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We have studied the evolution, mediated by surface diffusion, of periodic corrugations on a surface using
Monte Carlo simulations on a solid-on-solid~SOS! model. Above the roughening temperatureTR , for both
unidirectional and bidirectional sinusoidal corrugations of wavelengthL, the amplitudeh decays exponentially
with timeh/h0'exp~2at!, with t/L4 scaling in agreement with Herring-Mullins theory. Below the roughening
temperature, there is a gradual transition to a power-law decay of the amplitude as the temperature is lowered.
The wavelength scaling varies with the substrate temperature and the periodicity of the corrugation in the two
orthogonal transverse directions. Well belowTR , the amplitude in unidirectional sinusoidal corrugations
evolves with time according toh/h0'(11lt)21, with t/L5 scaling for diffusion-limited kinetics, in agree-
ment with the theory of Ozdemir and Zangwill@Phys. Rev. B42, 5013 ~1990!#. In bidirectional sinusoidal
corrugations, profile decay is driven by a combination of line-tension and step-step entropic repulsion, in
agreement with the theory of Rettori and Villain@J. Phys.~Paris! 49, 257 ~1988!#. @S0163-1829~96!07439-5#

An important problem in crystal growth is the continuum
description of surface morphology in terms of roughening
processes such as the random arrival of atoms, strain and
diffusion bias, and smoothing processes such as surface and
bulk diffusion and evaporation-condensation. Surface diffu-
sion is the dominant mechanism of relaxation during thin-
film growth of many materials. A mathematical framework
for the continuum description of relaxation was provided by
Herring1 and later developed by Mullins.2 For the canonical
problem of the evolution of an imprinted sinusoidal profile of
wavelengthL, this predicts a shape-preserving solution with
an exponential decay of the amplitude with timet and t/L4

scaling. This has been verified both experimentally3–5 and in
Monte Carlo simulations5–8 above the surface-roughening
transition temperatureTR . Below TR , the associated equa-
tions become singular due to the cusp in the surface free
energy at low index orientations.

Both analytic9–16 and Monte Carlo6,8,17–20 techniques
have been used to study profile evolution belowTR . Analyti-
cal models describe surface relaxation belowTR to be driven
by step-step interactions and line tension. For a unidirec-
tional sinusoidal profile, they predict the appearance of a flat
top and a power-law decay of the amplitude witht/L5 scal-
ing for diffusion-limited kinetics.11 Experiments on periodic
profiles on Ni and Si~001! have shown the development of a
flat top, but the amplitude evolution appears to followt/L4

scaling.4,21 Monte Carlo simulations have reproduced the
t/L4 scaling close to but belowTR ~Refs. 8 and 19!. For a
bidirectional sinusoidal profile, the amplitude decay is ex-
pected to followt/L3 scaling for diffusion-limited kinetics.9

Annealing of rough surfaces of Cu~111! produced by
growth22 and of TiO2~110! ~Ref. 23! and Ge~00l! ~Ref. 24!
produced by ion bombardment has yielded results consistent
with amplitude decay followingt/Ln scaling, withn taking
the values of 3~short-time behavior!, 4, and 2.2 for Cu~111!,
TiO2, and Ge~001!, respectively. Thus we see a wide varia-
tion in the time and wavelength dependence of the profile
evolution. As many crystal processing steps occur well be-
low TR , it is of interest to determine the onset and nature of
low-temperature profile evolution.

In this Brief Report, we discuss Monte Carlo simulations
on a solid-on-solid~SOS! model of surface profile evolution
above and below the surface-roughening temperature. As the
substrate temperature is lowered from above to belowTR ,
there is a gradual transition from an exponential decay to a
power-law decay of the amplitude. The wavelength scaling
varies with the substrate temperature and the periodicity of
the corrugation in the two orthogonal transverse directions.
Well below TR , the amplitude in unidirectional sinusoidal
corrugations evolves with time according to
h/h0'(11lt)21, with t/L5 scaling for diffusion-limited ki-
netics in agreement with analytic theory.11 In bidirectional
sinusoidal corrugations, profile decay is driven by a combi-
nation of line-tension and step-step entropic repulsion, also
in agreement with analytic theory.9

The SOS model is described by the Hamiltonian
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wherehi is the height at sitei and« is the bond energy. The
simulations were performed on a square lattice with the sum
limited to nearest neighbors. Periodic boundary conditions
were employed in the transverse directions. The roughening
transition temperatureTR for this model iskBTR/«50.62.25

The only interactions between steps in this SOS model are
statistical. The free energy per unit projected surface areaG
can be expanded in terms of the slopehx as
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For T.TR , the coefficients of odd powers
G15G35•••50.2,9 For T,TR , current models of surfaces
predict the coefficientG2 of the quadratic term to vanish, and
the condition of noncrossing of steps gives rise to the cubic
term in the projected surface free energy.26

The Monte Carlo simulations were performed in~211!D
with conservative dynamics. Each step consists of picking a
site at random and making a move to an adjacent site with
probability
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whereDE is the difference in binding energy between the
present site and the new~adjacent! site. The approach to
equilibrium was investigated for unidirectional and bidirec-
tional sinusoidal corrugations. At low temperatures, the av-
erage position of steps was followed by determining the
number of atoms at each level. This introduces an error due
to incomplete cancellation of adatom and vacancy concentra-
tions, but this is deemed sufficiently small to not affect the
conclusions drawn here. The size of the surface ranged from
104 to 105 columns. It is noted that the widthW in the direc-

tion of the groove in unidirectional corrugations@Fig. 1~a!#
must be sufficiently large to allow for many step-step colli-
sions. A nonmonotonic change in the rate of amplitude decay
was observed asW was increased from very small~essen-
tially no collisions over the whole width! to large values
~few to several collisions!. A width of 1000 lattice units was
used for the simulations below the roughening temperature.

The time evolution of the amplitude in unidirectional
sinusoidal corrugations was studied at five different tempera-
tures ranging fromT50.54TR to 1.2TR for the wavelengths
of L510–40 units. The initial amplitudeh0 was four units.
The amplitudeh represents an average over either one or two
rows ~perpendicular to the corrugation direction! at the ex-
trema of the starting sinusoidal profile. The data shown are

FIG. 1. ~a! A discretized unidirectional sinusoidal corrugation with an amplitudeh054 units. The evolution of the amplitudeh/h0 as a
function of scaled timet/Ln at ~b! T51.2TR , ~c! T50.8TR , and~d! T50.54TR . The amplitude is defined as the average height at one or
two rows at the extrema of the initial sinusoidal pattern. The data are averaged over at least 5000 columns. Also shown are the functions
exp(2at/Ln) and~11lt/Ln!21, wherea andl were chosen to give good fits to the initial 25% of the decay in amplitude.~e! The variation
in scaled step positions shown as a function oft/L5 for the wavelengths ofL520 and 30 lattice units atT50.54TR .
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averaged over at least 5000 columns. Figures 1~b!–1~d!
show the amplitude decay at three different temperatures.
Also shown are the functionsh/h05exp(2at/Ln) and
h/h05(11lt/Ln)21. It is noted that the parametersa andl
were chosen to give good fits to the initial 25% of the decay.
At T51.2TR @Fig. 1~b!#, the decay is seen to be exponential,
with a t/Ln scaling,n54.060.1, in agreement with Herring-
Mullins theory.2 Assuming the effective activation energy of
2«1«d ~sum of adatom formation and migration energy! in
the coefficienta, we getG251.24«. As the temperature is
lowered, we observe a gradual transition from an exponential
decay to a power-law decay of the amplitude. This does not
agree with the prediction of a linear decay of the amplitude
below TR .

13 At T50.8TR , the scaling is still of the form
t/Ln, n54.160.1, in agreement with earlier Monte Carlo
simulations@Fig. 1~c!#.8,19 However, the decay function de-
viates from the exponential form. AtT50.54TR , the ampli-
tude decay@Fig. 1~d!# follows the power law, as predicted for
relaxation driven by step-step entropic repulsion.11 Also the
wavelength scaling exponentn55 gives a good fit over a
significant portion of the decay~up to h'0.25h0!, as ex-
pected for diffusion-limited kinetics.11 The scaling is not as
good toward the end when only one pair of steps is left. This
may be due to finite-size effects from larger step separation
as noted above. The plateaus in Fig. 1~d! correspond to inte-
ger heightsh. The plateaus would be less prominent for
higher values of the initial amplitudeh0.

The decay proceeds through the contact of unlike steps at
the extrema. This leads to formation of islands and their
subsequent evaporation onto the terrace.9 Figure 1~e! shows
the average position of individual steps during the profile
evolution atT50.54TR . For the steps at the extrema, we
define an effective step position in terms of the number of
atoms or vacancies remaining. We see that all steps move
toward the center and the low index facet at the top grows as
each pair of steps annihilate. The scaled step positions show
t/L5 scaling, which indicates that the shape of the evolving
profile follows this scaling. It is also interesting to note the
sudden change in the step velocities when the steps at the
extrema vanish, in agreement with the description in analytic
theory.11 The entropic repulsion faced by the next to last step
at the extrema decreases rapidly on one side, resulting in the
sudden change in velocities of all steps.

The evolution of bidirectional sinusoidal corrugations de-
scribed by the envelope

h~x,y,0!5h0sinS 2px

L D sinS 2py

L D ~4!

was also investigated. The wavelengths in the rangeL516–
60 lattice units were again followed at different temperatures
from T50.54TR to 1.2TR . The initial amplitudeh0 was four
units. AboveTR , the amplitude decayed exponentially with
time with t/L4 scaling as expected. BelowTR , profile decay
is driven by line tension in addition to step-step entropic
repulsion. Figure 2 shows the variation of amplitude at
T50.54TR with time scaled by two different wavelength ex-
ponents,t/L5 andt/L3. We see that there is no single wave-
length scaling exponent valid for all wavelengths. For ex-
ample, at short wavelengths~L516,20!, n'5 gives a
reasonable fit, while a similar exercise at the longest wave-

lengths~L540, 50, and 60! yields n'3.8. This shift can be
understood qualitatively in terms of the line tension and step-
step entropic contributions to the excess step chemical
potential.9,27 For a fixed initial amplitude, steps are more
closely spaced at short wavelengths, giving rise to a large
step-step entropic term. This leads to a decay similar to that
of unidirectional profiles. At large wavelengths the line ten-
sion dominates for the islands at the extrema. The analyti-
cally predicted form of the decay in this limit is
h2h0;2bt/L3.9 The simulations show a trend towardn53
as the wavelength increases. An exponential decay of the
amplitude witht/L3 scaling has been observed belowTR in
this SOS model, but with different dynamics.20

One effect not included in analytic models is the interac-
tion between opposite steps at the extrema in unidirectional
sinusoidal corrugations.6,11,20These models strictly describe
the evolution of a corrugation with only one type of step.
Evolution of a half-sinusoidal profile~corresponding to
L520,h054 and employing screw periodic boundary condi-
tions! with only one type of step has shown that the steps at
the extrema move more slowly than their counterparts in the
full sinusoidal profile~using the definition above of effective
step position!. This clearly shows that the island decay must
be taken into account for a determination of the absolute rate

FIG. 2. Evolution of the amplitudeh/h0 with scaled timet/Ln,
n55 and 3 atT50.54TR for wavelengths fromL516 to 60 lattice
units in bidirectional sinusoidal corrugations. The data are averaged
over at least 500 columns, except atL560, where it is averaged
over 200 columns.
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of decay. This phenomenon of step-antistep annihilation is
analogous to the single step to double step transition on vici-
nal surfaces.28

We discuss certain features regarding the details of the
simulation. The starting surface configuration is a discretized
sine wave with straight steps~in unidirectional gratings!, and
one would expect a finite time for the steps to develop ther-
mal fluctuations. Figure 1~e! shows the rapid readjustment of
step positions at the beginning of decay. This shows that
equilibration time is short compared to the total time of de-
cay and hence is not a major factor in the observed time
evolution of the amplitude. Another feature is the rather
large slopes of the profiles in the simulations. The analytical
theory is developed in the limit of small slopes, yet we get an
excellent agreement with analytical expressions of decay.
This may come from two sources. First, the higher-order
terms [O(h x

4)] in the projected surface free energy may be
small. The other is the assumption of infinite vertical diffu-
sion in the dynamics of the SOS model. The small slope
approximation in analytical theory comes from considering
only mass transport in the transverse directions, and is
equivalent to the assumption of infinite vertical diffusion.
Hence a simplifying step in the dynamics of the SOS model
might be aiding us in making a comparison to analytical
expressions.

The decay of sinusoidal profiles followed diffusion-
limited kinetics since there was no step-attachment barrier.29

In the other extreme of interface-limited decay amplitude
evolution follows t/L4 scaling for unidirectional profiles11

and t/L2 scaling for bidirectional profiles. Hence, surfaces
evolving through surface diffusion below the roughening
temperature may show amplitude followingt/Ln scaling,
with n ranging from 2 to 5.

In conclusion, we have studied the evolution of unidirec-
tional and bidirectional sinusoidal corrugations above and
below the roughening transition temperatureTR on a SOS
model using Monte Carlo simulations. AboveTR , the ampli-
tude decays exponentially with time, in agreement with
Herring-Mullins theory.2 Below the roughening temperature,
there is a gradual transition to a power-law decay of the
amplitude as the temperature is lowered. The wavelength
scaling varies with the substrate temperature and the period-
icity of the corrugation in the two orthogonal transverse di-
rections. Well belowTR , the amplitude in unidirectional
sinusoidal corrugations evolves with time according to
h/h0'(11lt)21, with t/L5 scaling for diffusion-limited ki-
netics in agreement with analytic theory.11 In bidirectional
sinusoidal corrugations, profile decay is driven by a combi-
nation of line-tension and step-step entropic repulsion, also
in agreement in analytic theory.9
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Note added in proof.We have performed kinetic Monte
Carlo simulations and they yield the same results described
in this paper. In writing the probabilities of jumps@Eq. ~3!#,
we have taken the energy of the transition state between any
two neighboring sitesi and j to be«d higher than the higher
of the two statesi and j . This is irrespective of the binding at
sitesi and j .
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