 41
As2PO5 0.45 873 P41212~1! P41212 42
AsSbO5 0.84 1033 P41212~1! P41212 42
BiCu3S3 1.69 391 Pnma~1! Pnma 17
CsOD 0.09 230 23 Pnma~4! Cmcm 43

0.17 77 Pnma~4! Cmcm 43
GeF2 0.55 335 P43212~2! Tetra. 45
K2Cd2~SO4!3 0.91 432 P213~1! P213 46
K2Mn~SO4!3 0.98 201 183 P213~1! P213 47
K4Zn~MoO4!2 0.47 638 Pnma~1! Hex. 48
NH4BeF3 0.87 347 Pnma~1! Pnma 49
NH4H2AsO4 1.31 216 157 I212121~3! I 4̄2d 50
NH4H2PO4 1.47 148 143 I212121~3! I 4̄2d 51
Rb2S5 1.60 .300 Pnma~5! ? 19
Tl2S5 2.04 ? Pnma~5! Pnca 20
SiO2 1.03 453 Pnma~2! ? 53
SnF2 1.21 339 P41212~2! P41212 52
Y2WO6 1.77 1870 Pnma~5! P4̄21m 18
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K4Zn~MoO4!2 has been included in the list for completeness,
because although it has atomic occupation probabilities dif-
ferent from 1, the phase transition does not change them.

All the materials in Table III haveDu smaller than 2.0 Å.
However, the compounds in Table III with theDu larger
than 1.5 Å are either irrelevant for our purposes or have a
badly characterized transition. For instance, in AgErSe2 the
known phase transition~P212121-P63mc!,16 has no group-
subgroup relation and therefore, is not of Landau type. For
BiCu3S3, the reported phase transition is probably of the re-
constructive type, or alternatively order-disorder:Du is quite
large ~1.69 Å! for the space group Pnma, but similar values
are obtained for other space groups likeC2221 . In fact, the
Pnma group with minimumDu is detected for a setting that
is not the one reported for the high-temperature phase.16 For
this latter theDu is even larger. Moreover, a detailed look at
the observed structure of the compound indicates that the
atomic displacements necessary for obtaining the Pnma sym-
metry in any of the two settings would distort the chemical
bonding in an unacceptable way. The reported high-
symmetry group could be then only reasonably obtained if
some atoms were split into half occupied positions or if the
structure acquired a rather different configuration, and this
leaves this compound out of our framework. In the case
Y2WO6, although there is a group-subgroup relation between
the space groups reported for the two phases, the material is
polymorphic with large ranges of metaestability,18 so the
transition is probably of reconstructive type; it is then not
strange that the first minimal supergroup to be flagged~with
a high Du! is not a subgroup of the reported high-
temperature space group. A similar situation can be observed
in Rb2S5 and Tl2S5. They seem to be polymorphic19,20 and
the high-temperature phase transitions are badly character-
ized. In both cases the transition temperatures are unknown,
and the high-temperature space group for Rb2S5 is undeter-
mined. For Tl2S5 the flagged space group is not a subgroup
of the reported high-temperature symmetry16 and similar
~large! Du are obtained for other groups.

If we disregard all these atypical cases, Table III contains
14 compounds with well characterized Landau-type phase
transitions, all of them withDu,1.5 Å. From them, 9 com-
pounds haveDu,1.0 Å. In contrast to the ferroelectric case
@see Eq.~2!#, no clear correlation between the values ofDu
and the transition temperatures is observed. It is noticeable
that all structures haveDu larger than 0.4 Å, except CsOD.
This latter case most probably corresponds to a wrong sym-
metry assignment.Du is too small according to the criterion
proposed by Abrahams2 and its behavior as temperature is
lowered~see the two values at 23 and 77 K! is rather incon-
sistent; one would expect as the structure is further cooled
thatDu increases.

The detected pseudosymmetry coincides in most cases
with the space group of the known high-temperature phase.
In a few cases, however, this latter is not a minimal super-
group and pseudosymmetry is detected, as should be ex-
pected, for one minimal supergroup in the supergroup chain
connecting the high- and low-temperature space groups.
Thus, for instance, the cases of NH4H2AsO4 and NH4H2PO4
with the subgroup chainP212121,I212121,I 4̄2d, or the
case of CsOD with the chainP212121,Pnma,Cmcm. It
should also be noted that the high-temperature phase transi-

tion for some of the compounds in Table III, like the lang-
beinites K2Cd2~SO4!3 and K2Mn2~SO4!3, is known to be first
order, althoughDu does not surpass in both cases 1 Å. In the
case of GeF2, the symmetry of the reported tetragonal phase
above 335 K is not known.16 From the results in Table III, it
can be inferred that the space group for this phase should be
P43212.

Comparing Table III with the results for the whole dataset
of P212121 symmetry, about 20% of the structures flagged
by the program as pseudosymmetric withDu,1.0 Å corre-
spond to compounds which actually are known to have a
phase transition at higher temperatures. As we will see be-
low, a significant set of the other flagged structures corre-
spond to false or doubtful symmetry assignments, wrong
files, pressure-induced structures, etc. If these are left out
from the statistics, the ratio of compounds with known phase
transition among those withDu,1.0 Å reaches about 25%.
Considering these results, we have chosen 1 Å as aconve-
nient threshold for detecting materials with a high probabil-
ity of exhibiting a phase transition at higher temperatures.
The number of compounds under these conditions, apart
from those already listed in Table III, amounts to 34, see
Tables IV and V. From them, six cases~see Table IV! could
be explained as due to a symmetry assignment which is
probably wrong or under discussion. For these six com-
pounds, the database contains structure determinations of the
same phase in the space group detected as pseudosymmetry.
In all casesDu is rather small ~,0.3 Å!, except for
Cs2HgCl4,

55 whereDu is surprisingly large~0.58 Å! for be-
ing a case with controversial symmetry assignment. Apart
from a database error, Table IV also lists two structures
where the pseudosymmetry is explained because of various
reasons not related with a thermal phase transition: in the
case of TeO2 the P212121 structure is only obtained under
pressure, being the system stable withP41212 symmetry~the
pseudosymmetry detected! at normal pressure and room

TABLE IV. Exceptional cases of structures withP212121 sym-
metry having pseudosymmetry groupsG with Du,1 Å. The num-
bers in parenthesis afterG follow the labeling scheme of Tables I
and II. The source references for theP212121 structures and the
corresponding structure factorR are also listed. ~a! Structures un-
der discussion or with wrong symmetry~P212121! assignment. ~b!
ICSD error and structures withP212121 symmetry under special
restrictions.

Du ~Å! G Ref.

~a!
AgNO3 0.28 Pbca~1! 54
Cs2HgCl4 0.58 Pnma~4! 55
K2 @Ru~NO!Cl5# 0.17 Pnma~4! 56
LiNa5 ~PO4!2 0.14 Pnma~6! 57
Sn2F3Cl 0.03 P213~1! 58
Pb3O2Cl2 0.00 Pnma~2! 59

~b!

Du ~Å! G Comment Ref.

Ba~NO2!2 0.00 Pnma~4! ICSD error 69
KH2PO4 0.87 C2221~1! Hypothetical 22
TeO2 0.40 P41212~2! Under pressure~15.8 Kbar! 21

54 12 749SYSTEMATIC SEARCH OF MATERIALS WITH HIGH- . . .



temperature.21 TheP212121 structure of KH2PO4 included in
the database is not an experimental one, but a ‘‘gedanken’’
structure imagined through some kind of idealization of the
known structure.22

The rest of the 25 structures havingDu,1.0 Å for a mini-
mal supergroup are listed in Table V. As the confidence level
of the results strongly depend on the correctness of the struc-
tural data used, theR factors of these latter are included
in Table V. The last four compounds in the
table, K@VO~SO4!2#, Na~OH!~H2O!4, Rb7Cs11O3, and
NO~IF8!~NOF!2 correspond to structures obtained at low
temperatures, the materials being unstable at room
temperature.23–26In one of the four cases,@K~VO~SO4!2#, the
authors are aware of the pseudosymmetry and even mention
the possibility of a phase transition above the measurement
temperature~140 K!. Both BaBiSe3 and BaSbTe3 are very
close to a Pnma configuration and are very good candidates
for exhibiting a phase transition. The authors reporting the
structures seem not to be aware of the pseudosymmetry.27

RbNbSiO5 is also a case with a very small deviation from the
Pnma symmetry. The reference reporting the structure does
not mention this fact, and they report no phase transition in a
thermal measurement up to the melting point~.1200 °C!.28

However, there are references of high-temperature phase

transitions in isomorphous compounds of the family, like
RbNbGeO5 and RbTaGeO5.

28 Therefore, considering these
two facts, a reinvestigation of the phase stability of this com-
pound at high temperatures is advisable. The three tungsten
oxides, PW3O11, PW4O14, and P4W8O32, belong to the fam-
ily of the tungsten bronzes, well-known because of their
phase transitions,29 but in these three particular compounds
no transition has been yet reported,30 and the symmetry
change suggested in the table does not correspond to the
typical phase transition in this family. BaSiO3 and BaGeO3
are also close to a Pnma configuration. These compounds are
known to be polymorphic with crystallization in other forms,
but up to now a phase of Pnma symmetry has not been
reported.31,32 The structure of SrTl~VO4! has been related33

with that ofb-K2SO4, a representative of a numerous family
of compounds exhibiting structural instabilities with Pnma as
the prototype space group.34 The authors of the structure
analysis were aware of this pseudosymmetry, despite being
Du in this case nearly 0.8 Å. Table V includes also the case
of CdF~OH! which has occupation probabilities different
from 1 ~Ref. 44! because the pseudosymmetry does not im-
ply any change on them. The extreme small value ofDu in
this compound would suggest, according to Ref. 2, a wrong
symmetry assignment. However, in this case this would
mean a wrong lattice identification with the measurement of
nonexisting superstructure reflections, which seems rather
improbable.

There are two single cases, K3AgO2 ~Ref. 35! and
Sr3Al2O5Cl2,

36 where the detected pseudosymmetry corre-
sponds to a higher crystal system. In both cases, the reported
lattice parameters are consistent with the flagged supergroup.
In fact, pseudosymmetry in these cases is easy to infer from
the special metrics of the lattice. Indeed, in contrast with the
Pnma pseudosymmetric compounds, the two structural re-
ports mention the pseudosymmetry of the compounds in ge-
neric terms~the crystal system!. K3AgO2 is a clear candidate
for a ferrodistortiveP41212-P212121 transition with a one-
dimensional order parameter,37 while Sr3Al2O5Cl2 is very
close to a cubic configuration. In this latter, pseudosymmetry
with very smallDu has been detected for the cubic super-
group P213, but also for theklassengleichesupergroup
I212121. This means that the structure can be described as a
small distortion of a structure with space groupI213 ~at
least!, being this group the common minimal supergroup of
both P213 and I212121. The suggested phase transition
I213-P212121 is allowed within the Landau framework: a
physically irreducible representation at the pointH of the
Brillouin zone can be assigned to this symmetry change.37

VI. CONCLUSIONS

A systematic search of structures having a high probabil-
ity of exhibiting a high-temperature structural phase transi-
tion can be done through the identification in the structural
databases of those structures that can be considered pseudo-
symmetric within some quantitative threshold. Essentially,
the pseudosymmetry search can be limited to the minimal
supergroups of the structure space group. The method pro-
posed generalizes the one used by Abrahams and
co-workers1,2 for predicting new ferroelectrics. A necessary
step of this generalized method is the determination of all

TABLE V. Inorganic compounds ofP212121 symmetry having
pseudosymmetry groupsG with Du,1 Å and no high-temperature
phase transition reported yet. The numbers in parenthesis afterG
follow the labeling scheme of Tables I and II. The source references
for theP212121 symmetry and the corresponding structure factorR
are also listed.

Du ~Å! R G Ref.

TeF4 0.97 0.084 Pnma~6! 60
BaGeO3 0.69 0.11 Pnma~3! 32
BaSiO3 0.70 0.019 Pnma~3! 31
BaBiSe3 0.35 0.073 Pnma~5! 27
BaSbTe3 0.55 0.035 Pnma~5! 27
Cs2O~B2O3!3 0.91 0.110 I212121 61
CdF~OH! 0.15 0.031 P21212 44
KTb~CrO4!2 0.8 0.073 Pnma~1! 62
K3AgO2 0.84 0.076 P41212~1! 35
K2SO4SbF3 0.95 0.035 Pnma~4! 63
PW3O11 0.55 0.033 Pnma~3! 29
PW4O14 0.61 0.043 Pnma~3! 29
P4W8O32 0.47 0.058 Pnma~3! 30
SrT~VO4! 0.79 0.053 Pnma~4! 33
Sr3Al2O5Cl2 0.29 0.088 P213~1! 36

0.37 0.088 I212121 36
RbNb~SiO3!O2 0.44 0.041 Pnma~3! 28
Cs2~TiO!~P2O7! 0.81 0.026 Pnma~3! 64
CaAl~OH!SiO4 0.79 0.043 Pnma~5! 65
CaNi~OH!AsO4 0.99 0.068 Pnma~5! 66
Cs2CS3H2O 0.91 0.097 Pnma~3! 67
TiO~SO4!~H2O! 0.75 0.019 Pnma~1! 68
K @VO~SO4!2# 0.60 0.100 Pnma~3! 23
Na~OH!~H2O!4 0.91 0.027 Pnma~5! 24
Rb7Cs11O3 0.37 0.073 Pnma~5! 25
~NO!~IF8!~NOF!2 0.69 0.038 Pnma~3! 26

12 750 54J. M. IGARTUA, M. I. AROYO, AND J. M. PEREZ-MATO



relevant minimal supergroups of the space group under
study. In contrast to the ferroelectric case, for nonpolar space
groups the number of relevant minimal supergroups is finite,
but their determination is in general nontrivial, and consti-
tutes the fundamental problem to be solved. A procedure for
this determination is presented above, and has been applied
to the space groupP212121. It should be noted that the gen-
eral solution of the ‘‘supergroup problem’’ can also be useful
in the analysis of non-Landau first-order phase transitions
within the so-called ‘‘paraphase’’ approach, where the two
experimental structures are assumed to be distortions from
an hypothetical phase.38

Once the set of minimal supergroups are known, the de-
tection of pseudosymmetry is reduced to a rather simple
check of the presence in the structure~up to some approxi-
mation! of the symmetry operations corresponding to the
coset representatives of each supergroup. The deviation from
exact symmetry is measured through the maximum atomic
displacement,Du, that has to be considered when comparing
the experimental structure with the ones obtained by the ac-
tion of the coset representatives of the supergroup. The ap-
plication of the method to theP212121 structures in the in-

organic crystal structure database3 has demonstrated its
feasibility. All 14 compounds with a well characterized and
reproducible Landau phase transition at high temperatures
were detected with a pseudosymmetry parameterDu under
1.5 Å, but also under this threshold were found 232 struc-
tures. Hence, the parameterDu does not seem to discrimi-
nate in this case so strongly as in ferroelectric structures,
whereDu was allowed to attain up to 2 Å in successfully
predicted new ferroelectrics.2 However, from 34 materials
with Du,1.0 Å, nine of them are known to exhibit a high-
temperature phase transition. The remaining compounds are
proposed as materials where in general the existence of a
similar transition is worth being checked.
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