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Electronic phase transitions in the spins Falicov-Kimball model
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The spin% Falicov-Kimball model for electronically driven valence and metal-insulator transitions is studied
in one dimension using small-cluster exact diagonalization calculations. The resultant exact solutions are used
to examine thef -state occupationn) as a function off-level energy E;), d-f interaction strengtl&, and
f-f interaction strengtiJ. It is shown that for sufficiently large values & (G>2) the model can describe
two types of discontinuous valence transitions: the insulator-metal transitions from an integer-valence ground
state fi;=1) into an inhomogeneous intermediate-valence ground staten(€1) and the insulator-metal
transitions fromn;=1 to n;=0. In the weak-coupling limit G<1) the model undergoes a few consecutive
discontinuous and continuous intermediate-valence transitions. In addition, the local paifieteofrons and
some other features of the sp}rFaIicov-KimbaII model are discussef50163-18206)02940-7

Since its introduction in 1969, the Falicov-Kimball theoretical picture of metal-insulator and valence transitions
model has become an important standard model for a destill remains uncertain in the framework of this model. Even
scription of valence and metal-insulator transitions observeéh the existing literature on this model different answers can
in a wide group of substancésansition-metal and rare-earth be found on the fundamental question whether or not the
oxides, halides, sulfides, and borigfleghen some external Falicov-Kimball model can describe the discontinuous tran-
parameters such as pressure or temperature are vafied.sition of thef- (d-) electron occupation numbeg (ny) as a
The model is based on the coexistence of two different typefunction of thef-level energyE;. Depending on the type of
of electronic states in given materials: localized, highly cor-approximations used, both positive answerand negative
related ioniclike states and extended, uncorrelated, Blochanswer8were found for the Falicov-Kimball model. Discon-
like states. It is generally accepted that insulator-metal trantinuous transitions were obtained within Hartree-Fock treat-
sitions result from a change in the occupation numbers ofments, while in treatments based on the coherent-potential
these electronic states, which remain themselves basicallpproximation only continuous transitions were obtained.
unchanged in their character. The Hamiltonian of the modeSince experimentally one sees both discontinuous and con-
can be written as the sum of four terms tinuous transitions it has been generally accepted that the
Falicov-Kimball could yield the correct physics for describ-
ing these transitions. Unfortunately, many controversies have
been found in approximate solutions. Even within the same
approximation the details of the first-order phase transitions
strongly depend on the form of the conduction bdtite
density of statés For example, for the case of a semielliptic
" _ o density of statesp(E)=47 1-2(E/W)?]*? the mean-
wheref;,,f;, are the creation and annihilation operators forfjg|g approximation of the tyge

lo?
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with_ pin(_jing energyE; and d;'(,,c_ii_o are the creation_and did 76— (did) 7, + (£, dTd — (F7£.)(dTd)) (2
annihilation operators of the itinerant electrons in the
d-band Wannier state at site yields the continuous transitions foG<wW/16; for

The first term of(1) is the kinetic energy corresponding to 7\w/16< G <[1— (4/37)]W/2 there are discontinuous tran-
quantum-mechanical hopping of the itineranelectrons be-  sjtions fromn;# 1 to n;=0 and for largeG the transition
tween sites andj. These intersite hopplng transitions are goes fromnle to anO. The same approximation for a
described by the matrix elemertts, which are—t if i and  rectangular density of state$E) =W~ leads to continuous
j are the nearest neighbors and zero other@isthe follow-  transitions for G<W/4, while for G>W/4 discontinuous
ing all parameters are measured in unitstpf The second  transitions fromn;=1 to n;=0 take place aE;=W/4. It is
term represents the on-site Coulomb interaction between theharacteristic of the mean-field treatment of the Falicov-
d-band electrons with densitsig=Ng4/L=(1/L)Z;,d,di,  Kimball model that the discontinuous transitions go to pure
and the localizedf electrons with densityn;=N¢/L  valence metallic state for simple band densities of states.
=(1/L)Eil,fi*0fig, where L is the number of lattice sites. These results indicated that the study of valence and metal-
The third term stands for the localized electrons whose insulator transitions may be successful only with methods
sharp energy level i§;. The last term represents the intra- that are relatively insensitive to the type of approximation
atomic Coulomb interaction between the localizea&lec- used and, of course, with exact methods.
trons. In our previous papers® we have investigated the spin-

In spite of the fact that the Falicov-Kimball model is one less version of the Falicov-Kimball model by extrapolation
of the simplest examples of interacting fermionic system, theof small-cluster exact-diagonalization calculations. Unlike
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the approximate results we have found that fhelectron

occupation numben; as a function of thef-level energy 4 E
E; exhibits a few intermediate-valence transitionsTatO. 103
We have found discontinuous insulator-insulator transitions Ue,
for sufficiently strong interactiodsand a discontinuous 1.0 3 L=500
insulator-metal transition for weak interactichs. G=3
In this paper we study the problem of valence and metal- 0.8 3
insulator transitions in the spih-Falicov-Kimball model U
when the same method, extrapolation of small-cluster exact- 0.6 3
diagonalization calculations, is used. We have performed the Ue,
exhaustive study of th&; dependence of thé-state occu- 0.4 3
pation (n;) for a wide range of parameters. Typical examples
are then chosen from a large number of available results to 0.2 3
represent interesting cases. 3
Since thef-electron density operatofg, f;, of each site 0.0 Frrrrem sz P T T
00 02 04 06 08 10 1.2

i commute with the Hamiltoniafi), the f-electron occupa-
tion numbem; is a good quantum number, taking only three
valuesw;=0,1,2 according to whether the sitds unoccu-
pied or occupied by one or two localizécelectrons. There-
fore the Hamiltonian1l) can be replaced by

Ng
FIG. 1. Critical interaction strengthsCl andUC2 as a function
of n; calculated fol. =500 andG=3.

(Next the valueG=3 is chosen to represent the typical be-
havior of the model in the strong coupling limitii) The
H=, hijdiT(rdja"' E;>, w;+UD, (3  ground state fotJ=0 is the segregated configuration of the
Lo i local f pairs (w,={22---200--0} for N; even and
i wp=122---2100 - -0} for N¢ odd). (iii) For a givenN; the
whereh; ;=t; +Gw;4;; andD is the total number of doubly - segregated configuratiom, persists as the ground state for
occupied sites. U<U,_. (iv) For U, <U<U,, the number of locaf pairs

_Thus, for a given f-electron_ cor_1f|gurat|o_n is reduced with increasing. (v) For U>U_._the ground
w={wq,W,, ... w } defined on a one-dimensional lattice 2

with periodic boundary conditions, the Hamiltonié@) is the ~ State is the segregated configuration with singly occupied

second-quantized version of the single-particle Hamiltoniarsites Ws={11---100 --0}). -

h(w)=T+GW, so the investigation of the modé) is re- In ac_jdmon, we have found that the transition fram to

duced to the investigation of the spectrumtofor different ~ Ws realizes through the steps

configurations off electrons.(From the numerical point of

view there is only one difference between the spiand wp={2---20---0}—{12---210 - - 0}

spinless version of the Falicov-Kimball model, namely, that B 110, —

w; takes now three instead of two valueSince thed elec- —{112--2110--0}—--{1---10---0p=w; (4)

trons do not interact among themselves, the numerical calcyyy

lations preceed directly in the following stepse consider

_only the caseNs+Ny=L, Which_ is the point o_f_ the special wy={2--.210 - -0}—{12. . .2110 - - 0}

interest for valence and metal-insulator transitions caused by

promotion of electrons from localized orbitals " —{112--.21110--0}—---{1---10- - - O} = wsg.

—f""1) to the conduction band stafegi) Having G,U, 5)

E;, and w={w,,w,, ... w,} fixed, find all eigenvalues

Ay of h(w)=T+GW. (ii) For a givenNy=Z;w; determine  Since no exceptions have been observed.fer24, we con-

the ground-state enerdj(w)=2t;i\'f)\k+ E{N;+UD of a jecture that for sufficiently larg& (G=2) the ground states

particular f-electron configurationv by filling in the lowest  of the spins Falicov-Kimball model are only the configura-

Ng4=L — N; one-electron leveléhe spin degeneracy must be tions of type(4) or (5).

taken into account (i) Find thew® for which E(w) has a The last observation is very important for the extrapola-

minimum. Repeating this procedure for different values oftion of small-cluster exact-diagonalization calculations since

E¢, one can immediately study the dependence of thdt allows us to avoid technical difficulties associated with a

f-electron occupation numbék==;w? on thef-level posi- large number of configurations and consequently to study

tion E;. much larger systems. Figure 1 presents numerical results for
First we have investigated the spinFalicov-Kimball the critical interaction strengthsCl and Uc, as functions of

model for the small finite cluster@ip to 24 sitesand for all  the f-electron occupation numbes obtained forG=3 and

possible configurations of the localizefd electrons. The L=500. It is seen that there is a relative large regiorJof

small-cluster exact-diagonalization calculations have beemalues where the configurations with a nonzero number of

performed for the following set ofU and G values: local f pairs are the ground states. The fact that ftredec-

U=0,0.1,0.2,...,1.5 G=1.5,2,3,4,5,10. We summarize trons form the locaf pairs, in spite of a relative large repul-

our results with some observatioris. For U>2 the results sive interactionJ, indicates that there is an attractive inter-

do not depend sensitively upahf interaction strengttG. action that is able to overcome this direct repulsion. One of
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TABLE I. Typical examples of the ground-state configurations

10 3 . that form the structure of valence transitions in the weak-coupling
E a oumes limit (G=0.5U=1,andL=24).
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FIG. 2. Dependence of thé-electron occupation numben; fi . lat tal t iti tak | t
[calculated for all configurations of the typd) and (5)] on the continuous  insulator-metal transition takes place B

f-level positionE; for L=300G=3, and five different values of Since no finite-size effects have been found we can conclude
U:aU=0'b U=02c U=04d LJ=0.8' ande. U=15. Inset:  that the spins Falicov-Kimball model in the pressure in-

dependence of the energy gaApon thef-level positionE; calcu- ~ duced case can describe two types of discontinuous valence

lated forL=300G =23, and three different values &f. transitions: the insulator-metal transitions from an integer-
valence ground staten{=1) into an inhomogeneous
the most important results for the spjnFalicov-Kimball ~ intermediate-valence ground state ¢ 1) and the insulator-

model is that the interaction of the localizéalectrons with ~ metal transitions from an integer-valence state<(1) into
the itinerantd-band electrons leads to an effective on-siteanother integer-valence state; G 0). Note that these results
attraction between the localizéidelectrons. It is interesting are in very good agreement with experimental studies of
to study whether this feature changes the picture of valenc@sulator-metal transitions in the samarium mono-
and metal-insulator transitions found for the spinless versioghalcogenide$! This fact indicates that the Falicov-Kimball
of the model. The numerical results f&; dependence of Model could yield the correct physics for describing these
ns [calculated for configurations of tyé) and(5)] are plot- transitions. However, one might expétt-G in the Falicov-
ted in Fig. 2 forG=3 and different values df). They lead Kimball and thus the application of these results for a de-
to the following conclusiong(i) The transition is continuous scription of intermediate-valence transitions of real materials
for U=0. (i) For 0<U<U, (U,~1.273) there are discon- is possible only if there is an additional mechanism that re-
tinuous transitions from an integer-valence stage-1 into ~ duces the values of). Such a mechanism should be the
an inhomogeneous intermediate-valence state:1 at €lectron-phonon interactio.
E¢=E¢(U). (iii) ForU>Uj the transitions are discontinuous L&t us now study the problem of valence and metal-
from n;=1 ton;=0. They take place &,= — U, indepen- insulator transitions in the weak-coupling limit. First we
dent of U. have performed numerical calculations on finite clusteps
The last result can be directly compared with the abovel© 24 sites for all f-electron configurations an@=0.5. We
mentioned mean-field solutions that exhibit the same beha1ave found that the loc#i pairs are now stable only in a
ior for large G and U—c. Since the mean-field solutions Very narrow region nead =0 and that outside this region
strongly depend on the form of the conduction band, we havéhe valence transitions are formed by configuratiansof

calculated the mean-field ground-state energy only one kind(see Table)l In these configurations the pairs
of consecutive unoccupied sites are distributed in such a

o manner that the distances between two consecutive pairs are
xP(E)dE (6)  eitherd or d+1. Furthermore, the distribution of the dis-
tances ofd andd+1 has to be mostly homogeneous. The
using the exact density of stgi¢E) = 7 'Re(4—E?) ~Y2in  valence transition calculated for these configuratiofsis
one dimension. We have found that discontinuous transitionshown in Fig. 3 together with the exact numerical results
take place attE.,=—4/7=—1.2732 .., which is in very obtained for alif-electron configurations. The comparison of
good agreement with our numerical valdg= —1.273. Next  these results confirms our conjecture made in a previous
we will show that the mean-field decoupling of the ty(®  paper® namely, that the valence transition is formed by the
reproduces very well the exact numerical results also foprimary structure corresponding to configuratiomg with
small values ofG. the smallest periods and the secondary structure correspond-
In order to examine possibilities for the insulator-metaling to remaining configurations. The primary structure is al-
transitions atE,, we have computed the energy gipsf  most independent of (see Fig. 4, while the secondary
ground-state configurations correspondingeta The inset  structure is suppressed with inreasingnd for sufficiently
in Fig. 2 presents results obtained fGr=3 and different largeL it forms a gradual transition between two configura-
values ofU. It is seen that beloviE, the gaps have a finite tions with small periods. However, unlike the spinless ver-
width, while aboveE, the gap apparently vanishes: the dis- sion we have found no discontinuous insulator-metal transi-

EMF:J Ep(E)dE-l—Efnf-i-anf
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FIG. 4. L dependence af) the exact numerical bounds aftg
the energy gap calculated for three selected configurations with
small periods, which form the primary structure of the valence tran-
sition.

FIG. 3. Dependence of thieelectron occupation numbet on
the f-level positionE; for G=0.5 andU=1. The behavior for
L =24 has been calculated for all possibtelectron configurations,
for L=480 only the configurations/,, have been considered, and
the MF curve represents the mean-field result obtained using thstudied using small-cluster exact-diagonalization calcula-
exact density of states. Inset: energy gaps corresponding to configtions. It was shown that for sufficiently large values of the
rationswy, . interaction strengtlG (G>2) the model can describe two

types of discontinuous valence transitions: the insulator-
tions in the sping Falicov-Kimball model for small values of Metal transitions from an integer-valence ground state
G. The transition to pure valence statg €0) is a continu-  (Nr=1) into an inhomogeneous intermediate-valence ground
ous insulator-metal transitiofsee Fig. 3 and the transitions state (6<n¢<1) and the msulat_or-rr_\et_al transitions from
that realize between two states with=0 are insulator- Nf=1 t0n:=0.In the weak-coupling limit the model under-
insulator transitions. For comparison we have displayed ¢S @ few consecutive discontinuous and continuous
Fig. 3 also the results that have been obtained using thmtermedlate-valence transitions. The transition to pure va-

mean-field approximation of the tyg) with the exact den- fénce state ii;=0) is a continuous insulator-metal transition

sity of states. The results are again in good agreement an"’}fId trans_mons that reallzg_between two st_a_tes Wjth0 are
insulator-insulator transitions. In addition, the local

both exhibit discontinuous transition from an integer—valencef_electron airingleven in the presence of direct repulsive
state f;=1) into an intermediate-valence state;¢0,1). ]interactiongwas%ound b P

This result shows how crucial it is to use the exact density o
states for description of valence transitions in the mean-field This work was partially supported by the Slovak Grant
approximation. Agency for Science and the Commission of the European
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