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The presence of magnetic impurities greatly affects the temperature dependence of the critical fieldHc2. We
focus, mainly, on layered superconductors. As a result of correlations among magnetic impurities, the scatter-
ing amplitudeGs decreased withT→0 K. This temperature dependence leads to a weakening of the pair-
breaking effect and consequently to a positive curvature ofHc2(T) and a drastic increase inHc2~0!. The
calculations are in excellent agreement with recent experimental data. It is also shown that the presence of
inhomogeneities of a certain size also modifies the temperature dependence ofHc2. @S0163-1829~96!05126-0#

I. INTRODUCTION

This paper is concerned with the magnetic properties of
layered superconductors and, foremost among them, the cu-
prates. We will focus on the critical field and its temperature
dependence. One can observe a behavior drastically different
from that of ordinary superconductors.1,2 Two basic sce-
narios can greatly modify the dependence ofHc2 on T. The
first involves scattering by magnetic impurities, while the
second is based on the influence of inhomogeneities. The
former method was briefly discussed by us in Ref. 3. The
present paper contains a detailed description as well as a
number of new results.

An unusual behavior of the critical field has been reported
in several papers.4–13 First of all, we would like to mention
the study of overdoped 2201 Tl-based4 and Bi-based5 com-
pounds. Overdoping leads to a drastic decrease inTc ~e.g.,
for Tl2Ba2CuO6 the value ofTc decreases fromTcmax590 K
to Tc514 K!. This decrease inTc is accompanied by a de-
crease in the value ofHc2, allowing direct measurements of
the dependenceHc2(T). The latter appears to be entirely
different from the conventional picture.1,2 According to this
picture ~and as has, indeed, been observed in many conven-
tional superconductors!, Hc2(T) is characterized by a linear
increase nearTc . In addition,Hc2(T) saturates asT→0 K.
Contrary to this picture, the critical field in overdoped cu-
prates displays4,5 a positive curvature in the entire tempera-
ture range accompanied by a sharp increase in the low-
temperature region~see below, Figs. 2, 3!, without any sign
of saturation. The measurements in Ref. 4 were performed
up toT510 mK. It is remarkable that the data4 show a sharp,
almost linear increase inHc2(T) towardsT50 K, so that the
value ofHc2(0) appears to be almost anorder of magnitude
larger than one could expect from conventional theory. A
similar effect of positive curvature with an accompanying
large increase inHc2 has been also observed for
Sm1.85Ce0.15CuO42y ~Ref. 6! ~see below, Fig. 4! and for the
overdoped La-Sr-Cu-O compound,7 although measurements
have not been performed below 1 K. The most recent obser-
vation was made with an underdoped Y-Ba-Cu-O compound
with partial Zn substitution.8 Behavior similar to that for the

Tl- and Bi-based compounds4,5 has been observed~see be-
low, Fig. 4!.

It will be shown in this paper that the observed unusual
behavior of the critical field can be described with high ac-
curacy by the scenarios mentioned above, that is, by mag-
netic scattering or by the effects of spatial inhomogeneity.
One should note also that positive curvature has also been
observed in three-dimensional~3D! systems.9–13 This case
will be also discussed below, although we are going to focus,
primarily, on layered systems.

The structure of the paper is as follows. A detailed de-
scription of the theoretical models is presented in Secs. II
and III. Section II is concerned with the effect of magnetic
impurities onHc2(T). The influence of inhomogeneities is
described in Sec. III. An analysis of various experimental
data is given in Sec. IV.

II. THEORY: MAGNETIC IMPURITIES AND Hc2

A. Qualitative picture

Consider a layered superconductor containing magnetic
impurities with concentrationnM ; the impurities cause a
spin-flip scattering of the carriers. Such scattering leads to
the pair-breaking effect.14–19 As a result, at some critical
value of the impurity concentrationnM ,cr superconductivity
becomes totally supressed~Tc50!. For nM,ncr , the super-
conducting state is depressed. This means that the values of
Tc , the energy gap, and the critical field are lower than their
intrinsic values~that is, values in the absence of magnetic
impurities!. Moreover, a gapless state14–19arises prior to the
total suppression of superconductivity. All of the above phe-
nomena are caused by the pair-breaking effect of magnetic
impurities. At high temperatures (T*Tc), impurities can be
treated as independent scattering centers14–17 ~see also Ref.
19!. The electron pair-breaking effect is accompanied by the
impurity spin-flip process, ensuring the conservation of total
spin. However, as the temperature decreases, the interaction
between impurities ~ordering trend! become important.
Sometimes ordering can be observed at a finite temperature
~see below!, whereas other cases correspond to formation of
a spin-glass state. Such correlation processes frustrate spin-
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flip scattering and, thereby, the pair-breaking effect, because
it becomes impossible to satisfy the spin conservation law.
As a result, the superconducting state becomes less de-
pressed, which leads to an increase~‘‘recovery’’ ! of various
quantities, first of all, the value of the critical field. Such a
recovery ofHc2 is a major focus of the present paper. Cor-
relation leads also to a decrease of the ‘‘normal’’ component,
accompanied by changes in the penetration depth, heat ca-
pacity, etc.

One should note that even complete ordering does not
imply the total disappearance of the pair-breaking effect.
This effect can still be provided by the dipole-dipole inter-
action @see below, Eq.~5!#: This interaction does not con-
serve total spin~it translates into orbital motion!.

Strictly speaking, the impurity ordering trend makes the
pair-breaking amplitudetemperature dependent. This tem-
perature dependence is a key factor in our approach. One can
show ~see below! that a relatively small change in the am-
plitude, namely, its small decrease caused by the correla-
tions, can lead to noticeable changes inHc2 and in its tem-
perature dependence.

B. Theory: Magnetic impurities

Let us focus on the evaluation of the critical fieldHc2 for
a layered superconductor in the presence of magnetic impu-
rities. Near the critical fieldHc2, the order parameterD~r !
satisfies the linear equation

2]2
2 D52lD. ~1!

Here ]25~]/]r22ieA!, l5eHc2,
2 and the order parameter

is an eigenfunction of the operator]2
2 . The critical field can

be determined from the following equation~see Refs. 20,
21!:

ln~Tc
0 /T!52pT(

n>0
@vn

2122D1~vn ,H !#, ~2!

where

D1~vn ,H !5~sgnvn!
J~vn ,H !

12~t212ts
21!J~vn ,H !

, ~28!

vn5(2n11)pT, andts is the spin-flip scattering relaxation
time ~this channel is caused by the presence of magnetic
impurities!. The termt21 describes the usual elastic scatter-
ing; Tc

05Tc (ts5`).
The evaluation of the kernelJ(vn ,H) is based on the

method of integrated Green’s functions.22,23For the usual 3D
case, such a calculation has been performed in Ref. 20 and
by one of the authors in Ref. 21. Here we are dealing with a
layered structure, and this requires a special treatment. One
can show~see the Appendix! that for a layered superconduc-
tor J(vn ,H) has the form

J~vn ,H !5~2/peHv2!1/2E
0

`

dy

3exp~2y!arctan@v~2eHy!1/2/a!], ~3!

wherea52vn1t211t s
21 andv is the Fermi velocity. We

shall focus on the caseHic.

The set of equations~2! and ~3! determines the critical
field Hc2 and its temperature dependence. One can see di-
rectly from these equations that the nature of this dependence
is directly affected by behavior of the amplitudeGs5t s

21 for
spin-flip scattering.

The total Hamiltonian in the presence of magnetic impu-
rities can be written in the form

H5He1H imp1H int , ~4!

whereHe andH imp describe the carrier and impurity sub-
systems, respectively;H int describes the carrier-impurity in-
teraction and contains the termHs-s ~see, e.g., Refs. 24, 25!:

Hs-s5m ime( E
0

`

dredRi$Ce
†C i

†SiSeCeC i ure2Ri u23

2~8p/3!d~re2Ri !Ce
†C i

†SiSeCeC i

23Ce
†C i

†@Si~re2Ri !~Se~re2Ri !#CeC i ure2Ri u25%.

~5!

HereCe andCi describe carrier and impurity states, while
Se and Si are the spin operators. In many cases one can
neglect the interaction between impurity atoms and treat
them as totally independent. This corresponds to the model
studied in Refs. 14, 17; the authors of Ref. 14 considered the
second term in the brackets~this term is called the ‘‘contact
interaction’’: see Ref. 24; the first and third terms represent
the dipole-dipole interaction!. The averaging performed in
Ref. 14 assumes that the impurity spins form a chaotic non-
interacting system. If it is necessary to take into account
correlations between the impurity spins asT→0 K, the inter-
action becomes essential, and then the averaging should be
performed with considerable care. In addition, the last term
in ~5! becomes important. Indeed, the first two terms in
brackets conserve total spin. As a result, pair-breaking ef-
fects described by these two terms require a change in the
impurity spin ~spin-flip impurity scattering! in order to sat-
isfy spin conservation. However, the third term~studied in
detail by one of the authors in Ref. 25! does not conserve the
total spin ~it transforms into orbital motion!. If the usual
spin-flip scattering is frustrated by impurity spin correlations
or even by their ordering~see below!, then the contribution
of this process becomes important.

Equations~2! and~3! contain the spin-flip relaxation time
ts and the relaxation timet describing the usual nonmagnetic
scattering. In ordinary 3D systems magnetic impurities pro-
vide the pair-breaking effect as well as the elastic scattering.
If l,j0 ~l5 l elas!, we are dealing with the ‘‘dirty’’ case. The
situation with layered superconductors is quite different. Be-
cause of the layering, we must distinguish two different
cases. One of them~in-plane location of the magnetic impu-
rities! corresponds to the dirty case~strong pair breaking!, as
in the 3D case. However, another interesting situation pro-
vides a ‘‘clean’’ case. For example, in a layered structure it
is possible to combine a strong spin-flip channel
(Gs5t s

21.pTc) with the conditiont21!pTc ~clean case!
for elastic scattering. Generally speaking, it is realistic that
Gs@t21. This is possible if the magnetic moments are lo-
cated out of the plane, in which case, in-plane momentum
transfer can remain small, despite the large amplitude of the
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spin-flip process. Indeed, as is known, the main contribution
to the cross section for scattering by charged impurities
comes from small angles and strongly depends on the screen-
ing lengthlscr ~see, e.g., Ref. 26!. Placing the impurities out
of the plane leads to an effective increase of the transport
collision time ttr , which is larger than the increase in the
usual carrier-impurity collision time. It is important to rec-
ognize that both the clean and dirty cases, as well as the
intermediate case, are realized in layered cuprates~see be-
low, Sec. IV!.

C. Clean case

The basic equations~2! and~3! allow one to evaluate the
dependenceHc2(T) for the general case of both spin-flip and
nonmagnetic channels, making comparable contributions to
the scattering. Indeed, if the relaxation timests and t have
the same order of magnitude, one has to use these equations
directly; we have performed such calculations for some cases
~see below, Sec. IV B!. However, in some limiting cases one
can simplify Eqs.~2! and ~3!. Consider, first, the clean case
for nonmagnetic scattering, as defined above. Then one can
neglect the termt21.

As is known,14 the value ofGs5t s
21 depends on the con-

centration of magnetic impuritiesnM , so thatGs}nM . At
some value of the concentrationnM ,cr ~correspondsGs
5Gs,cr!, the superconducting state becomes totally sup-
pressed.

Assume thatz5eHv2/Gs!1; then, one can simplify Eqs.
~2! and ~3!. Using the relationz!1 and introducing the pa-
rameterGs,cr , we arrive, after some manipulations, at the
equation

ln~2gGs,cr /pT!2$c@0.51~Gs/2pT!#2c~0.5!%5 f ~H,T!,
~6!

where

f ~H,T!5~eHv2/Gs!„Gs
21$c@0.51~Gs/2pT!#

2c@0.51~Gs/4pT!#%

2~4pT!21c8@0.51~Gs/2pT!#…. ~7!

Here c is the psi function and lng5C50.58 is the Euler
constant. If, in addition, the conditionGs@pTc is satisfied,
Eq. ~6! reduces to the form

ln~Gs,cr /Gs!20.17~pT/Gs!
210.12~pT/Gs!

4

5~eHv2/Gs
2!@ ln 220.520.67~pT/Gs!

2

10.12~pT/Gs!
4#. ~8!

A more exact solution~for any value ofz! can be obtained
from Eqs.~1!–~3!; see Sec. IV. It is very important that the
amplitudeGs , generally speaking, depend on temperature
~see below!, so thatGs5Gs(T).

At T5Tc , Hc2 vanishes, and we obtain, from Eq.~6!,

ln~2gGs,cr /pTc!2$c~0.51@Gs~Tc!/2pTc!#2c~0.5!%50.
~9!

The value ofTc depends on the concentration of magnetic
impurities in the way described by Eq.~9!. PuttingnM50,

one arrives at the relation14 Gs,cr5pTc
0/2g, whereT c

0 is the
value of the critical temperature in the absence of magnetic
impurities ~‘‘intrinsic’’ Tc!. Based on Eqs.~6! and ~9!, we
arrive at the following equation for the critical fieldHc2:

ln~Tc /T!2$c@0.51Gs~T!/2pT!#

2c@0.51~Gs~Tc!/2pTc!#%5 f ~H,T!. ~10!

Here f (H,T) is defined by Eq.~7!.

D. Spin-flip scattering

Equations~2!, ~3!, ~7!, and~10!, as well as Eq.~19! ~see
below!, form the basis of our theory. They allow one to
evaluate the dependenceHc2(T) for a layered superconduc-
tor in the presence of magnetic impurities. One can see di-
rectly from Eqs.~7! and~10! that the functional form ofHc2
is greatly affected by the behavior of the spin-flip scattering
amplitudeGs . If the parameterGs is temperature indepen-
dent, we obtain a smooth, almost quadratic dependence of
Hc2 on (T). However, ifGs depends on the temperature, the
picture becomes entirely different.

The amplitudeGs describes the spin-flip scattering of the
carriers by localized magnetic moments. As stated above,
this leads to the pair-breaking effect and to the depression of
Tc , Hc2, etc. At almost all temperatures this parameter can
be treated as temperature independent:Gs5Ga5const. This
picture is similar to that described in Refs. 14–19, where the
impurities were treated as noninteracting and scattering was
described by the ‘‘contact’’ interaction@see Eq.~5!#. Aver-
aging over impurity spins14 does not include any correlation
between them. ThenGs5t s

215JS(S11). This leading term
in the amplitude of spin-flip scattering by magnetic impuri-
ties, indeed, does not depend on the temperature~the small
‘‘Kondo’’ term was neglected in Ref. 14!.

However, at low temperatures the picture becomes differ-
ent. As was noted above@see the discussion after Eq.~5!#,
the decrease in thermal motion forT→ 0 K leads to the
correlations between impurity spins becoming important.
These correlations affect the second term in~4!. The mani-
festation of such a correlation is different in various systems,
and we shall consider different examples in Sec. IV. In some
cases, this effect may become so strong that ordering arises
at a finite temperatureTord.0; in addition, the width of the
phase transition regiondT is such thatTord2dT.0. Such a
case is realized, for example, in the Sm-Ce-Cu-O system6

and in the Ni/V compound;12 see Sec. IV E. Frequently, one
observes a trend towards total ordering, but even if the tran-
sition occurs,Tord,dT. In this case one sees an increase in
the magnetic succeptibility nearT50 K ~such an increase
was observed in Ref. 27!. A perfectly realistic is a formation
of a ‘‘spin glass’’ ~see, e.g., Ref. 28!. In addition to the
susceptibility, this ordering trend is manifested in the appear-
ance of Shottky anomalies in the heat capacity. These
anomalies have been observed in many cases~see, e.g., Refs.
29–31!. Note also that the impurities may be distributed in
such a way that two impurity atoms end up much closer to
each other than the average distance between impurities. The
spin interaction for such pairs can be particularly strong.

As a result of spin-spin correlations of the impurity atoms,
spin-flip scattering becomes frustrated. The relative contribu-
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tion of the dipole-dipole interaction~which does not con-
serve spin! increases, and averaging no longer leads to a
simple expression.14 Note that the increase of the spin-flip
scattering time for a spin glass has been observed experimen-
tally in Ref. 32. In other words, correlations make the am-
plitudeGs5ts

21 temperature dependent; this dependence is
particularly important in the low-temperature region.

An exact evaluation of this temperature dependence is an
interesting problem of microscopic theory, and we will ad-
dress some aspects of this problem elsewhere. However, the
main subject of this paper is the behavior of the critical field
Hc2(T), and we restrict ourselves to a semiphenomenologi-
cal approach.

It is essential that as a result of the correlation among
magnetic moments the amplitudeGs becometemperature de-
pendent. Based on the described physical picture, we now
study the impact of this temperature dependence on the be-
havior of the critical field.

Let us discuss this temperature dependence. We introduce
a characteristic temperatureu, which describes the ordering
trend. In the regionT@u the magnetic impurities can be
treated as independent, and the amplitudeGs5Ga5const. Let
us denote the value of the amplitude atT50 K by G0. The
temperature dependenceGs(T) in the entire range can be
represented in the form~this is similar to the Pado approxi-
mation!

Gs5G0f ~t!, ~11!

f ~t!5~11bt!/~11t!. ~12!

Here t5Tu21, b5Ga/G0; we assume thattc5Tcu
21@1,

b.1. Indeed, one can see that atT50 the amplitudeGs is
equal toG0, whereas in the regionT@u ~t@1! we obtain
Gs5G0b5Ga . Equation~11! can be rewritten in the dimen-
sionless form

gs5g0f ~t!, ~13!

wheregs5gs(T)5Gs/Tc , g05G0/Tc , and f ~t! is described
by Eq. ~12!. Equation~10! can be rewritten in the form

ln~Tc /T!2$c@0.51gs~T!~Tc/2pT!#2c@0.51~bg0/2p!#%

5 f ~H,T!, ~14!

where

f ~H,T!5~eHv2/gsTc!„~gsTc!
21$c@0.51~gsTc/2pT!#

2c@0.51gsTc/4pT!#%

2~4pT!21c8~0.51gsTc/2pT!…. ~15!

Equations~14! and ~15!, along with~12! and ~13!, allow us
to evaluate the functional form ofHc2(T).

Let us discuss the dependence~13! in more detail. Gen-
erally speaking, Eqs.~12! and~13! contain three parameters:
the characteristic temperatureu, the value of the amplitude at
T50 ~g0!, and the ratio of the amplitudesb5ga/g0. As was
noted above, these parameters can be evaluated from micro-
scopic theory, and we will address this question elsewhere.
For our present purposes, we will use values extracted from
experimental measurements~as described below! or use
them as adjustable parameters.

If we are interested in the shape of the dependence
Hc2(T), we can employ a measured value ofHc2(0) in order
to determineg0. Furthermore, if we consider a layered su-
perconductor which does not contain any localized magnetic
moments~in which case itsTc coincides with the intrinsic
critical temperatureT c

0) and add to it magnetic impurities,
then Eq.~9! together with the relationGcr5pT c

0/2g allows
us to calculate the value ofGa5Gs(Tc), which is determined
by the concentration of impurities. As was noted above, the
value of the parameterG0 is directly related to the value of
Hc2(0). Therefore, the values of the parametersb andG0 can
be expressed in terms of experimentally measured values of
T c
0 and Hc2(0). As a result, in this case the dependence

G(T) and, consequently, the shape of the functionHc2(T)
are determined by a single parameteru. This parameter is
sample dependent, although, in principle, its value can be
derived from microscopic theory. Nevertheless, it can be
used as a single adjustable parameter, allowing one to de-
scribe the dependenceHc2(T).

The situation is different if the superconductor contains
some magnetic impurities even in the original state. This is
actually an important case~see below, Sec. IV!. In this case
the value ofGcr is unknown and it is more convenient to use
Eqs.~12!–~14! directly. Then we have two adjustable param-
etersb andu. Note that the value ofu can also be determined
from magnetic susceptibility or heat capacity~Shottky
anomaly! measurements. In the following, we will useb and
u as adjustable parameters. It is, nevertheless, remarkable
that in this way we can describe the dependenceHc2(T) in
the entire temperature rangeT,Tc . It will be shown ~see
Sec. IV! that our simple model provides a description which
is in excellent agreement with the experimental data.

One should note that if the superconductor contains mag-
netic impurities from the beginning, then itsTc5Tc, init
~which is the experimentally observed quantity! is actually
depressed by the pair-breaking effect. The intrinsic critical
temperatureTc, intr5Tc

0, which is defined as the value ofTc in
the absence of magnetic impurities, always exceedsTc, init . It
turns out that precisely such a situation occurs in the cuprates
~see below, Sec. IV A!.

Let us make several more comments. First of all, the
value of the amplitudegs appears to be large~gs@1!, espe-
cially in the gapless region~see below!. As a result~and this
a remarkable and important feature of the model!, even a
relatively small change ings makes a very strong impact on
Hc2 ~see below, Sec. IV A!.

Furthermore, let us consider the special case, mentioned
above, when the impurity spin system undergoes a phase
transition at some temperatureTm and the width of the criti-
cal regiondT is such thatTm2dT.0. Then the amplitudeGs
is temperature independent nearT50 K, although it differs
from the valueGa5G(Tc). In this special case one can ex-
pect saturation nearT50 K and the amplitude can be de-
scribed by the expression

gs5g0f ~t!, f ~t!5~11bt!/~11t! ~T.T1!

f ~t!51 ~T,T1!. ~16!

Here t5(T2T1)/u, T15Tm2au, a.1; au5dT, and other
parameters are defined by Eqs.~12! and ~13!. Note that the
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Sm-Ce-Cu-O and Nb/V systems correspond to precisely this
situation~see Secs. IV B, IV E!.

We focus on the caseTc@u @~t@1; see Eq.~12!#, that is,
where the value ofTc greatly exceeds the value of the char-
acteristic temperatureu. This case corresponds to the experi-
ments described in Refs. 4, 5~see below, Sec. IV!. However,
as the concentration of magnetic impurities continues to in-
crease,Tc keeps on decreasing until at some value ofnM
there is a crossover andTc becomes smaller thanu. As a
result, the dependenceTc(nM) begins to deviate from that
obtained in Ref. 14, since the spin-flip scattering amplitude
decreases with the outset of ordering. The decrease inTc
slows down, resulting in the appearance of a tail. We will
discuss this interesting case elsewhere.

Note, also, that the ordering trend can be important in the
3D case as well; the relevant data will be discussed in Sec.
IV. However, as was pointed out above, the presence of lay-
ering is essential, because it provides for the out-of-plane
location of the magnetic moments, thus combining a clean
nonmagnetic scattering with a strong pair-breaking effect.
The absence of the termt21 @see Eqs.~2! and~3!# makes the
spin-flip scattering channel dominant, leading to a stronger
influence on the dependenceHc2(T).

E. Dirty case: Superconductor–normal-metal sandwich

Above, we described the clean case@Eqs. ~11!–~15!#
when the spin-flip interaction is the dominant scattering
channel. This case arises for an out-of-plane location of mag-
netic impurities. Now let us consider the dirty limit of the
usual elastic scattering with the free pathl tr!j0. There are
now two possibilities. One of them corresponds to the in-
plane location of the magnetic impurities. These impurities
provide both a strong pair-breaking effect and the usual elas-
tic scattering. Another possibility is when spin-flip scattering
is provided by out-of-plane magnetic moments, whereas
nonmagnetic scattering is caused by other nonmagnetic in-
plane impurities and defects.

We will consider a more general case, namely, the prox-
imity superconductor–normal-metal~S-N! system which
consists of two dirty films with thicknessesd1 and d2 and
densities of statesn1 andn2. The equations describing pair-
ing in these films can be written in the form

0.5D1]2
2 b11D5~v1G1!b1 , ~17a!

0.5D2]2
2 b22b2~v1G2!50. ~17b!

Hereb1 andb2 are the Green’s functions describing pairing
in theS andN films, respectively,Di are the diffusion coef-
ficients, andD is the order parameter which is finite only in
theS film; ]2

2 5~]2/]z21]2
2 !, where]2 is defined by Eq.~1!.

The pairing states are connected by the boundary condition

~nD]b/]n!15~nD]b/]n!2; b15b2 . ~18!

Based on Eqs.~17! and the condition~18!, one arrives at the
following equation ~see the Appendix! which permits an
evaluation of the dependenceHc2(T):

ln~Tc
0/T!5C$0.51@G~T!/2pT#1eHD/2pT%2C~0.5!,

~19!

where D5(D11kD2)/(11k), T c
05T c

0(pT c
0/2gV)k, and

V5VD ; T c
0 is the transition temperature of the supercon-

ducting layer in the absence of magnetic impurities;

G5~G11kG2!/~11k!; k5n1d1 /n2d2 ~20!

~cf. Ref. 33!. If k50 ~no proximity effect!, one can use Eq.
~19! with D5D1 . For layered superconductors one has to
use the expressionD5(vFl tr)/2 for the diffusion coefficient.
The temperature dependenceG(T) of the electronic spin-flip
amplitude~pair breaking! is described by Eqs.~11! and~12!.

Equation~19! can be written in the form

ln~Tc
0/T!5C@0.51~gsTc/2pT!1eHD/2pT#2C~0.5!,

~198!

wheregs is defined by Eq.~13!.
Equations~11!, ~12!, ~19!, and ~20! allow one to recon-

struct the dependenceHc2(T). The ordering of magnetic im-
purities and, consequently, the appearance of a temperature
dependence ofgs(T)5Gs(T)/Tc lead to a deviation ofHc2
from the Helfand-Werthamer~HW! dependence2 and to an
increase in the value of Hc2.

III. THEORY: CRITICAL FIELD AND INHOMOGENITIES

In this section we discuss another aspect related to the
magnetic properties of layered superconductors. In fact, a
noticeable deviation from the conventional HW behavior can
be caused not only by magnetic impurities, but by a different
mechanism as well. Namely, positive curvature and a corre-
sponding increase inHc2 relative to the HW value2 can be
caused by the presence of 2D in-plane inhomogeneities. In-
deed, consider a dielectric island as an example of such an
inhomogeneity. The functionHc2(T) satisfies Eq.~1! even in
the presence of inhomogeneities, but their presence leads to
an additional boundary condition

n~]/]r22ieA!D isl50, ~21!

where n is perpendicular to the boundary andr is a 2D
vector. The parameterl is equal toeHc2

0 ~see Ref. 2!, H c2
0 is

the value ofHc2 in the absence of the inhomogeneity, and
the dependenceH c2

0 (T) is described by the HW theory.
Now let us focus on the effect of the inhomogeneities.

Assume that there are no magnetic impurities, that is,
t s

2150. The functionHc2(T) enters the left-hand side of Eq.
~1!, and to determine this function, one has to apply the
boundary condition. This condition results in a deviation
from the HW solution.

For concreteness, consider a dielectric island in the shape
of a disk of radiusr0. The order parameterD~r! can be
written in the form D~r!5exp(inf) f ~r!, n50,1,2, . . . .
Based on Eqs.~1! and ~21!, one can show that the radial
function has the form f (r)5y21/2W(n1l/eH)/2;n/2(y)
~y5eHr2 andW is the Whitteker function! with the bound-
ary condition (] f /]y)y050; y05eHr 0

2. As a result, we ar-
rive at the following equation allowing one to evaluate
Hc2(T):

~n/y0!5112g1 /g2 . ~22!
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Here gi5gi(y,n,Z)5* 0
`dt w i , i5$1,2%, w1

5e2ytt1/22(z/2)(11t)n21/21(z/2), w25w1/t, and Z5H c2
0 /

Hc2.
Equation~22! determinesZn5H c2

0 /Hc2 as a function of
y0 for a given n; see Fig. 1. Note that the function
Zn5H c2

0 /Hc2 was studied in Ref. 34 for the 3D case.
Let us describe the main features of the solution for lay-

ered superconductors. First of all, one can see directly from
Fig. 1 thatZn,1. This means that the presence of inhomo-
geneities leads to an increase in the value ofHc2 relative to
the HW valueH c2

0 . Note also that an increase inr0 provides
for a larger effect. The minimum value ofZn is equal to
Zn,min50.6, corresponding toHc2,max51.7Hc2

0 . This value is
similar to the ratioHc3/Hc2 in conventional superconductors
@see, e.g., Ref. 16~a!#. However, in the present case we are
dealing with the critical field for bulk superconductivity. In
addition, the ratioHc2/H c2

0 can be modified by varyingr0. It
is important to note that for inhomogeneity dimensions cor-
responding toZn

21 . 1.4,positive curvature appears.
We wish also to emphasize that the effect of inhomoge-

neities becomes noticeable fory51, that is, if the sizer0 is
of the order of the coherence lengthj. As a result, the de-
pendenceHc2(T) for temperatures nearTc is not affected by
such inhomogeneities. However, in the low-temperature re-
gion whereHc2 is large and the parametery0 can become of
the order of unity~for r05j!, there arises a noticeable in-
crease inHc2 relative to the HW value~by up to a factor of
1.7!. In addition, the curvature becomes positive in this re-

gion. However, we should remark that the mechanism due to
magnetic impurities, discussed above, leads to a larger effect
~see Figs. 2 and 3!.

The size of inhomogeneities can be estimated from the
broadening of the transition in the region nearT50 K. For
example, for the compound studied in Ref. 4,r051027 cm,
that is,r0!j0 ~j0.50 Å for this overdoped material; see Ref.
4!. The effect observed in Ref. 4 is due to magnetic impuri-
ties ~see below!; in addition, the scale of the increase ob-
served in Ref. 4 greatly exceeds that which could be caused
by inhomogeneities. Nevertheless, the appearance of a posi-
tive curvature due to inhomogeneities may be relevant to
other systems, such as those encountered in Refs. 9, 10, 13;
we shall discuss this problem in Sec. IV G; see below. It is
important to note that this strong modification of the mag-
netic properties can be induced by making layers with inho-
mogeneities of a well-defined size. It would be interesting to
carry out experiments of this type to confirm our conclusion.

IV. EXPERIMENTAL DATA: DISCUSSION

A temperature dependence of the critical field drastically
different from that of the ordinary picture1,2 has been ob-
served in a number of layered superconductors.4–8 In this
section we will present a detailed analysis for several such
systems.

An analysis of experimental data has to be carried out
with considerable care because in many cases one observes a
broadening of the transition in a magnetic field, caused by

FIG. 1. DependenceZn5H c2
0 /Hc2 on y05eHr 0

2 for differentn: ~a! n52, ~b! n54, ~c! n57, ~d! n59.
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inhomogeneities~see Sec. III!. This broadening frustrates a
determination of the value ofHc2. However, in a number of
cases~see, e.g., Refs. 4, 5!, the applied field leads to a shift
of the transition, which allows one to determine the depen-
denceHc2(T) with high accuracy. Indeed~see, e.g., the dis-
cussion in Ref. 4!, one can employ different ways of deter-
mining Hc2. Namely, Hc2 could be defined as the field
leading to some fixed loss in the resistance. It turns out that
the shape of the dependenceHc2(T) for systems analyzed
below is universal and insensitive to the specific definition.

A. Overdoped cuprates

Experimental studies carried out on overdoped samples
Tl2Ba2CuO6 ~Ref. 4! ~Tc514 K! and Bi2Sr2CuO6 ~Ref. 5!
~Tc518.5 K! revealed unusual magnetic properties of the
cuprates. Overdoping leads to a drastic decrease inTc , and,
correspondingly, inHc2, thus making it possible to measure
Hc2 in the entire temperature region. We conclude that the
strong depression ofTc @for example, the critical temperature
of the Tl-based sample prior to overdoping was 90 K~Ref.
4!; thus, the decrease was truly drastic: 90→14 K# is due to
the presence of magnetic impurities. In fact, their presence
has been established by several independent experiments.
For example, heat capacity measurements29–31have revealed
Schottky anomalies; these anomalies are a direct manifesta-
tion of the presence of magnetic impurities. As is known~see
Refs. 14–17!, the presence of magnetic impurities leads to
the pair-breaking effect. And, indeed, muon-spin-resonance
~mSR! data35,36 show that the normal component decreases
upon overdoping, corresponding to pair breaking. These data
also demonstrated the appearance of a gapless state. The gap-
lessness is caused by the presence of localized magnetic mo-
ments; as was noted above, the presence of the latter was
detected in Refs. 29, 30. In addition, magnetic scattering also
leads to a decrease inTc and, eventually, to suppression of
superconductivity. Such a decrease inTc was indeed ob-
served in Refs. 4, 5.

Note that at the same time the 2201 Tl-based sample used
in Ref. 4 is in the clean state~the sample is characterized by
a large mean free pathl.103 Å, as determined from normal
conductivity data!. This means that doping results in the for-
mation of out-of-plane local magnetic moments~see the dis-
cussion, Sec. II B!. As a result, the model described in Sec.
II C above is fully applicable.

Let us now consider the Tl2Ba2CuO6 compound.
4 For this

material Tc514 K and Hc2~0!515.8 T ~Ref. 4! ~we use
vF51.33107 cm/sec, see, e.g., Ref. 37!. Using this value of
Hc2~0!, one can calculate the parameterg0 @see the discus-
sion following Eq. ~15!#, which appears to be equal to
g056.8. Based on Eqs.~12!–~15!, we have calculated the
dependenceHc2(T) for the entire temperature range~the pa-
rameters areu51 K, b51.26!. Figure 2 demonstrates that
the present theory is in excellent agreement with the experi-
mental data.

One can see that, indeed, a relatively small change in the
scattering amplitude~DG/G050.37! leads to a sharp increase
in the value ofHc2, particularly at low temperatures. Such an
increase results in positive curvature; that is, its sign is op-
posite to that in the conventional HW theory.

The data obtained in Ref. 5 for the Bi2Sr2CuO6 compound
can be analyzed in a similar way. For this materialTc518.5

K, Hc2~0!528 T. Similar to the case with the Tl-based
cuprates4 ~see above!, we can describe the dependence
Hc2(T) in the entire temperature range with the use of only
two adjustable parameters. Their values are equal tou51.6
K, b51.38 ~with the same value ofvF51.33107 cm/sec!.
One can see again that there is very good agreement with the
data~see Fig. 3!.

One can evaluate the valueGcr which corresponds to
Tc50. Based on this value, one can then estimate the value
T c
052gGcr/p ~this intrinsic value corresponds to absence of

magnetic impurities!. It turns out thatT c
0 is greater than the

experimental values guided in Ref. 4. For example, we ob-
tain T c

05155 K for the 2201 Tl-based sample;4 the experi-
mentally measured value at optimum doping isTc,m590 K.
This means that the materials in Ref. 4 contained magnetic
impurities prior to overdoping and theirTc was depressed.
As a result, the value of the intrinsic critical temperature
Tc, intr5Tc

0 ~this quantity was introduced in Sec. III D above!
for this material greatly exceeds the currently observed maxi-
mum value. Therefore, theTc of these materials can be
raised further.

B. Sm-Ce-Cu-O system

A very interesting experimental study of the
Sm1.85Ce0.15CuO42y compound has been described in Ref. 6.
The relatively low value ofTc59.5 K ~the transition is rela-
tively broad, leading to some uncertainty in determiningTc!
permits measurements of the dependence ofHc2(T). Such
measurements6 show that the dependenceHc2 is character-
ized by positive curvature, similar to that observed in the
overdoped cuprates~see Sec. IV A!. The measurements were
performed forT.1 K. The absence of experimental data for
T,1 K does not allow one to carry out a numerical analysis
with the same accuracy as that for the Tl2Ba2CuO6 com-
pound~see above!. In addition, the noticeable broadening of
the transition~3 K! means that this system is not homoge-
neous and therefore requires special treatment. Nevertheless,
the physical picture appears to be similar, which is supported
by the magnetic susceptibility measurements6 on the same

FIG. 2. DependenceHc2(T) for Tl2Ba2CuO6; diamonds, open
circles, and open squares, experimental data; Ref. 4; solid line,
theory.
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sample. These measurements have established the existence
of antiferromagnetic ordering of Sm1 ions. It is remarkable
that, according to Ref. 6, the departure from the HW curve
correlates with a drop in the susceptibility caused by the
ordering.

Therefore, the model, described by Eqs.~2!, ~3!, ~11!, and
~12!, appears to be fully applicable to the
Sm1.85Ce0.15CuO42y compound. In addition, the data6 show
that increasing the magnetic field leads, mainly, to a parallel
shift, allowing us to carry out an analysis similar to that for
the overdoped cuprates. The value of the mean free path can
be estimated from the broadening, yieldingl530 Å. The
nonmagnetic relaxation time ist53310214 sec ~with
vF523107 cm sec21!. Since the situation does not corre-
spond to any limiting case, we used the exact equations~2!
and ~3!. This provided a description of the dependence
Hc2(T) for Sm1.85Ce0.15CuO42y for the entire temperature
range~the values of the parameters wereu52 K, b51.15!.

As shown in Fig. 4, there is good agreement with the
data.6 In addition, one expects a saturation nearT50 K,
which makes the Sm1.85Ce0.15CuO42y system somewhat dif-
ferent from the overdoped Tl- and Bi-based cuprates. This
saturation is due to the ordering at a finite temperature
T154.3 K with T12dT51 K ~this ordering is manifested in
the observed behavior of the susceptibility!.6 It would be
interesting to measure the dependenceHc2(T) in the region
T,1 K to verify the above prediction.

C. Underdoped cuprates

A very interesting study of the Y-Ba-Cu-O system was
published recently in Ref. 8. The authors used Zn substitu-
tion with subsequent oxygen depletion and obtained a

sample withTc510 K. As a result of such a procedure, a
relatively sharp resistive transition with a parallel shift in an
applied magnetic field has been observed. Therefore, it was
possible to determine the dependenceHc2(T), which turned
out to display an upward curvature similar to that observed
for the overdoped cuprates~see above, Sec. IV A and Figs. 2
and 3!. Recent NMR measurements38 show that magnetic
pair breaking can fully account for the observed decrease in
Tc ; this observation supports our model. One should note,
however, that according to Ref. 8, the low-temperature resis-
tivity of the underdoped YBa~Cu0.97Zn0.03!3O72d sample is
almost two orders of magnitude greater than that of the
Tl2Ba2CuO6 compound.

4 This means that the data and the
dependenceHc2(T) can be analyzed, but the situation corre-
sponds to the dirty case~see Sec. III E!.

FIG. 3. DependenceHc2(T) for Bi2Sr2CuO6: solid squares, experimental data, Ref. 5; solid line, theory.

FIG. 4. DependenceHc2(T) for Sm1.85Ce0.15CuO42y: circles,
experimental data, Ref. 6; solid line, theory.

1258 54YU. N. OVCHINNIKOV AND V. Z. KRESIN



The analysis is based on Eqs.~13!, ~19!, and ~20!. The
value ofHc2(0)535 T impliesg050.6. The values of the
adjustable parameters areb51.28 ~note that this value is
very close to that for the overdoped cuprates!, u50.7 K, and
the diffusion coefficientD50.8 cm2/sec. Using these values,
we get excellent agreement with the data;8 see Fig. 5. In
addition, the diffusion coefficientD allows one to evaluate
the mean free path which appears to be equal to 12 Å; this
value is in remarkable agreement with the valuel tr510 Å
measured in Ref. 8.

Based on Eq.~20!, one can also determine the intrinsic
value of the critical temperature@cf. Eqs.~9! and discussions
in Secs. III D and IV A#. As a result, we obtainT c

05170 K.
This is a very interesting result, because it shows, in analogy
with overdoped cuprates~see Sec. IV A!, that the intrinsicTc
exceeds the value of critical temperature at optimum doping
Tc,opt, implying that the latter is actually depressed by the
pair-breaking effect. In other words, even at optimum doping
~in the absence of Zn atoms! the samples contain magnetic
impurities which depressTc relative to its intrinsic value. It
is interesting that these intrinsic critical temperatures appear
to be close~160–170 K! for all cuprates studied~see above!,
including Tl- and Bi-based samples, as well as the Y-Ba-
Cu-O compound. All of them contain the Cu-O plane as a
basic unit, and probably the valueT c

0 is an important intrin-
sic parameter of this structural unit. If this is true, we can
conclude that the Hg-based cuprate~Tc.150 K! is not far
from this limit.

One can raise the very interesting question of the location
of the magnetic moments responsible for pair breaking. An
unconventional temperature dependence ofHc2 can be ob-
served for different cases~see above!, since any set of mag-
netic moments located in the Cu-O plane or near it will pro-
vide a pair-breaking mechanism depressingTc , Hc2, etc.
Transport data showing a large mean free path4 lead one to
the conclusion that in Tl-based cuprates the magnetic mo-
ments are located on the apical oxygen layer~see the discus-
sion in Sec. IV A above!. We can assume that the same is
true for the Y-Ba-Cu-O compound. In connection with this,
it is interesting to note that the calculation carried out in Ref.
39 has shown that the doping~YBa2Cu3O6→YBa2Cu3O7! is

accompanied by change of the chargeZ* on the O~4! side, so
thatZ*522.07→0.67. This calculation explicitly shows that
the doping leads to formation of local magnetic moments on
the Ba-O layer. The calculation39 provides a good descrip-
tion of the nuclear-quadrupole-resonance~NQR! data and
supports our approach. However, one should note that for the
Y-Ba-Cu-O system the intrinsic value ofTc can be also de-
pressed by other pair breakers. The fact of the matter is that
the mean free path for the Y-Ba-Cu-O compound is not so
large, indicating the possible presence of in-plane pair break-
ers. In connection with this fact, it is interesting to note that
a number of recent studies~see, e.g., Refs. 40–42! have in-
dicated that the cuprates~including the Y-Ba-Cu-O com-
pound! are intrinsically inhomogeneous even at optimum
doping. Phase separation and formation of small spin-
polarized clusters can also lead to the pair-breaking effect.
Our analysis of the dependenceHc2(T) leads to the conclu-
sion that pair breakers are present in Y-Ba-Cu-O even at
optimum doping, but the question of the nature of these mag-
netic moments~i.e., whether we are dealing with the mag-
netic in-plane inclusions or whether there is also a contribu-
tion from the Ba-O layer! deserves special additional study.

In this paper we have focused on the case of a single layer
in the unit cell. This is appropriate, because the
experiments4,5 were performed on 2201 samples with rela-
tively low critical temperatures. Nevertheless, there exists an
interesting question of the dependence ofHc2(T) on the
number of layers in the unit cell. This problem has been
studied in detail in Refs. 43, 44 for layered systems without
magnetic impurities. As regards magnetic scattering, which
is the subject of the present paper, one should note that a
study of overdoped 2212 compounds would be of definite
interest. Such a study would allow one to distinguish be-
tween two types of magnetic scatterers~see above! or, if both
types are present, to estimate their relative contributions. If
the magnetic moments are located on the apical oxygen site,
then one should expect a relative decrease in the curvature of
Hc2(T); in other words, the ratioHc2(0)/Hc2(0)nm will de-
crease@Hc2~0!nm corresponds to the absence of magnetic im-
purities; see Refs. 2, 43, 44#. Indeed, the Cu-O plane in the
2201 compound is affected by two O2 apical ions. At the
same time, the effect of magnetic scattering is weaker for the
2223 compound, because the apical oxygens are located out-
side of the set of three planes. As for the in-plane magnetic
‘‘clusters,’’ their contribution does not depend on the num-
ber of the layers. Note that the value ofTc is also affected by
the total number of the layers. The observed increase inTc
with increasing number of layers~e.g., Tc590 K for the
2201 Tl-based cuprate andTc5125 K for the 2223 com-
pound! provides support for our concept of the magnetic
moments being located on the apical oxygen site.

The experiments4,5 have generated a lot of interest. A
number of models leading to upward curvature inHc2(T)
have been developed~see, e.g., Ref. 45!. However, if we
want to relate the theoretical model explicitly to the phenom-
enon observed in Refs. 4, 5, one should not only have a
theoretically rigorous model, but one should carry out a de-
tailed comparative analysis of the data.4,5 From this point of
view, for example, the bypolaronic model45~a! leads to a di-
vergence atT→0, whereas the data4 strongly indicate an

FIG. 5. Dependence Hc2(T) for
YBa2 ~CuO0.97Zn0.03!3CuO72d : diamonds, experimental data,
Ref. 8; solid line, theory.
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almost linear dependence in this region without any sign of
divergence.

We think that our approach, based on the presence of
magnetic impurities and inhomogeneities, is directly related
to the data4–13 as well as to other similar observations; our
theory does not contain any additional assumptions, since the
presence of magnetic impurities, as well as inhomogeneities,
is directly determined by number of other techniques.
Hc2(T) saturates asT→0 K for samples withTc

opt590 K;46

this agrees with our theory sinceTc
opt corresponds to a

smallernM.

D. Other systems: Superlattices, YNi2B2C compound

In addition to the systems discussed in detail above, a
peculiar temperature dependence of the critical field, drasti-
cally different from the conventional picture,1,2 has been ob-
served for other systems as well.

As was noted above~Sec. II B!, a change in the functional
form of Hc2(T), due to the pair-breaking effect of magnetic
impurities and their ordering trend at low temperatures, can
be observed in 3D systems as well. In connection with this,
one should mention a very interesting study of Ni/V
superlattices.12 A decrease in the thickness of the Ni films
was seen to result in a change in the curvature of
Hc2(T). We think that this effect can be explained by the
picture described here. Indeed, according to Ref. 12, a de-
crease in Ni thickness below 10 Å also leads to a decrease in
the Curie temperatureTCu. Eventually,TCu drops below
the superconducting critical temperature:TCu,Tc . Then,
in the regionTc.T.TCu, one deals with the usual spin-flip
scattering and pair-breaking effects, whereas the ordering oc-
curring atTCu frustrates such scattering and gives rise to a
‘‘recovery’’ of Hc2, that is, to the type of behavior described
in this paper. At larger thicknessesTc,TCu and belowTc ,
the magnetic moments are always ordered; as a result, the
scattering amplitude~here the dipole-dipole interaction plays
an important role; see Sec. II B! only weakly depends on the
temperature. The scenario, described here, accounts for the
situation, observed in Ref. 12, whereby theTc2TCu cross-
over drastically affects the dependenceHc2(T): The func-
tional form of the temperature dependence changes dramati-
cally in the regionT,TCu,Tc .

The YNi2B2C compound, studied recently in Ref. 11, has
a layered structure, but, nevertheless, displays isotropic su-
perconducting properties. Increasing magnetic field leads,
primarily, to a parallel shift in theI -V curve, permitting
reliable measurements of the dependenceHc2(T). The mea-
surements in Ref. 11 were performed in the regionT.4–5 K
~Tc515–16 K!, but the data, nevertheless, clearly show a
strong deviation from the HW picture with the appearance of
a positive curvature similar to that observed in Refs. 4–6.
We think that this effect is caused by spin-flip scattering of
Ni ions and their ordering. It would be interesting to measure
Hc2(T) nearT50 K in order to observe a large increase in
Hc2.

E. Other properties

Ordering of magnetic impurities leads to a frustration of
pair breaking, and consequently to a decrease in the normal

component. This decrease is manifested not only in the be-
havior of the critical field, but in a number of other proper-
ties as well. For example, according to Ref. 14, the gapless-
ness gives rise to a linear temperature dependence of the
electronic heat capacity; the value of the Sommerfeld con-
stant is directly related to the amount of the normal compo-
nent. The presence of magnetic impurities and their order-
ing trend nearT50 K decreases the pair breaking and,
consequently, further lowers the normal component. As a
result, the temperature dependence ofCel becomes nonlinear.
Such an effect has, indeed, been observed experimentally.30

Note also that since the Sommerfeld constant is directly re-
lated to the normal density of states, which for a layered
structure is proportional to the effective mass,37 one might
conclude that the ordering of magnetic impurities effectively
decreasesm* . What is happening in reality is a decrease in
the normal component. The latter is also manifested also in
the penetration depth, electronic thermal conductivity, etc.

A study of the SmRh4B4 system has shown that the su-
perconducting order parameter measured by Josephson tun-
neling increases below the antiferromagnetic ordering
temperature.46 This observation is also directly related to the
picture we have discussed. Indeed, ordering leads to a less
depressed superconducting state, which is not only mani-
fested in an increase inHc2, but is also accompanied by an
increase in the superconducting order parameter. As a result,
the amplitude of the Josephson current increases.

To summarize the previous discussion, our approach is
based on a specific physical model. Namely, the temperature
dependenceHc2(T), which is our major focus, is greatly
affected by the correlation of magnetic impurities at low
temperatures. The trend weakens the pair-breaking effect,
enhances superconductivity, and increasesHc2.

F. Critical field and inhomogeneities

In Secs. II and III we discussed two different scenarios
leading to a positive curvature for a dependenceHc2(T).
Such a curvature can appear as a result of spin-flip scattering
by magnetic impurities, based on the temperature depen-
dence of the scattering amplitude. The other possibility is
related to presence of inhomogeneites. As described above,
in both cases one can observe a positive curvature. However,
the second scenario provides for a smaller increase ofHc2~0!
relative to its conventional HW value.

The presence of inhomogeneites is responsible for the up-
ward curvature ofHc2(T) in the Ba12xKxBiO3 compound.
This effect has been observed in Ref. 9. The compound has a
cubic structure and does not contain localized magnetic mo-
ments. This is the reason why the spin-flip scattering mecha-
nism is irrelevant in this case. However, it is known that
samples of this material are of multiphase composition. In-
deed, the superconducting state of this material occurs only
for the cubic phase withx.0.37 ~see, e.g., Ref. 48!. At the
same time, a very close value of the concentration~x50.35!
corresponds to a coexistence with the semiconducting phase.
Indeed, the upper critical fieldHc2 was measured in Ref. 9
for samples withx in the rangex,0.4. Under such condi-
tions superconducting and semiconducting phases coexist;
that is, the sample is inhomogeneous. The scale of this inho-
mogeneity is on the order of 100 Å.9,48The coherence length
j0 is of order of 50 Å. In this case the model described in
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Sec. III is applicable. The presence of inhomogeneities leads
to the dependenceHc2* (T)5b(T)Hc2

HW(T) @hereHc2* is the
nucleation field, andHc2

HW(T) is the conventional HW
dependence2#. The function b(T) changes fromb51 at
T5Tc to b51.7 atT50, which is, indeed, the scale of the
increase observed in Ref. 9.

Note also that the semiconducting phase has an energy
gap. The size of this gap is smaller that the value ofTc ; the
appearance of this gap is probably related to the charge-
density-wave~CDW! transition. In this case one has to take
into account the proximity effect between superconducting
and semiconducting regions~particularly nearTc!. The prox-
imity effect leads to an effective decrease inTc and, corre-
spondingly, to a broadening of the transition. Because the
value ofHc2 was determined from resistivity measurements,
this broadening leads to the appearance of a tail in the de-
pendenceHc2(T); such a tail has been, indeed, observed in
Ref. 9. One should add also that the presence of the CDW
gap makes the number of carriers in the semiconducting
phase decrease asT→0 K. This greatly diminishes the
proximity effect and depression of the superconducting state
~including Tc!. Such a decrease in the proximity effect acts
similar to magnetic impurity ordering and can also increase
Hc2~0!. We will describe this effect in detail elsewhere.

The presence of semiconducting phase islands leads to
pinning in such materials and, consequently, to a finite value
of the critical current~see Ref. 48!.

The observed dependenceHc2(T) in Ba12xKxBiO3 can
be described with good accuracy by the model described in
Sec. III, that is, by the presence of inhomogeneities.

A positive curvature caused by the presence of inhomo-
geneites has been observed also in Ref. 13. The authors pre-
pared holes in the Al films and observed changes in the de-
pendenceHc2(T) caused by the presence of such holes.

A positive curvature has been also observed in the organic
layered superconductor k~BEDT-TTF!2 Cu~NCS!2
compound,10 Tc510.5 K. Although the curvature is positive,
in contrast to the conventional HW picture,2 no sharp in-
crease, similar to that observed in the cuprates, is seen at low
temperatures. The effect, observed in Ref. 10, is caused by
inhomogeneities. This conclusion is supported by the large
value of the pinning force reported in Ref. 49, which greatly
exceeds the value in the cuprates.

V. CONCLUSION

The main results of this paper can be summarized as fol-
lows.

~1! The magnetic properties of layered superconductors
and, in particular, the nature of the temperature dependence
of Hc2 are greatly affected by magnetic impurities. The tem-
perature dependence of the scattering amplitude leads to an
increase in the value ofHc2 and results in a positive curva-
ture, in complete contrast with the conventional picture.1,2

~2! Our theoretical calculation explains recent experimen-
tal data4,5 on the critical field behavior in overdoped cu-
prates; Figs. 2 and 3 demonstrate an excellent agreement of
the theory with the data.

The analysis is also in a very good agreement with the
data on the Sm-Ce-Cu-O system6 and the underdoped Y-Ba-
Zn-Cu-O compound.8

~3! The material contains magnetic impurities even at op-
timum doping, which implies that the intrinsicTc
exceedTc,opt

dop .
~4! The dependenceHc2(T) can be also modified by 2D

in-plane inhomogeneities.
The treatment developed above not only allows one to

explain the experimental data such as Refs. 4–13, but indi-
cates that it is possible to modify the behavior ofHc2 by
means of adding magnetic impurities or selected inhomoge-
neities.
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APPENDIX

~I! The critical field is determined by Eqs.~2! and~3!. In
order to derive expression~3! for the kernelJ(vn ,H) in the
2D case, consider the relation

D5ln2pT(
n>0

E
0

`

~dw/2p!bp . ~A1!

HereD is the order parameter andbp is the Green’s function.
As was shown by one of the authors,21 bp is satisfied by the
following linear equation~at H5Hc2!:

H sgnvnv]212v1t211ts
212nvE

0

`

dVp1
spp1

1ts
21E

0

`

~dw/2p!J bp52D. ~A2!

The operator]2 is defined by Eq.~1!; the vector potential
A5H(0,x,0). One can seek the solution in the form
D5D0 exp~2eHx2!. The solution of Eq.~A2! can be written
in the form

bp5sgnvnF11sgnvn~t212ts
21!D1~vn!

3E
0

`

dx1Kp~x,x1!exp~2eHx1
2!, ~A3!

where

Kp~x,x1!5u~x2x1!Rs
21, cosw.0,

u~x12x!Rs21, cosw,0,

R5exp@2a~x2x1!s
211 ieH~x22x1

2!tanw#; s5v cosw.
~A4!

a is defined by Eq.~3!.
One can write also the following equation forD1~v!:
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D1~vn!5@sgnvn1~t212ts
21!#D1~vn!

3E
0

`

~dw/2p!dx1Kp~x,x1!exp@2eH~x1
22x2

2!#.

~A5!

Based on Eqs.~A4! and ~A5!, we arrive at Eq.~28! with

J~vn ,H !5E
0

`

dx1@2peHv2~x22x1
2!#21/2

3exp@2a2~2eHv2!21~x2x1!~x1x1!
21#.

~A6!

Equation~A6! can be reduced to Eq.~3!.
~H! Consider theS-N system. The order parameter is not

equal to zero only in the first (S) layer, and we have

D5ln12pT(
n>0

b1 ~A7!

~l andn1 are the coupling constant and density of states for
the first layer; for the dirty case, the Green’s function does

not have, in a first approximation, the angular dependence!.
One can write expressions for the Green’s functionsbi ~i
51,2! in the formb i5Ci(z,v)exp~2eHx2!.50 Assume also
that the thicknessesdi!j i .
The functionsCi can be written in the form

C1~z,v!5C11~v!1C12~v!~d12z!2, 0,z,d1 ,

C2~z,v!5C22~v!1C21~v!~d21z!2, 2d2,z,0.
~A8!

With use of the boundary conditions, we obtainC115C22,
C1252C21 ~k2/k1!, and ki5niDidi . Based on Eqs.~17a!,
~17b!, and~A8! and the expressionD5D0 exp~2eHx2!, one
can obtain

C115D0@v~11k!1~G11kG2!1eH~D11kD2!#
21.

~A9!

k is defined by Eq.~20!. Inserting this expression in~A7! and
introducing the notation T̃ c

05Tc
0 (pT c

0/2gvD)
k,

G5(G11kG2)/(11k), andD5(D11kD2)/(11k), we ar-
rive, after some manipulations, at Eq.~19!.

*Permanent Address: L. D. Landau Institute for Theoretical Phys-
ics, Russian Academy of Sciences, Kosygin 2, Moscow,
11733V.

1L. Gor’kov, Sov. Phys. JETP10, 593 ~1960!.
2E. Helfand and N. R. Werthamer, Phys. Rev. Lett.13, 686

~1964!; Phys. Rev.147, 288 ~1966!.
3Yu. N. Ovchinnikov and V. Z. Kresin, Phys. Rev. B52, 3075

~1995!.
4A. P. Mackenzieet al., Phys. Rev. Lett.71, 1938~1993!; J. Su-
percond.7, 27 ~1994!; Physica C235-240, 233 ~1994!; A. Car-
ringtonet al., Phys. Rev. B49, 13 243~1994!.

5M. Osofskiet al., Phys. Rev. Lett.71, 2315~1993!; J. Supercond.
7, 279 ~1994!.

6Y. Dalichaouchet al., Phys. Rev. Lett.64, 599 ~1990!.
7M. Suzuki and M. Hikita, Phys. Rev. B44, 249 ~1991!.
8D. Warneret al., Phys. Rev. B51, 9375~1995!.
9C. Escribe-Filippiniet al., Physica C210, 133 ~1993!.
10K. Oshimaet al., Physica C153, 1148~1988!.
11M. Xu et al., Physica C227, 321 ~1994!; 235–240, 2533~1994!.
12H. Hommaet al., Phys. Rev. B33, 3562~1986!.
1311. A. Bezryadin and B. Pannetier, J. Low Temp. Phys.98, 251

~1995!.
14A. Abrikosov and L. Gor’kov, Sov. Phys. JETP12, 1243~1961!.
15P. de Gennes, Phys. Condens. Matter3, 79 ~1964!; Superconduc-

tivity in Metals and Alloys~Benjamin, New York, 1966!.
16~a! D. Saint-James, G. Sarma, and E. Thomas,Type II Supercon-

ductors ~Pergamon, Oxford, 1969!; ~b! K. Maki, in Supercon-
ductivity, edited by R. Parks~Dekker, New York, 1969!, p.
1035.

17S. Skalski, O. Betbeder, and P. Weiss, Phys. Rev.136, A1500
~1964!.

18V. Kresin and S. Wolf, Phys. Rev. B51, 1229~1995!.
19A. Abrikosov, Fundamentals of the Theory of Metals~North-

Holland, Amsterdam, 1988!.
20O. Fischer, Helv. Phys. Acta45, 332 ~1972!.
21Yu. Ovchinnikov, Sov. Phys. JETP39, 538 ~1974!.

22G. Eilenberger, Z. Phys.214, 195 ~1968!.
23A. Larkin and Yu. Ovchinnikov, Sov. Phys. JETP28, 1200

~1969!.
24J. Winter, Magnetic Resonance in Metals~Oxford University

Press, New York, 1971!, Chap. 2.
25Yu. Ovchinnikov, I. Vagner, and A. Dyagaev, JETP Lett.59, 569

~1994!.
26V. Gantmakher and Y. Levinson,Carrier Scattering in Metals

and Semiconductors~North-Holland, Amsterdam, 1987!.
27Y. Shimakawa, Physica C204, 247 ~1993!.
28K. Moorjani and J. M. D. Coey,Magnetic Glasses~Elsevier, Am-

sterdam, 1984!; K. Fisher and J. Hertz,Spin Glasses~Cambridge
University Press, Cambridge, England, 1991!.

29N. Phillips, R. Fisher and J. Gordon, inProgress in Low-
Temperature Physics13, edited by D. Brewer~North-Holland,
Amsterdam, 1992!, p. 267.

30J. Wadeet al., J. Supercond.7, 261 ~1994!.
31A. Judod, inStudies of High Temperature Superconductors, ed-

ited by A. Narlikar~Nova Science, Commack, NY, in press!; we
are grateful to the author for sending the manuscript prior to
publication.

32I. Schuller, R. Orbach, and P. Chaikin, Phys. Rev. Lett.41, 1413
~1978!.

33K. Biagi and V. Kogan, J. Clem, Phys. Rev. B32, 7165~1985!.
34Yu. N. Ovchinnikov, Sov. Phys. JETP52, 755 ~1980!.
35C. Niedermayeret al., Phys. Rev. Lett.71, 1764 ~1993!; J. Su-

percond.7, 165 ~1994!.
36J. Tallonet al., Phys. Rev. Lett.74, 1008~1995!.
37V. Kresin and S. Wolf, Phys. Rev. B41, 4278~1990!.
38G. Williams, J. Tallon, and R. Meinhold, Phys. Rev. B52, 7034

~1995!.
39V. Gusakov, Physica C235–240, 813 ~1994!.
40Phase Separation in Cuprate Superconductors, edited by E. Sig-

mund and K. A. Mueller~Springer-Verlag, Berlin, 1994!.
41A. Furreret al., Ref. 39, p. 101; J. Supercond.~to be published!.
42M. Osofskyet al., Appl. Phys. Lett.68, 2729~1996!.

1262 54YU. N. OVCHINNIKOV AND V. Z. KRESIN



43A. Rajagopal and S. Jha, Physica C174, 161 ~1991!; 185-189,
1543 ~1991!.

44S. Jha and A. Rajagopal, Pramana J. Phys.39, 615 ~1992!.
45~a! A. S. Alexandrov, Phys. Rev. B44, 10 571 ~1993!; ~b! J.

Cooperet al., ibid. 51, 6179~1995!.
46J. Smith et al., J. Supercond.7, 269 ~1994!; A. Bykov et al.,

Physica B211, 248 ~1995!.

47R. Vaglio et al., Phys. Rev. Lett.53, 1489~1984!.
48S. Peiet al., Phys. Rev. B41, 4126~1990!.
49A. Swansonet al., Solid State Commun.73, 353 ~1990!.
50A. Larkin and Yu. Ovchinnikov, inNonequilibrium Superconduc-

tivity, edited by D. Landerberg and A. Larkin~Elsevier, Amster-
dam, 1986!, p. 493.

54 1263RECOVERY OF SUPERCONDUCTIVITY AND THE CRITICAL . . .


