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Isotope effect and resistivity in the Hubbard model for d-wave superconductivity
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For spin-fluctuation-induced-wave superconductivity in a two-dimensional Hubbard model we calculate
the suppression of ., the isotope exponent, and the enhancement of the resistivitydue to additional
phonon interaction. The smalle3t. suppression and the largest values are obtained for interactions
?F(q,») which are enhanced at=0. For a reasonably large coupling constaptthe enhancement qf
yields qualitative agreement with the data on ¥B8,0,. However, the largest values af(~0.2) lie at the
lower limit of the measured values for reducédmaterials[S0163-18206)02641-(

There is growing experimental evidence that the Cooper 1 Qrg
pairs in the highf, cuprates havel,_,-wave symmetry. azFi(Q,Q)=gp; (=g 2+ T2]2 Fi(a) (i=0b,t)
This suggests a pairing mechanism due to exchange of anti- 0 0 @

ferromagnetic spin fluctuations which can be described in the
framework of the two-dimensionaD) Hubbard modet. with
Many cuprates including YB&u;O, exhibit a quite notice-
able isotope effect at doping concentrations away from opti-
mal doping?® The isotope effect can be estimated by includ-
ing an electron-phonon interaction in the Hubbard model.
This leads to a suppression of the superconducting transition Fi=2—-F,. 3
temperatureT ;. for d,2_,2-wave pairing and to a finite iso-
tope exponent= —dIn(Tc)/dIn(M). It has been claimed that The Eliashberg coupling constant becomes approximately
coupling toharmonicphonon degrees of freedom gives val-
ues ofa which are at least one order of magnitude smaller 2 [
than the observed values af® )\p=—f dQQ 1> o?Fi(q,Q)

In this paper we reexamine this question by solving the 8tJo q

Fo(@=1, Fy(q)=sir(q,/2)+sirf(q,/2),

following generalized Eliashberg equations for the quasipar- g, L[ Q (Qo/Ty)
ticle self-energy componentsX =0,3,1) where ==P2= — .
9y P y v ) 8t |2 +arCta'6 ro) +1+(QO/FO)4 @

Xo=w(1-2) is the effective mass and damping;= ¢ is
the shift in the chemical potential, and = ¢ the supercon-

ducting order parametér Here we used an average valNg0)=1/8t for the density of

states. Notice that in Ref. 5 we obtalM(0)~0.2t. Then
gp corresponds to the coupling strendth, and\, corre-

X,(k,w)=N"1> [ dO sponds to the in Ref. 3. Indeed, in the limif'y/Q,—0 we
k' 70 obtain\ ,=g,/8t. In most of our numerical calculations we
x[Ps(k_k’,Q)iazpj(k_k’,Q)] take an optical phonon frequen€y,=0.3=60 meV and a

half-width T'y=0.1t. ThenQ,/T";>1 which yields approxi-
mately\ ;=g,/8 (g, in units oft).

We study here the effect of three quite different form
factors wherd~ is constant, and form factofs, andF; are
Here the plus sign holds fo{y and X; and the minus sign peaked ag=Q=(,7) andq=(0,0). The latter form fac-
for X;. The kernell and the spectral function8, of the tors might apply to the breathing and tilting modes,
normal (?=0, 3) and the anomalous'€1) Green’s func- respectivel\ The form factorF, can also describe the effect
tion are given in Refs. 4 and 5. The spin fluctuation exchangef electronic correlations which have been calculated for a
interaction Pg=(U?/27) Im(3xs— xo) [Where xs= xso(1 Hubbard model plus an on-site electron-phonon interaction.
—Uyxs) ~Lis the dynamical spin susceptibilitis calculated These correlations produce a forward scattering peak in the
self-consistently from the spectral functiéy of the dressed effective electron-phonon coupling which depends strongly
Green's functions. For simplicity we have left out here theon doping. With decreasing doping the momentum depen-
charge-fluctuation exchange interactiBp which has to be dence becomes more and more pronouncep=e. For our
added to the electron-phonon interactigfF; . For the latter  doping value away from half fillingg=1—-n=0.15, the en-
we take a form for a single optical phonon branch where dancement functiony? due to vertex correctiohsagrees
coupling constang, multiplies a Lorentzian in frequency roughly with our form factor=(q) in Eq. (3).

Q of width I'y around(},, and a normalized form factor We have solved Eq(l) for a tight-binding bande(k)
Fi(q) as a function of momentum: including next-nearest-neighbor hopping=—0.4% (t is

><ffmdw’I(w,Q,w’)AV(k',w'). (1
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the nearest-neighbor hopping energyhich approximates

the 2D Fermi line of YBgaCu;O,. For an effective coupling 0.6 — — - '
J(g) with J(Q)=U=3.4 and a chemical potential os| * ¥ PriBasCusO
u=—1.35 yielding a renormalized band filling=0.85 we 04l + (Y,P)BazCus07

obtain in the absence of the electron-phonon interaction

(9,=0) aT,=0.0388 for d,2_,2-wave pairing® Below 03} v, |
T. the spectral density Iy (Q,w) exhibits a large peak in 3 02 + o ]
agreement with neutron scattering experiments. For finite 01} RN

g, we solve the eigenvalue equation for the linearized equa- 0.0 ___\“"\_

tion (1) for X;= ¢. The transition temperatufg, is given by ) —

that temperature where the eigenvalug passes through 0.1 | e

unity. It turns out thatT; is suppressed in comparison to 02Ll— ‘ . s . . w

Teo Where the amount of suppression depends strongly on 30 40 50 60 70 80 90 100
the form factor;(q) of the electron-phonon interaction. For Tec

example, for form factoF; we obtain for coupling strengths

gp=2 and 4 fransition temperature$.=0.0364 and FIG. 1. Isotope exponent vs T, for dy2_,2 pairing in a Hub-

0.0337, or relative  suppression T¢—Tc)/Tco  bard model with on-site Coulomb repulsidh=3.7, band filling
=AT./Te=—0.062 and—0.131. For form factoi, and  n=0.85, and a Fermi surface approximating that of YBaOs.
coupling strengthg,=2 and 4 we obtaim.=0.0279 and  The circles refer to electron-phonon coupling constants
0.019§, or AT./T¢o= —0.282 and—-0.497. We find that the \ ,=g,/8=0.25, 0.5, and 0.75, the solid line refers to constant form
suppression of T, is largest for form factor F,  factor F, for the g dependence of the interactiarfF(q,Q), the
(AT /T o=—0.466 forg,=2) which is plausible because dashed line refers té(q) which is enhanced aj=0, and the
the pairing interaction in the gap equation f6f=¢ [see dotted line refers toFy(q) which has its maximum at
Eq. (1)] is (Ps— aF;) where the repulsive spin fluctuation 4=Q=(m,m). The crosses are the experimental points for
interaction P is peaked atQ. Thus F, is destructive for  (Y,PNBaC0O; (Ref. 2.

d-wave pairing. The suppression ©f is relatively small for
form factor F, [see Eq.(3)] which is peaked ag=(0,0).
This result is in line with previous results for combined spin
fluctuation interactionPg and electron-phonon interaction

«a is negative and decreases almost linearly with decreasing
T, for form factorsF, and F,. For comparison we show
also the data point&rossesfor (Y,PrBa, Cus O;.2 Here it
Py o o - should be pointed out that the theoretical curves refer to a
gbi:éiri];g 2F Izs—vig\f/fcleci;e:itrliilw;t(ra?/r(]a?whih%?zfzdFaits_e(lt?igz:,ti\?;e fixed band fillingn=0.85 while the experimental points refer
For the ch;ristant form factoF, the suppression oT is‘ to dlfferent valu_es ()27 an_ch which have begn obtained by
0 € varying the doping, that ig). Thus our theoretical curves tell

intermediate between these two extrema for form factors i
F, andF,. us merely that only the smaller experimental valuesaof

. : . 1 (<0.2) can be reached by going to coupling strengths
isoﬁ)sif:rg;g%ninrésgéiglgergass dependerfeg>M the Ap=0,/8 up to 0.75, provided that the interaction is en-
hanced for smald like that for form factor, . Our curve for
1 dinT, F; in Fig. 1 lies substantially above the curve in Fig. 2 of
=z . (5) Ref. 3 which has been obtained from the MMRef. 9
2 din(€2o) model. Our curve fory which shows small and negative

In calculatinga one has to ensure that the electron-phonore values and larg& . suppression agrees essentially with the
Coupiing )\p is kept fixed. This means according to Eq_) curve in Fig. 2 of REf 3 which has been Ot-)ta|ned for the
that for fixedg, the ratioQ,/T, has to be kept constant Hubbard model with nearest-neighbor hoppingnat0.86
when one evaluates E(ﬁ) numerica"y from the difference andU/t=6. The main difference between these two calcu-
AT, as a function ofAQ,. We quote here some results for lations is that we use a real frequency formulation and a
« for the same parameter values given above for the calcdinite width T’y of «°F around(), while in Ref. 3 the imagi-
lations of AT,.. For form factorF, we obtain for coupling hary frequency formulation is used for an Einstein-phonon
constantsg,=2 and 4 the valuesr=0.069 and 0.14. For model. _

form factor F the results arev=—0.022 and—0.065 for The main constraints on our values 0f~g,/8 are that
g,=2 and 4, and fofF, we obtaina=—0.121 forg,=2. the reduction ofT. and the enhancement of the resistivity
These examples ShOW that the isotope expoadnr a given P be not too |arge and in accordance with the experimental
form factor varies almost linearly with coupling strength values. We calculate here the conductivity with the help

gp, and for giveng, the values ofa decrease in the se- Of the Kubo formula

guence of form factor§; to Fy to F,. On the other hand,

we have seen above that the magnitude of the suppressiong =—
AT,., of the transition temperature increases as one goes h
from F; to F, and toF,. These differences between the 2

results tfor thg three fornl; factors can be seen more clearly in X[ Aok, @)+ Ag(k,@)]%. ®)
Fig. 1 where we have plotted versusT, (we sett=200 Here, f is the Fermi function and is the lattice constant
meV which yieldsT; =90 K). One sees that increases perpendicular to the CuQOplanes. The spectral functions
almost linearly with decreasing, for form factorF,; while A, and Az are calculated self-consistently from Ed). It

a

2me? [
Ci dw(—af/aw)Ek} [(9€l 9ky) %+ (el dky)?]
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FIG. 2. Resistivityp vs T in the normal state for spin fluctuation 12k 1
alone(squares fog,=0), and for additional electron-phonon inter- 1:1 F ge=4 o 5:3{73'5 ]
action with form factor F,(q) and coupling constants ol [C) ]
Np=0p/8=0.25 (triangles, \p=g,/8=0.5 (circles, and ~ 09 o k=(0391,0391)
\p=0,/8=0.75(diamonds. (See notation in Fig. 1.The curve for © o8|
Ap=0.5 agrees qualitatively with the resistivify, observed on 8 o7}
YBa,Cu;0; (Ref. 9. 2 06
N ost
. . 04}
should be pointed out that no vertex corrections to the cur- o3[
rent correlation function have been taken into account. As an 02| J
example we show in Fig. 2 the resistivify= (o) * (in ot
w1 cm) versusT for a spin fluctuation plus phonon interac- 0.00 002 004 006 008 010 012 014 016 018 020
tion with form factor F, for coupling strengths T/t

Ap=0,/8=0.25 (triangles, \,=g,/8=0.5 (circles, and _

\p=0,/8=0.75 (diamond$. For comparison we show also _ FIG.3. Effective mass enhancemeij= ReZ(k,0=0)~1, vs

p for spin fluctuation interaction along§=0, squares The T for 6,=0, 2, and 4 (with Fo). (3 k=(0.1251), (b)

first thing to note from Fig. 2 is that to a good approximationk:(0'391'0'391)'

the curves are linear i apart from the lowest temperatures

where they tend quadratically toward zero. Second, the phaand for all coupling strengths considered by comparing the
non contribution top increases substantially with coupling corresponding eigenvaluey of the linearized gap equation
constant\ , and for increasing temperatufiein comparison  for X;= ¢ with the eigenvalue\ for a state¢ having ex-
with the curve for,=0. The reason for this behavior is the tended s-wave symmetry. For example, for form fadtor
following: The magnitude of the resistivity is determined g,=6, andT=0.031 we find A 4=0.99 and\=0.85. For
primarily by the interaction in a frequency range up toform factorF,, g,=4, andT=0.02a we find\4=0.99 and
w~T. Since the spin fluctuations have most of their spectrah s=0.46.

weight at frequencies well below our phonon frequency, we We have varied the parameter values of our model in the
can understand that the distance between the curves with afillowing way. First, we have increased and decreased the
without phonons increases with temperature. The curve fophonon frequency},. Second, we have varied the width
\p=0,/8=0.5 shows that the resistivity does not become tod’y of the spectrum. Third, we have chosen form factors
large for these coupling constants. In fact, the agreemeri;(q) which are more and more pronouncedgatO corre-
with the experimentap, appears to be quite god@iFor the  sponding to the vertex corrections for smaller doping values
constant form factoF, and coupling constantg,=2 and & away from half filling’ None of these modifications pro-

4 we obtain approximately the same values for the resistivitduced any sizable enhancement of the isotope expament
p as those foiF; shown in Fig. 2. We have also calculated Finally we have increased the band fillimgtowards half
the effective mass enhancement= ReZ(k,w=0)—1 asa filing n=1. For example, forg,=0, U=3.2, and
function of temperaturd and momentunk. In Fig. 3 we  w=—1.1 we obtain a renormalized band fillimg=0.93 and
show our results wittF, and coupling constarg,=0, 2, aT=0.0278. For form factorF; and\,~g,/8=0.25 we
and 4 at momentunk,=(0.125,1) [see Fig. 8)] and find a suppressionAT./T,=-0.102 and a value of
k,=0.391(1,1)[see Fig. 8)]. One sees that at the antinodal «=0.072. Again this value ok is nearly the same as that
point k, the spin fluctuation effect dominates { increases for u=—1.35 (n=0.85) quoted above.

rapidly for decreasing as in a marginal Fermi liqujdwhile In summary, we have studied the effect of different pho-
at the nodal poink, the electron-phonon interaction domi- non interactionse®F(q,») on the spin-fluctuation-induced
nates[\z(gp) —Nz(9p=0)~\,=g,/8]. These results show T, for dy2_2-wave pairing in a 2D Hubbard model. For the
that the average mass enhancement is dominated by the sgih spectrum we take a Lorentzian of widify around an
fluctuation exchange. We have ascertained also that we ireptical phonon frequenc§),=60 meV, and for the| depen-
deed obtaind,2_2-wave pairing for the three form factors dence we consider three different form factérgq) which
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are constant i€0), peaked atq=Q=(m,w) (i=b), or limit of the requirement for global structural stability. The

peaked atj=0 (i =t). The latter form factoF, is suggested CuUrves ofa vers'usTc for form factprs Fo and F,, lie far

by the effect of electronic correlations on the on-site phonorPelow the experimental valugsee Fig. 1 All our attempts
interaction in a Hubbard mod&lOf course there may be O increaser by varying the phonon frequendyo, the width
other sources for form factdF, of the interaction, for ex- Lo Of our interactiona®F(q,(2), the enhancement of this
ample, the phonon tilting modéswe have calculated here Spectrum for small momentum transfgror the band filling
the suppression of ., the isotope exponent, and the en- N have failed. Qur negative vglues_ of for constant form
hancement of the normal-state resistivipy for different ~ factorF, (see Fig. 1are essentially in agreement with those
electron-phonon coupling constants, and form factors found in Ref. 3. Our positive and larger values of
Fi(q). The suppression dF, is found to be relatively small (=<0.2) for F; cannot resolve the puzzle concerning the
for F, and largest foF,. The values ofx are positive for ~Much larger values of (up to about 0.5 in Fig. lwhich

F, while they are negative foE, and Fy,. Our result, that have been observed in nonoptimally doped, reduceds-
form factor F, yields small suppression df, and positive ~Prate materialé.We mention two attempts to resolve this
a, is plausible because, quite generally, the suppression dtuzzle. It has been shown that such large values oén be

d,o_je-wave pairing as the peak in?F(q,») at q=0 be- tations with reasonable coupling constahfsnother way to

comes more and more pronounded. obtain substantially I_arger and sma_ll_efl'C s_uppression is to
For a coupling value of,=4 (\,=0.5) the enhancement assurﬂqahonon—medmted vave pairing with large enough

of the resistivityp(T) for form factor F, yields qualitative Apd- )

agreement with the data obtained on ¥Ba;O; (see Fig.2 It should be pointed out that thene-band2D Hubbard

while the curve forg,=6 (\,=0.75) yields somewhat too model for spin fluctuations and additional interaction for

large values at higheT. The physically relevant effective Narmonicphonons is a minimum model for the cuprate su-
mass enhancement,= ReZ(k,w=0)—1 turns out to be perconductors. TheLEx approximation for this model yields
very anisotropiasee Fig. 3 a number of results which are consistent with experiments

The corresponding values of the isotope exponerior f(_)r larger doping concentrations. However, the failure to
form factor F, and\,=0.75, i.e.,a=0.2 (see Fig. 1 lie at yield the observed decrease Bf and the large increase of
the lower limit of the values which have been measured ofhe isotope exponent for decreasing doping concentration
(Y,Pr)Ba, Cu; O, (see crosses in Fig.)® It should be M&Y |nd|c§te that theLEx approximation or t_he model itself
pointed out that the condition for global structural stability P&comes invalid for low doping concentrations.

(Ref. 3, i.e., thatU,<U is approximately satisfied up to
gp=4 sinceU,=g, and since our effectiveJ is larger than
J(Q)=U=3.7 due to theq dependence of the coupling This work is supported by the Deutsche Forschungsge-
J(q). The valueg,=6 (see Figs. 1 and)Zeems to lie atthe meinschaft.
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