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In order to get information on the exchange integrals in vanadates having V41 ions in a square pyramid
geometry, like CaV4O9, we have performed measurements of the magnetic susceptibility of a one-dimensional
member of the family, NaV2O5, whose spin dynamics is controlled by a single exchange integralJ between
corner-sharing VO5 square pyramids. The high-temperature part is typical of spin-1/2 chains with a nearest-
neighbor antiferromagnetic exchange integralJ of 529 K. Under the reasonable assumption that the exchange
between corner-sharing VO5 square pyramids arises mainly from superexchange through O 2p orbitals in all
vanadates, this result indicates that the next-nearest-neighbor exchange integrals in CaV4O9 have to be larger
than 440 and 275 K for inter- and intraplaquette bonds, respectively.@S0163-1829~96!08741-3#

The report by Taniguchiet al.1 of a spin-gap behavior in
the quasi-two-dimensional~2D! system CaV4O9 ~see Fig. 1!
has triggered an intensive theoretical activity aimed at under-
standing the origin of this gap.2–9 The emerging picture is
that there is no spin gap in the model with only exchange
integralsJ1 between nearest neighbors,

5,6,8and that there is a
spin gap if a coupling constant to second neighborsJ2 is
included as long as 0.05<J2 /J1<0.7.7,4,9,10 This picture
might be slightly modified if exchange integrals are allowed
to take different values inside the plaquettes, sayJ1 andJ2,
and between the plaquettes, sayJ18 andJ28 ~see Fig. 2!. The
problem is now to get information on the value of the ex-
change integrals. This information turns out to be difficult to
extract from the susceptibility. The best calculation of the
temperature dependence of the susceptibility of that model is
a high-temperature expansion due to Gelfandet al.8 Assum-
ing J185J1, J285J2, and J2 /J151/2, they could reproduce
the maximum of the susceptibility around 100 K with
J1.200 K. The fit of the high-temperature part is not satis-
factory however, and the question of the value of the inte-
grals is still pretty much open.

CaV4O9 is actually a member of a large family of vana-
dium oxides studied by Galy and co-workers in the mid
1970’s,11 and a natural idea is to look at other members of
the family to try to get information on the exchange inte-
grals. The other 2D compounds that can be synthesized with
Ca, CaV2O5, and CaV3O7, lead to a similarly difficult prob-
lem as far as the interpretation of the temperature depen-
dence of the susceptibility is concerned because they involve
bothJ1 andJ2. This difficulty can be overcome by studying
another mixed-valence vanadium oxide, NaV2O5. This com-
pound, synthesized by Hardyet al.,12 is isostructural to
CaV2O5.

13 However, NaV2O5 contains Na1 instead of
Ca21, and half the vanadium have to be in the oxydation
state V51 ~formally one has NaV51V 41O5). These ions do
not carry a spin, while the remaining V41 carry a spin 1/2

and form a set of well-separated chains of corner-sharing
VO5 square pyramids~SP! ~see Fig. 1!. The magnetic prop-
erties should thus be well described by the one-dimensional
spin-1/2 Heisenberg model:

H5J(
i
SW i•SW i11 . ~1!

Note that the exchange integralJ between corner-sharing
VO5 SP is the analog of the next-nearest-neighbor exchange
integralsJ2 andJ28 of CaV4O9 ~see Fig. 2!.

In this paper, we present measurements of the magnetic
susceptibility of NaV2O5 from 2 to 400 K. The compound
was prepared starting from a stoichiometric mixture of
NaVO3 ~Merck, min 99%!, V 2O3 ~obtained by hydrogen
reduction of V2O5 at 800

oC! and V2O5 ~Aldrich Chem.
Co.,99.9%!. The mixture was ground intimately, sealed in an
evacuated quartz tube and then heated for 10 h at 615oC.
The x-ray diffraction pattern of the resulting dark powder
indicated the formation of the pure phase NaV2O5. A refine-
ment of the structure of NaV2O5 was proposed by Carpy
and Galy.14 It is orthorhombic and consists, as shown on the
perspective view in Fig. 1~a!, of two-dimensional layers of
VO5 SP with the Na atoms between the layers. It is worth
mentioning in this structure the ordering of the V41 and
V 51 atoms in the layers with formation of rows@Fig. 1~b!#.
Magnetic-susceptibility measurements were performed using
a superconducting quantum interference device susceptom-
eter. The magnetic-field intensity was 1 kG. The molar sus-
ceptibilities were corrected for diamagnetism by using Pas-
cal’s constants.

The raw data are presented in Fig. 3. They agree with the
early measurements between 80 and 600 K by Carpyet al.15

Above 100 K, the susceptibility is consistent with that of a
spin-1/2 chain.16,17 In that temperature range, the best avail-
able estimate of the susceptibility due to Eggertet al.17 is
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actually indistinguishable from the Bonner-Fisher result,16

and the maximum at 350 K implies an exchange integral
J.529 K.

Although, for our present purpose, we are mainly inter-
ested in the position of the maximum of the susceptibility,
which lies in the high-temperature domain, we have tried to
understand the low-temperature part as well. At low tem-
perature, there is no evidence of a phase transition or of
three-dimensional ordering, but, as usual, there is an increase
of the susceptibility due to some kind of defects. The stan-
dard procedure is to describe these defects by a Curie-Weiss
term xCW(T)5g2mB

2S(S11)/3kB(T2u), so that the spin
part of the susceptibility reads

x tot~T!5~12r!x`~T!1rxCW~T!1xVV. ~2!

xVV is the temperature-independent Van Vleck paramagnetic
susceptibility, r is the concentration of impurities, and
x`(T) is the susceptibility of the infinite chain. At low tem-
perature, the difference between the Bonner-Fisher estimate

and the recent results of Eggertet al.17 is not negligible,18

and we have used the results of Eggertet al. for x`(T). It
turns out that the low temperature part of the susceptibility
cannot be fitted satisfactorily along these lines. The main
problem is that the amount of impurities one needs to inter-
pret the low temperature susceptibility gives too large a con-
tribution at higher temperatures. To illustrate this, we have
depicted as a dashed line in Fig. 3 the fit one gets if one tries
to reproduce the low-temperature part by a Curie law
(u50, r50.0075) and the high-temperature part by a spin-
1/2 chain (J5529 K,g52, xVV51.561024 emu/mole!. This
fit clearly overestimates the actual susceptibility around the
minimum at 70 K. Taking all the parameters as free, inde-
pendent parameters does not yield any significant improve-
ment. So the susceptibility behaves as if the impurities were
slowly disappearing when the temperature increases. While
this clearly cannot be reconciled with extrinsic impurities,
such a behavior actually makes sense if the impurity contri-
bution comes from finite chains with an odd number of sites.
The idea is the following: Roughly speaking, a finite-length
chain withN spins behaves like an infinite one at tempera-
tures larger than the finite-size gap, and like a finite one
below that temperature. Now, the finite-size gap is of order
J/N. So if we have a distribution of finite chains with differ-
ent lengths, they will progressively disappear from the impu-
rity term to contribute tox`(T) as the temperature is in-
creased.

Assuming that the finite chains are due to a random dis-
tribution of point defects, we have derived the following ex-
pression for the temperature dependence of the susceptibil-
ity:

x tot~T!5
12exp@2L~T!/aN0#

2N0
xCW~T!1S 11

L~T!

aN0
D

3exp@2L~T!/aN0#x
`~T!1xVV. ~3!

The details of this calculation, together with further experi-
mental data that support it, will be presented elsewhere.19 In
this expression,N0 is the average length of the finite chains.

FIG. 1. Structure of CaV4O9 and NaV2O5. ~a! Perspective
view in the @010# direction. For NaV2O5, the square pyramids oc-
cupied by V41 are indicated by an arrow.~b! Schematic represen-
tation of both structures in the@001# direction.

FIG. 2. Exchange integrals in CaV4O9.

FIG. 3. Thermal variation of the molar magnetic susceptibility
of NaV2O5. Diamonds: Experimental data; Broken line: Fit using
Eq. ~2!; Solid line: Fit using the present theory@Eq. ~3!#. Inset:
Enlargement of the low-temperature region.
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It is related to the defect concentration byN051/r. The
length scaleL(T) corresponds to the length above which
finite segments contribute to the susceptibility as if they were
infinite. It is given by L(T)/a5(gmB)

2/@8kBTx`(T)#,
wherea is the lattice constant along the chains. This expres-
sion can be seen as an extension of Eq.~2!. The concentra-
tion r51/N0 is still an adjustable parameter. However, the
coefficients in front ofxCW(T) and x`(T) are no longer
simply r and 12r, but functions of temperature. Using Eq.
~3!, we have been able to obtain a much better fit of the raw
experimental data. This fit is shown as a solid line in Fig. 3.
The parameters areJ5529 K, g52.043, xVV5141.1026

cm3/mole,N0535 andu521.26 K. This value ofN0 cor-
responds to a concentration of defectsr52.9%. The fit was
realized with the help of a simplex nonlinear least-squares
fitting procedure, and the relative deviation defined as
( i(x i

obs2xcalc)2/((x i
obs)2 was equal to 331025. Note that

the number of adjustable parameters is exactly the same as
for the usual ansatz of Eq.~2!. So the dramatic improvement
of the fit is an indication that this might be the correct ex-
planation of the low-temperature susceptibility of NaV2O5,
although more work is needed before this can be firmly es-
tablished.

Let us now discuss the implication for CaV4O9 of an
exchange integralJ5529 K in NaV2O5. In a square-
pyramid environment, the 3d electron of V41 is in the
3dxy orbital to avoid the negatively charged oxygens20 (x
and y are the directions of the in plane V-O bonds!. The
exchange will then be dominated by the superexchange
mechanism through O 2p orbitals@see Fig. 4~a!#. The size of
the exchange integral depends mostly on the hopping inte-
gral tpd between the 3dxy orbital of vanadium and the 2py
orbital of oxygen. According to semiempirical laws,21 tpd is
related to the local geometry by

tpd5hpdp

\2

m

rd
3/2

d7/2
cosu, ~4!

wherehpdp51.36,\2/m57.62 eV Å2, r d50.98 Å for va-
nadium, whiled and u are defined in Fig. 4~b!. Besides,
fourth-order perturbation theory intpd leads to the following
expression forJ:

J5
4tpd

4

~ep2ed!
2 S 1

Ud
1

1

~ep2ed!1Up/2
D , ~5!

whereed and ep are the on-site energies on vanadium and
oxygen, respectively, whileUd andUp are the on-site Cou-
lomb repulsions between two electrons sitting on the same
vanadium or oxygen orbital. Using the structural parameters
deduced from x-ray measurements~see Table I!, estimates of

the ratiosJ2 /J andJ28/J can be obtained from Eqs.~4! and
~5!. With J5529 K, they lead toJ25275 K andJ285440 K.

How reliable are these estimates ofJ2 and J28 in
CaV4O9? In their careful analysis of superexchange in cop-
per oxides, Eskes and Jefferson22 showed that hopping be-
tween oxygen orbitals lead to a weaker dependence ofJ
upon tpd than predicted by Eq.~5! (J}tpd

2.3 for La2CuO4, in
reasonable agreement with the experimental resultJ}d26.4

obtained by Aronsonet al.23 in their study of the pressure
dependence ofJ). In the present case, we do not have
enough information on the other parameters to reproduce
Eskes and Jefferson’s analysis. But one point seems to be
clear: Eq.~5! overestimates the dependence ofJ on tpd . So
the actual ratiosJ2 /J and J28/J are presumably closer to 1
than the estimates obtained from Eqs.~4!–~5!, and the values
J25275 K andJ285440 K should be considered as lower
bounds to the actual exchange integrals in CaV4O9.

These values are much bigger than the numbers assumed
in most theoretical studies so far, namelyJ2.J28.502100
K. If we put together all the information we have at the
moment, a consistent picture of exchange integrals can nev-
ertheless be obtained. For clarity, let us neglect the differ-
ence betweenJ1 ~resp.J2) andJ18 ~resp.J28) for a moment.
The presence of a gap of 107 K in CaV4O9, i.e., consider-
ably smaller thanJ2, can still be explained by theJ12J2
model on the depleted lattice ifJ2 /J1 is not too far from
either of the critical values~0.05 and 0.7! where the gap
disappears. Now, according to a recent work of Kontani
et al.,24 the observation by neutron scattering of stripe order
in the compound CaV3O7 ~Ref. 25! implies thatJ2 /J1 can-
not be too small. At a quantitative level, the bound given by
the modified spin-wave theoryJ2 /J1.0.6932 cannot be
taken too seriously, but a ratioJ2 /J1 close to 0.05 can be
excluded because CaV3O7 should then exhibit Ne´el order.
Under the assumption that exchange integrals have the same
origin in all vanadates, this implies thatJ2 /J1 cannot be too
small in CaV4O9 as well. So exchange integralsJ2.440 K
and J28.275 K are possible if the exchange integrals be-
tween first neighborsJ1 and J18 are only slightly larger. A
very useful check will be to see if such values are compatible
with the temperature dependences of the susceptibility re-
ported for CaV3O7 ~Ref. 26! and CaV4O9.

1

To summarize, we have measured the magnetic suscepti-
bility of a one-dimensional vanadate, NaV2O5, between 2
and 400 K. The high temperature data are typical of a spin-
1/2 chain with an exchange integral of 529 K. The increase

FIG. 4. ~a! V 3d and O 2p orbitals involved in superexchange
between corner-sharing VO5 square pyramids;~b! Basic parameters
of a VO5 square pyramid.

TABLE I. Average distance between vanadium and neighboring
oxygen (d), distance between vanadium and oxygen plane (d'),
and estimated exchange integral for three vanadium-vanadium
bonds corresponding to corner-sharing VO5 pyramids: intra-
plaquette next-nearest-neighbor bonds of CaV4O9 (J2), inter-
plaquette next-nearest-neighbor bonds of CaV4O9 (J28), and
nearest-neighbor bonds in NaV2O5.

d ~Å! d' ~Å! Exchange integral~K!

CaV4O9 (J2) 2.035 0.685 . 275
CaV4O9 (J28) 1.955 0.685 . 440
NaV2O5 (J) 1.961 0.364 529
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at low temperature is not well accounted for by assuming
that it comes from extrinsic paramagnetic impurities. We
have proposed an alternative explanation in terms of finite
chain effects which provides a much better fit in all the tem-
perature range. Assuming that superexchange is the leading
exchange mechanism between vanadium in corner-sharing
square pyramids, we have shown that the present results im-
ply that the next-nearest-neighbor exchange integrals in
CaV4O9 are much larger than usually assumed. We believe
that this information will prove very useful in understanding
the magnetic properties of CaV4O9.

Note added in proof. We have been informed that
NaV2O5 has recently and independently been studied by
M. Isobe and Y. Ueda@J. Phys. Soc. Jpn.65, 1178~1996!#.
Their high temperature data for the susceptibility are in good

agreement with ours as well as their estimate of the ex-
change integralJ. Thus, the main point of the present paper
concerning the value of the exchange integrals in vanadates
is confirmed by their results. The presence of a spin Peierls
transition at 34 K in their data not seen in our sample is
presumably due to the presence of defects in our sample, in
agreement with our interpretation of our low temperature
data.
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ful to S. Eggert for sending us his numerical estimates of the
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