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In the framework of effective-mass envelope-function theory, the optical transitions of InAs/GaAs strained
coupled quantum dots grown on GaAs~100! oriented substrates are studied. At theG point, the electron and
hole energy levels, the distribution of electron and hole wave functions along the growth and parallel direc-
tions, the optical transition-matrix elements, the exciton states, and absorption spectra are calculated. In cal-
culations, the effects due to the different effective masses of electrons and holes in different materials are
included. Our theoretical results are in good agreement with the available experimental data.
@S0163-1829~96!09339-3#

I. INTRODUCTION

Growth of highly strained InAs/GaAs quantum-well het-
erostructures has attracted much attention due to their unique
electronic and optical properties as well as potential applica-
tions in electronic and optoelectronic devices.1–4 More re-
cently there has arisen an interest towards structures with
further reduced dimensionality: quantum wires and dots.
InAs quantum wires and dots have been grown selectively on
SiO2-patterned GaAs substrates and on terraced GaAs sur-
faces with InAs monolayer~ML ! coverage.5,6 The growth of
highly strained semiconductor layer~InAs, InxGa12xAs!
onto a substrate~GaAs, InP! could lead to the spontaneous
formation of semiconductor nanometer-scale clusters.7–13

Very sharp emission lines from InAs/GaAs heterostructures
prepared from this method have been observed recently,14–16

directly representing thed-function-like density of states in
the zero-dimensional system.

P. D. Wanget al.17 studied the optical properties of InAs/
GaAs heterostructures with InAs average layer thickness
ranging from 1 Å~one-third of a ML! to 4 ML grown on
~100! and~311! surfaces. Extremely high optical quality was
revealed for the structures with ultrasmall InAs coverage.
Optical anisotropy found in photoluminescence~PL! as well
as in PL excitation spectra indicates a highly anisotropic
growth mode for InAs molecules on the GaAs~100! surface.
The 1-Å sample had the narrowest (>0.8 meV! linewidth,
which was consistent with the formation of 1 ML islands
with lateral dimension comparable to exciton Bohr radius
and implied a uniform distribution of InAs molecules on the
GaAs surface. Another remarkable feature of the 1 Å sample
was the extremely high efficiency of radiative recombina-
tion, especially at high temperatures. This result clearly in-
dicates a dramatic reduction of nonradiative recombination
channels.

Xie et al.18 demonstrated a vertically self-organized
growth of InAs quantum box islands. A phenomenological
model was also proposed. The model was shown to consis-

tently account for the observations, thus providing the first
clear evidence that the island-induced evolving strain fields
provide the driving force for self-assembly or self-
organization in island systems. The strong vertically self-
organized islands open a new front for studying the proper-
ties of nanostructures, such as the coupled InAs quantum
boxes.

For the theoretical approach, Burt19 developed an
envelope-function theory that is suitable for every kind of
microstructure. He derived an effective-mass equation under
only one condition that the envelope function is slowly vary-
ing. By focusing on the equation satisfied by slowly varying
envelope functions, it becomes clear why the effective-mass
approximation works so well for quantum wells with only 1
ML or so wide, in which the electronic states are weakly
bound and thus necessarily extended. Foreman20,21 derived
the conduction-band effective-mass differential equation and
the valence-band effective-mass Hamiltonian of a semicon-
ductor quantum well or superlattice. It is shown that the cor-
rect form of the valence-band effective-mass Hamiltonian
gives reasonable physical results, while the commonly used
‘‘symmetrized’’ form can produce nonphysical solutions for
the heavy-hole~HH! subbands in which the quantum-well
effective mass is very sensitive to the difference in Luttinger
parameters between the well and the barrier.

In this paper, using the effective-mass envelope-function
theory, we will study the electron and hole energy levels at
theG point, the distribution of electron and hole wave func-
tions along the growth and parallel directions, the optical
transition matrix elements, the excitonic states, and the
optical-absorption spectra of coupled InAs/GaAs strained
quantum dots grown on GaAs~100! oriented substrates by
the plane-wave expansion method.22,23 In our calculations,
the effects due to the different effective masses of electrons
and holes in different materials, and the coupling between
HH and light hole ~LH! are included. Presently, to our
knowledge, there is no suitable theory for this problem.
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II. THEORETICAL MODEL

Studying the case of the InAs/GaAs coupled quantum
dots grown on~100! GaAs substrates, we assume that the
strain only arises in the InAs dots. In the following we
choose the growth direction~100! as theZ direction of our
coordinate system. The InAs dots are periodically arranged
boxes.18 In theZ direction, the width of the InAs dot isl , and
the distance between two adjacent dots isd, the period is
thenl1d. In the parallel direction, the radius of InAs dots is
R, the distance between two nearby dots isL22R, andL is
the period. We choose the boxed region as the unit cell in
Fig. 1.

According to Burt and Foreman’s effective-mass theory
and taking into account the differences of the effective
masses between InAs and GaAs materials,19,20 the electron
Hamiltonian can be written as the equation below~neglect-
ing the second- and higher-order terms in the approxima-
tion!,

He5P
1

2me* ~x,y,z!
P1Ve~x,y,z!. ~1!

In the unit cell in Fig. 1,

Ve~x,y,z!5H 0, x21y2<R2 and uzu< l

Ve0, others,
~2a!

me* ~x,y,z!5Hm1* , x21y2<R2 and uzu< l

m2* , others,
~2b!

m1* andm2* are the electron effective masses in InAs and
GaAs materials, respectively. The electron Schro¨dinger
equation is

HeCe5EeCe . ~3!

Assuming that the electron wave functions have the follow-
ing forms:

Ce~re!5
1

LAl1d
(

nx ,ny ,nz
enx ,ny ,nze

i ~knzx1knyy1knzz!, ~4!

with knx5kx1nxKx , kny5ky1nyKy , knz5kz1nzKz ,
K5Kx5Ky52p/L, Kz52p/( l1d), r5(r II ,z),
r II5(x,y), andnx ,ny ,nz50,61,62, . . . , thematrix ele-
ments of Hamiltonian~1! for Eq. ~4! can be written as

S \2

2m2*
dnxnx8dnyny8dnznz81

\2

2m12*
SiSj D

3~knxknx8 1knykny8 1knzknz8 !

1~dnxnx8dnyny8dnznz82SiSj !Ve0 , ~5!

where

knx8 5kx1nx8Kx , kny8 5ky1ny8Ky , knz8 5kz1nz8Kz ,

\2

2m12*
5

\2

2m1*
2

\2

2m2*
,

Si55
l

l1d
, nz5nz8

sinFp~nz2nz8!
l

l1dG
p~nz2nz8!

, nz5” nz8 ,

Sj5H pR2

L2
, nx5nx8 and ny5ny8

R

lL
J1~lKR!, nx5” nx8 or ny5” ny8 ,

and

l5A~nx2nx8!21~ny2ny8!2.

J1 is the first-order Bessel function, J1(x)
5(x/2p)*0

pcos(x cosu)sin2u du. Therefore, we can calcu-
late the electron subband structures from Eq.~5!.

For the valence subbands, including the effects of strain,
the hole Hamiltonian can be written as~assuming the hole
energy as positive!

Hh5H01H«1Vh~x,y,z!. ~6!

FIG. 1. The structures of coupled InAs monolayer quantum
dots:~a! along the parallel direction and~b! along the growth direc-
tion.
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Vh(x,y,z) is the hole potential of coupled quantum dots. In
the unit cell in Fig. 1,

Vh~x,y,z!5H 0, x21y2<R2 and uzu< l

Vh0 , others,
~7!

H0 is the Foreman effective-mass Hamiltonian for the hole
state~excluding spin-orbit splitting!21

H05
1

2m0 F P1 R 2Q2 0

R1 P2 C1 2Q1
1

2Q2
1 C P2 2R

0 2Q1 2R1 P1

G , ~8!

with

P65 p̂x~g16g2! p̂x1 p̂y~g16g2! p̂y1 p̂z~g172g2! p̂z ,

R5A3@~ p̂x1 i p̂y!m~ p̂x1 i p̂y!2~ p̂x2 i p̂y!ḡ~ p̂x2 i p̂y!#,

Q652A3@~ p̂x6 i p̂y!~s2d! p̂z1 p̂zp~ p̂x6 i p̂y!#,

C52P̂z~s2d2p!~ p̂x2 i p̂y!22~ p̂x2 i p̂y!~s2d2p!P̂z ,

s2d5 1
6 ~212g112g216g3!, p5 1

6 ~11g122g2!,

ḡ5 1
2 ~g21g3!, and m52 1

2 ~g22g3! .

g1 ,g2 ,g3 are the Luttinger effective-mass parameters which
are functions ofx,y,z. In the unit cell in Fig. 1,

g1 ,g2 ,g3~x,y,z!

5H g11,g12,g13, x21y2<R2 and uzu< l ,

g21,g22,g23, others,
~9!

where g11,g12,g13 and g21,g22,g23 are the Luttinger
effective-mass parameters of InAs and GaAs, respectively.
m0 is the free-electron effective mass.H« is the strained
energies of the hole24,25

H«52Dd~«xx1«yy1«zz!2
2

3
DuF S Jx221

3
J2D «xx1S Jy22 1

3
J2D «yy1S Jz22 1

3
J2D «zzG

2
2

3
Du8@2$Jx ,Jy%«xx12$Jy ,Jz%«yz12$Jz ,Jx%«zx#, ~10!

where Dd , Du , Du8 are the deformation potentials,
«xx ,«yy , . . . are the strain tensor components. The substrate
of the InAs dots is GaAs, we assume

«xx5«yy5
a02a

a
and « i j50 ~ i5” j !, ~11!

in InAs wherea and a0 are the lattice parameters of bulk
InAs and GaAs, respectively. The energy density of strain is
U5 1

2C11(2«xx
2 1«zz

2 )1C12(2«xx«zz1«xx
2 ). U should have

minimum in the condition~11!, so

«zz522
C12

C11
«xx . ~12!

C12 andC11 are the elastic moduli of InAs. Using the repre-
sentation ofJx , Jy , andJz in Eq. ~39! of Ref. 26, we obtain
the hole effective-mass Hamiltonian,

Hh5
1

2m0 F P12D R 2Q2 0

R1 P21D C1 2Q1
1

2Q2
1 C P21D 2R

0 2Q1 2R1 P12D

G1D8

1Vh~zh!, ~13!

where

D5HD0 , x21y2<R2 and uzu< l ,

0 , others,
~14a!

D052
2

3
DuS 11

2c12
c11

D «xx , ~14b!

D8522DdS 12
c12
c11

D «xx . ~14c!

Assuming the hole wave function has the following form:

Ch~rh!5
1

LAl1d
(

nx,ny ,nz S anx ,ny ,nz

bnx ,ny ,nz

cnx ,ny ,nz

dnx ,ny ,nz

D ei ~knxx1knyy1knzz!,

~15!

the matrix elements of Hamiltonian~13! between the wave
function ~15! are then

~P67D !nn85~g6
1 dnxnx8dnyny8dnznz81SiSjg6

2 !

3~knxknx8 1knykny8 !

1~g6
3 dnxnx8dnyny8dnznz81SiSjg6

4 !

3knzknz8 7D0SiSj , ~16a!
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~Q6!nn852A3$@dnxnx8dnyny8dnznz8~s22d2!

1~s12d12s21d2!SiSj #~knx8 6 ikny8 !knz

1@dnxnx8dnyny8dnznz8p21~p12p2!SiSj #

3~knx6 ikny!knz8 %, ~16b!

Rnn85A3$@dnxnx8dnyny8dnznz8m21~m12m2!SiSj #~knx1 ikny!

3~knx8 1 ikny8 !2@dnxnx8dnyny8dnznz8ḡ21~ ḡ12ḡ2!SiSj #

3~knx2 ikny!~knx8 2 ikny8 !%, ~16c!

Cnn852@~knx2 ikny!knz8 2~knx8 2 ikny8 !knz#

3~s12d12p12s21d21p2!SiSj , ~16d!

~D81Vh!nn85D8SiSj1~dnxnx8dnyny8dnznz82SiSj !Vh0 ,

~16e!

with g6
1 5g216g22, g6

2 5(g116g12)2g6
1 , g6

3 5g21

72g22, g6
4 5(g1172g12)2g6

3 , sn2dn5
1
6 (212gn1

12gn216gn3), pn5
1
6(11gn122gn2), ḡn5

1
2 (gn21gn3),

mn521/2(gn22gn3), sn2dn2pn5
1
3(212gn112gn2

13gn3), andn51 or 2. The hole subband structures can be
calculated from Eq.~16!.

The treatment of strain effects in Eqs.~11! and ~12! is a
good approximation for largeR, but in the limit of small
R, the strain will approach the case of
exx5eyy5ezz5(a02a)/a. So, our simplified treatment of
strain will break down for smallR. Due to the matrix ele-
ments of strain energy include the factorSj @Eqs.~16a! and
~16e!# andSj will approach zero whenR approaches zero;
the transition energies calculated using Eq.~12! is close to
those calculated usingezz5exx5eyy for the smallR. The
R50 transition energies is equal to the transition energies of
bulk GaAs.

The exciton Hamiltonian can be written as

H5He1Hh2
e2

«ur u
. ~17!

Assuming that the exciton wave function is of the following
form:

Cex5CeChG~r,z,u!5u i , j &, ~18!

where

G~r,z,u!5(
i j

Ai j S 2a i

p D 1/2S 2b j

p D 1/4exp~2a ir
22b j z

2!,

r25(xe2xh)
21(ye2yh)

2, and

z25~ze2zh!
2.

The exciton energies can then be determined by

det~Hi 8 j 8,i j2ESi 8 j 8,i j !50, ~19!

with

Hi 8 j 8,i j5 K i 8 j 8UHe1Hh2
e2

«ur u U i j L ,
and Si 8 j 8,i j5^ i 8 j 8u i j &. The exciton binding energies are
therefore given by

Eb5Ee1Eh2E. ~20!

The absorption coefficients for interband transitions can
be written as27,28

a~\v!5
C

v(
i

u^Cexu«̂•PuG&u2d~E2\v!, ~21!

whereC is a constant andG denotes the ground state of the
solid. Assuming that the momentum matrix elements be-
tween the conduction- and valence-band Bloch states are in-
dependent ofk,28 we obtain

^Cexu«̂•PuG&5Qmm8(k G~k!, ~22!

where Qmm8 is the squared optical transition matrix ele-
ments.

In order to obtain a smooth absorption spectrum, we re-
place thed function in Eq. ~21! by a Lorentzian function
with a half-widthG, viz.,

d~E2\v!'
G

p@~E2\v!21G2#
. ~23!

The magnitude ofG is roughly equal to the energy spacing of
the eigenstates.

III. RESULTS AND DISCUSSION

The number of plane waves that were used in our calcu-
lations arenx ,ny ,nz50,61,62,63. Taking more plane
waves, the calculated results will be slightly improved.

When l530 Å , d550 Å ,R550 Å , andL5200 Å , we
take the effective masses and lattice parameters in Table I.29

The conduction-band offset is assumed to be 70% of the
band-gap difference.17 The band offsets are given in Table II.
For InAs materials, we take the deformation potential param-
eters:Dd52a56.0 eV, 2Du /352b51.8 eV, and the elas-
tic moduli ~in 1011 dyn cm22): c1158.329,c1254.526.29We
have calculated the electron and hole subbands along the

TABLE I. The effective masses and lattice parameters.

me* (m0) g1 g2 g3 a0 ~Å!

GaAs 0.067 6.85 2.1 2.9 5.653
InAs 0.023 19.67 8.37 9.29 6.0583

TABLE II. The band offset parameters in strained and un-
strained values~in units of eV!.

EG(GaAs) EG(InAs) Ve0 Vh0

Unstrained 1.518 0.418 0.77 0.33
Strained 1.518 0.78456 0.51341 0.22003
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growth direction~100! and the parallel direction of GaAs/
InAs quantum dots. The results indicate narrow bandwidths
and sharp peak density of states in coupled quantum dots.
The width of the first band is only about 1 meV for both
electron and hole. The width of bands will become larger
when the dots are closer to each other or the dots are wider in
size. The mixing between the LH and HH is determined by
R, Q, andC in Eq. ~8!. The mixing still exists even when
k50 ~at theG point! in coupled quantum dots, while it does
not exist in superlattices. The energy levels at theG point
(k50) are shown in Table III. From this table, we can see
that the energy levels are strongly affected by the material
parameters and the mixing effect between LH and HH in
coupled quantum dots. Using the envelope-function ap-
proach, one can indeed show that the excitonic wave func-
tions are mostly confined in InAs dots. For simplicity, we
assume here an effective mass, close to that of the InAs, for
the whole InAs-GaAs coupled quantum dots system, and
perform the same effective-mass calculation. When the vol-
ume of the InAs dots is not very small, this is a good ap-

proximation. Including the exciton effects, Fig. 2 gives the
HH and LH energy transitions as functions of the radiusR
~a! and widthL ~b!. The energy transition will decrease as
the size of InAs dots increase.

For the monolayer coupled quantum dots,l52.83 Å. Set-
ting k50, and taking above structure parameters, as well as
the optical transition matrix constant 2P2/m0518.71 eV,22

we have calculated the squared optical transition-matrix ele-
ments from the first electronic energy level~CB1! ~where CB
denotes conduction band! to the first LH energy level~LH1!
and the first HH energy level~HH1!. The results are given in
Table IV, in comparison with the results of the superlattice
model. From our calculations, we found that the optical tran-
sitions are clearly anisotropic, and the squared optical

FIG. 2. The heavy- and light-hole energy transitions as func-
tions of the radiusR ~a! and widthl ~b!.

FIG. 3. The distribution of electron and hole wave functions
along the coordinate axes. The dotted line is the interface of InAs
and GaAs.

TABLE IV. The squared optical transition matrix elements from
the first electronic energy level to the first heavy-hole and light-hole
energy levels.

Model Qz Qi

HH1 quantum dots 0 18.156
superlattices 0 17.079

LH1 quantum dots 24.499 6.125
superlattices 24.853 6.214

TABLE III. The energy levels~meV! at theG point (k50).

m* m*5m1* m1*5m2* m*5m2*

First Conductive 417.1 365.8 281.6
HH1 mixed 100.0 79.9 80.4

not mixed 155.7 129.5 100.6

LH1 mixed 103.1 84.4 91.7
not mixed 172.4 150.3 131.3
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transition-matrix elements of the dot model are close to those
of the superlattice mode.

Figure 3 shows the distribution of electron and hole wave
functions of the ground states along coordinate axes for
coupled InAs monolayer quantum dots for the above struc-
ture parameters. Here the upper lines correspond to electrons
and the lower lines correspond to holes. From this figure, we
see that the wave functions of electrons and holes penetrate
very deeply into the GaAs barrier along the growth direction.
Also the penetration of the wave functions of LH into GaAs
is deeper than those of HH. Taking above effective-mass
parameters, we can calculate the exciton states. We found
that the LH exciton binding energies are very close to the
value of bulk GaAs and weakly dependent on the structure
parameters of the InAs dots. This is also due to the very deep
penetration of the LH wave functions into the GaAs barrier.
For HH, whend550 Å andL5200 Å , the binding energies
are close to the value of bulk GaAs and weakly dependent on
the radiusR; with a fixed value ofd550 Å andR550 Å,
and L increasing, the binding energies from the minimum
value ~close to the value of the bulk GaAs! increases to a
maximum ~only about 4.5 meV!, and then decreases to a
value, again, close to the value of bulk GaAs. TheL value
corresponding to the maximum binding energy is about 650
Å . WhenR andL are very large, the results will be similar
to the results of InAs/GaAs superlattices. In a word, the ex-
citonic binding energies are close to the value of bulk GaAs.

Figure 4 gives the theoretical absorption spectra from
HH1 and LH1 to CB1 for coupled monolayer InAs quantum
dots withd550 Å , R550 Å , andL5300 Å . These struc-
ture parameters are close to the experimental parameters in
Ref. 30. For comparison, we note that the photoluminescence
experimental data given by Ref. 30 show that HH1 and LH1
exciton absorption peaks are located at 1.502 and 1.5106 eV,
respectively, and our theoretical absorption peaks are at
1.5025 and 1.5085 eV for the HH1 and LH1 exciton, respec-
tively. Obviously our theoretical results agree well with the
experimental data.30

IV. SUMMARY

In this paper we have given an effective-mass theory for
coupled InAs quantum dots grown on GaAs~100! oriented
substrates. At theG point, we have calculated the electron
and hole energy levels, the distribution of electron and hole
wave functions along the growth direction as well as in the
plane, the optical transition matrix elements, the excitonic
states, the energy transitions as functions of the radius and
period of InAs dots, and the optical-absorption spectra. Our
theoretical results agree well with the available experimental
data.
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