PHYSICAL REVIEW B VOLUME 53, NUMBER 14 1 APRIL 1996-II

Thermal noise in superconducting quantum point contacts
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We present a theory for the frequency-dependent current fluctuations in superconducting quantum point
contacts(SQPQ within the dc transport regime. This theory is valid for any barrier transparency between the
tunnel and ballistic limits, yielding an analytical expression for the fluctuations spectrum in the subgap region.
It is shown that the level of noise in a quasiballistic SQPC may have a huge increase in comparison with the
case of a normal contact carrying the same average current. The effect of this high level of noise on the actual
observability of the current-phase relation for a ballistic point contact is discussed in connection with recent
experimental measurements.

Present technologies make it possible to fabricate supesupercurrent tends to its maximum value. We claim that this
conducting point-contacts in the nanometer scale. Examplégct explains the difficulties found for the experimental ob-
of these kind of systems are the recently developed atomigervation of the predicted current-phase relationship for a
size break-junctiorfsand the split-gate superconductor—two- ballistic contact.
dimensional electron gas—superconductor junction of Takay- In recent works we have introduced a theoretical approach
anagiet al? In both cases the electronic transport takes placéor the study of the transport properties of superconducting
through a reduced number of quantum channels, the contaBgnoscale constrictiois® In this approach the system is
transmission being a controllable quantity. These featuredescribed by a Hamiltonian written in a site representation,
make these systems very attractive for testing theoreticd[0M Which the microscopic Bogoliubov—de Gennes equa-

models of the superconducting transport beyond tunnel corfions can be derivetf. Within this model the normal trans-
ditions. mission coefficient through the constriction can be expressed

Recently, there have been a number of theoretical work# terms of microscopic parameters, allowing one to establish
devoted to a detailed analysis of both the dc and ac respongecomplete correspondence with other approaches based on
of a single channel point contatt In particular, illuminat- ~ Scattering theory. o o
ing results have been obtained for the ac current in the hith- FOr our present purpose of describing an atomic size con-
erto less understood limit of small bias voltagésdowever, ~fact, it will “be sufficient to analyze the following
little attention has been paid to the effect of thermal fluctua-amiltonian:
tions in the transport properties of this kind of device. This is
an important issue both due to its intrinsic interest as a non-  _ x ipl2at A —ip2at A
equilibrium phenomena and also because they limit the ob- H=H.+ HR+§ (te77CL,Crotte R, CLo), (1)
servability of the measured characteristics. It is clear that . .
thermal fluctuations have to be taken into account if a directvhere H_ and Hr are the BCS Hamiltonians for the un-
comparison between theory and experimental results is to beoupled electrodegdefined asL and R), t is the hopping
carried out. Regarding this last point, some recenparameter which defines the normal transmission through the
experiment$ have shown the deviation of the measuredsingle quantum channel connecting both electrodes ¢aisd
current-phase relation in a mechanically controllable brealkhe total superconducting phase difference between the elec-
junction with respect to the theoretical predicted érBame  trodes. In the present calculations we shall neglect fluctua-
authors have recently pointed out the importance of thermdions in this superconducting phase difference and concen-
fluctuations as a source for this deviatfon. trate on the contribution to the current fluctuations arising

The aim of this paper is to present a theory for the thermafrom thermal excitation of quasiparticles.
current fluctuations of a superconducting quantum point con- We would like to emphasize that starting from these
tact (SQPQ in the dc regime valid for any contact transmis- simple contact model results which are in complete agree-
sion. This theory yields an analytical expression for the zeroment with those of scattering theory have been obtairtéd.
frequency noise which, in the limit of low barrier A detailed discussion on the equivalence between both ap-
transparencies, differs strongly from the standard tunneproaches foN-S andS-S contacts will be given elsewheté.
theory resulf In the opposite limit, i.e., for a ballistic con- Within this model, the operator associated with the cur-
tact, we find that the current fluctuatiodsvergewhen the  rent through the contact can be written as
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- ie - ~ iaat R last quantities can be obtained up to infinite order in the
()= 52 [te'?'%C ,(7)Cro(T) —te ' P2Ch (T)CL(T)], coupling parameter by solving the following Dyson equa-
7 tion:
2

where the different creation and annihilation operators ap- . @ Ar (@) Ar (@) @ AL@)
pearing in Eq.(2) are the usual Heisenberg operators at a Cug () =856 (Q) 8,5+ 2 G2 (Q)2LPGHP(Q),
given timer. Then, the spectral density of the current fluc- 7 (8)
tuations is defined as A . R R
where 3 @=3L@=0 and 3@ =(3L@)*=1. The in-
S(w):ﬁj dr €T(81(7)81(0))+(51(0)81 ()], (3) dexesa, B, andy can be eithet or R, andg;; (" are the
retarded(advancell Green functions corresponding to the
where 5[(T)E|“(T)_<f>_ left and right uncoupled electrodes.

For the evaluation of the above averages, we perform a FOr the symmetric case, both electrodes have the same
decoupling procedure which is consistent with the Bcsmodulus of the superconducting order paramefer,and
mean-field theory. The spectruBfw) can then be expressed these Green functions can be expressed as
in terms of the single-particle nonequilibrium Green func- <1 () At ()
tions (Ref. 12 G5 (Q) andG_ ;" (©2) (wherea and3 can 9L (@) =ggrr (@)
be eitherL or R). In a superconducting broken symmetry

: o ) ) 1 —w*iy A
representatiotiRef. 13 G, (Q2) is defined by = o,
WVA%—(w*in)?| A —w*ip
é;,;(m=f dr €97G; (7,0), (4 (9)

whereW is an energy scale related to the normal density of

with states at the Fermi level y(eg) = 1/(7W) and 7 is a small
A <62ﬂ(0)6a1(7)> (631(0)604(7)} energy relaxation rate that takes into account the damping of
GZB_(T-O):i( At ot R At , the quasiparticle states due to inelastic processes inside the
(Cp1(0)C, (7)) (Cp (0)C, (7)) electrodes. This parameter can be estimated from the

electron-phonon interaction to be a small fractionAof* It
is useful to define the normal transmission coefficient of the
contact, which in terms ofW and t has the form

andG,; (7,00=[G}, (0.01". )
In terms of the functions5;; () andG_; (Q), S(w)

adopts the form a=4(2t/W)?/[1+ (2t/W)?]2.2° The spectral densities that
o2 are obtained from Eq8) are no longer singular at the gap
S(w)= zf do Tr[fégi(g)ég(Qer)f edges and exhibit poles inside the superconducting gap, lo-

cated at energiewg= iA\/l%— a sir(¢/2), corresponding
116 T (O)G HO+ )i =16 (OGS O+ to the interface bound staté$As stated in previous works,
tGLr (MG (A NG (D)Cre (@) 0 ound states carry all the Josephson current in the limit

XT-1655 ()6 (Q+0)1+165 (Q+w) of a short constriction?!’ Therefore, their contribution to

. R ~ the zero-voltage current fluctuations can be expected to be
XGr (T+1G/7 (Q+w)G § (Ot crucial, as is certainly found.

any A ma Once the single particle Green functions are known, the
—tG[L (2+w)Ggrgr (Q)t—1tCrg (2 + w) spectrumS(w) can be calculated using E(p). The typical

Xé’*(Q)f] ) form of this spectrum is illustrated in Fig. 1, whe®w) is
LL ’ plotted for fixed temperature and three different contact

wheret is the hopping interaction between the electrodedransmissions. Notice that fer<2A the spectrum is formed

written in the (2< 2) Nambu representation by two resonant peaks ai=0 andw=2ws, arising from
‘ the existence of the bound states«sd. Qualitatively, the

. [tel? 0 peak at zero frequency increases with increasing transmis-
t:( 0 _te—i¢>>' (6)  sion, while the one at@s is negligible for both nearly per-

fect and very small transmissions, adopting its maximum
In the present paper we concentrate in the zero-voltagéalue arounda~2/3. For w>A+|wg| contributions from
case in which the average current is due to Cooper pairs. Féhe continuous part of the single particle spectrum become
the calculation of the Keldyhs Green functiogs™~ and ~ 'MPortant.

- Lo ; In the limit of a very weakly damped contact, i.e.,
o+ E th the relatiof} L :
G appearing in Bq(5) we can the use the relations n<alA, it is possible to evaluateS(w) at =0 and

é;,g(ﬂ):[éZB(Q)_éraﬁ(ﬂ)]f(ﬂ)! w=2wg analytically. We find
~ ~ ~ 2 4 2ai
6o ()= —[620) - GLy @1 ()], S(O)zzTe%A%gz(@f(ws)[l—f(ws)] 10

where f(Q) is the Fermi factor an(@[;(a) are the retarded
(advancedl Green functions of the coupled contact. Theseand
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FIG. 1. Current fluctuation spectrum of a SQPC in the dc regime 6\ = 04
for three different values of the transmission. The superconducting>- 120 kBT/A - ¥

phase difference corresponds in each case to the maximum superf/)
current and the temperaturekgT=0.2A.

2e? 7 A*a?(1— a)sint(¢/2) 9%

S2eg= 4 :

60
X[f(wg)?+f(—wg)?]. (12) 86

. . . 30 .
These expressions clearly display the important role 7

played by the interface bound states in fixing the magnitude
of the current fluctuations for subgap frequencies. It should
be stressed that, although the absolute size of the current
fluctuations depend on the estimated value of paramgter
its precise variation with the superconducting phase differ- ¢/ T
ence and temperature is controlled only by the contact trans-
missionc.

Our analytical results are strictly valid in the limit
n<aA and differ strongly from the equilibrium fluctuations
obtained using standard tunnel thedrywhich vyields

S(0)~ a[ 1+ cos(@)]InA/7. This last expression becomes ac-js an exponential increase of the thermal noise. On the other

curate just in the opposite limity>aA which holds in the  hang in this last situation, there appears a very strong asym-
tunnel regime, i.ea<<1. In Ref. 3 we have explicitly shown metry on the phase dependenceS¢0), with its maximum

that the limitsy»—0 anda— 0 do not commute. This behav- i, progressively moving from= /2 to ¢= . This re-

ior can be understood in the following way: whep<aA,  markable behavior should certainly have implications in the
multiple Andreev scattering processes give the dominanfcy,a| observability of the supercurrent-phase relation in a
contribution to any dynamical quantity and should be in-sopPC.

cluded up to infinite order. On the other hand, whers In order to analyze the importance of these thermal fluc-
small enoughin such a way thatrA < 7) these high-order yations it is convenient to study the rat80)/2e(1(¢)),
scattering events become heavily damped and the |0W9§Jhere(|(q§)) is the phase-dependent average supercurrent

term of the perturbative expansion frgives the correct re- [t ys recall that for a normal contact the classical shot noise
sult. For a realistic SQPC in which, as commented abovejmit corresponds t&(0)=2¢e(1)], given byto

7 can be estimated to be a small fractionAgfthe situation
would always correspond to the weakly damped regime, ex- - em A%a sin(¢) |wg|
cept for extremely small values of and therefore Eqg10) (1(9)="" lod r{ZkBT
and (11) will accurately describe the low-frequency noise. S

The analysis of Eq(10) reveals some remarkable physi-  In Fig. 2 we plotS(0)/2e(1(¢)) as a function of the su-
cal consequences. To begin with, and in contrast to the noperconducting phase difference for increasing values of the
mal case where a reduction of noise is foufRef. 18,  transmissiona and two different temperatures. This figure
S(0) experiences a dramatic increase when approaching thkustrates the huge increase of thermal noise when the trans-
ballistic regime. More precisely, there is a valueagfgiven  mission becomes sufficiently large. As can be observed, for a
roughly by the conditiorkgT~A\1— «, above which there reasonable choice of parametgand depending on the tem-

0.0 0.2 04 0.6 08 1.0

FIG. 2. The ratio between the zero frequency noise and the
average supercurrent as a function of the superconducting phase
difference for increasing values of the transmission coefficient.

. (12
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perature, the level of noise can reach values several orders of The above relation between zero-frequency noise and lin-
magnitude larger thane2I(¢)). When lowering the tem- ear conductance can provide a convenient way for testing the
perature this level of noise is reduced, but it will always bepredicted unusual phase dependence of the noise by a direct
significant close to the ballistic case in a phase intervameasurement o6(¢). In this respect, we should mention
around¢ =, just in the zone where the average current hagarly experiments of this kind made during the seventies for
its maximum at low temperatures. In faCt, taklng the limit nonmesoscopic weak |in|(see discussion given in Ref)3

a—1, the ratioS(0)/2e(1(4)) has the form In our opinion it should be desirable to attempt similar mea-
) surements using atomic size break junctions as the one de-

S(0) (1) 2A sin ¢/2] (13  Scribed in Refs. 1 and 6 which are closer to the theoretical
2e(1(¢)) “ ~ 7 sinf{Acog ¢/2)/kgT]’ situation discussed in this work due to their reduced number

) ) of conducting channels.
which clearly diverges wheg approachesr. The fact that In conclusion, we have developed a theory of the thermal
the zero frequency noise has large values in the zone whefg,ctyations for a SQPC in the dc regime. The noise spectrum
the maximum of the average current occurs can explain thgyhibjts resonant peaks at subgap frequencies associated
experimental difficulties found to observe the predictedyith the existence of bound states in the constriction region.
~sing/2 form of the current-phase relation for junctions gqr the case of a weakly damped contagt{eA), we have
with direct conductivity, as reported in Ref. 6. obtained a closed analytical expression for the weight of

Finally, it is worth discussing our result for the zero fre- these resonant peaks. We have shown that a striking conse-
quency noise of a weakly damped contact in the light of theyyence of the presence of these bound states is a huge in-
Callen-Welton fluctuation-dissipation theorem. In generalcrease of the low-frequency noise level when approaching
this theorem relates the equilibrium current fIU(_:tuatior}s Withthe pallistic limit, this high level of noise being particularly
the linear conductanc& by S(0)=4kgTG. This relation  jmportant when the average supercurrent is close to its maxi-
allows us to calculate in a straightforward way the phasemyum value. We claim that these results may explain the re-

dependent linear conductance of a SQPC from (EQ). ported difficulties in measuring the predicted¢in behavior
2 2 2 for {I(¢)) in the case of highly transmissive contacts. Fi-
G(¢p)= zi m_|Aasin(¢) secVE “s ) (14)  nally, we have discussed the connection between the present
h keTn| 4os 2kgT theory and the phase-dependent conductance of a SQPC by

Equation(14) coincides exactly with the result of Ref. 3 means of the fluctuation-dissipation theorem.

in which a direct calculation of the linear conductance of a  Support by Spanish CICYTContract No. PB93-0260s
SQPC was performefthis expression folG(¢) has been acknowledged. One of U#\.L.Y.) acknowledges support by
recently rederived in Ref. 19 for the particular case of athe European Community under Contract No. CI1*CT93-
ballistic contact 0247.
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