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Nonlinear dynamics of magnetic flux lines in superconducting NbSe2 are studied using the vibrating-reed
technique and a resonance-line-shape analysis. A yield point for plastic deformation of the flux-line lattice is
linked to the onset of a dissipation anomaly previously associated with a flux-line lattice melting transition. The
resonance~10 kHz range! of radiation-damaged samples bifurcates into patterned sidebands at high drives,
with additional nonlinear response emerging above 200 kHz, which may signal the onset of chaos.

Dissipation by mobile magnetic vortices is a major limi-
tation to the technological utilization of high-temperature su-
perconductors, although heavy ion irradiation of single crys-
tals has produced promising increases in their current
capacity.1 Fundamental studies of cooperative phenomena
and dynamics of vortices have addressed the existence of a
controversial melting transition of the flux-line~FL! lattice
~FLL! ~Refs. 2,3! and revealed several distinct dissipative
anomalies and a ‘‘peak effect’’~PE! ~a nonmonotonic field
dependence of the critical current densityJc just below the
upper critical magnetic fieldHc2! both in NbSe2 and
YBa2Cu3O7 ~YBCO!.4–11 It is unlikely that all of these
anomalies are due to FLL melting transitions. For example,
nonlinearI -V characteristics of NbSe2 ~Ref. 8! and YBCO
~Ref. 12! have been attributed to plastic flow or ‘‘premelt
softening’’ of the FLL.

The relevant data for NbSe2 or YBCO generally involve
high ac field or current drives on the FL that can blur equi-
librium thermal effects~e.g., melting! and nonequilibrium
dynamical effects. Therefore, we have exploited the extreme
sensitivity of the vibrating-reed~VR! technique4,13 and de-
veloped a resonance-line-shape analysis that can be used to
carefully differentiate the low-drive, quasilinear response
from the high-drive, nonlinear response of the FL in
NbSe2. We have also investigated the effects of radiation
damage on the FL dynamics and found strong nonlinear re-
sponse near and well above the drive frequency, suggesting
the onset of chaos.

When a superconducting VR is subject to applied mag-
netic fields parallel ~‘‘longitudinal’’ ! or perpendicular
~‘‘transverse’’! to the reed axis, diamagnetic screening cur-
rents produce a magnetic restoring force that leads to an
increaseD f5 f2 f 0 in the resonant frequencyf compared to
its normal state valuef 0 with decreasing temperature.13 A
single maximum in VR dissipation~proportional to inverse
quality factor 1/Q) is usually observed at or belowHc2(T),
apparently marking a boundary between mobile and immo-
bile regimes of FL behavior, although its precise origin~e.g.,
FLL melting vs depinning! remains controversial.4,14

A vapor transport method15 was used to grow lamellar
NbSe2 single crystals with residual resistance ratios~RRR!
530–34 andTc'7.2 K. Two thin crystals~samples 1 and 2,
both of thicknesst'25 mm615% alongc! were irradiated
with 276 MeV Ag121 ions that impacted along a direction
displaced 2° from thec axis to prevent channeling~see Fig.
1!. The total fluence was 831010 cm22, resulting in RRR
'19 and negligible change ofTc . Standard damage
analysis16 yielded a linear energy transfer parameter of 22.3
MeV/mm and a thermalization distance~range! R517.6mm
for 276 MeV Ag121 ions in NbSe2. Comparable irradiation

FIG. 1. Normalized frequency shiftD f / f ~top! and inverse qual-
ity factor 1/Q ~bottom! versus temperatureT for the first overtone
( f 0512.1 kHz! of a longitudinal VR at different transducer drive
voltages. The inset shows a lamellar crystal mounted with the hex-
agonalc-axis parallel to the direction of vibration and perpendicular
to the applied magnetic fieldH ~longitudinal geometry!. The dark
lines illustrate the case of an irradiated crystal with ion tracks ori-
ented slightly~2°! off the c direction. The vertical dashed line is a
guide to the eye marking the PE.
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conditions are known to generate~at '50% efficiency! co-
lumnar defects with diameters'60 Å in YBCO samples
with t,R.16 SinceR't, detailed microstructure investiga-
tions will be necessary in order to fully characterize the dam-
age tracks in our samples.

Figure 1 shows the temperature dependence ofD f / f and
1/Q of an irradiated sample taken at different drive voltages
(V) in a longitudinal magnetic fieldm0H591 mT. A narrow
peak in dissipation nearT157.0 K is prominent at all drives,
identifying it with a narrow, frequency-independent dissipa-
tion peak found in other measurements.4–6 In contrast, the
relative amplitude of a second, broad peak atT256.6 K
rapidly disappears for the lower drive levels, remarkably
similar to the behavior of a broad anomaly found in YBCO at
T'80 K.10 The minimum in the dissipation betweenT1 and
T2 corresponds to a weak maximum in the resonant fre-
quency. Another very small maximum in frequency can be
detected at a temperature just belowT1 which also marks a
tiny shoulder in 1/Q ~see Fig. 1 forV5389 mV!, corre-
sponding to a small peak in 1/Q in nonirradiated samples
where it is attributed to a PE.4–8 Figure 1 shows that it is
suppressed by radiation damage, as is the PE.5

It has been suggested that broad, lower temperature
anomalies in the VR dissipation of high-Tc materials are not
due to thermal depinning, but may be due to a phase transi-
tion of the FLL,9 the thermalproduction of dislocations,10 or
‘‘premelt softening’’ of the FLL.11 However, the strong am-
plitude dependence of theT2 anomaly in our NbSe2 data and
the detailed VR line-shape analysis introduced below
strongly argue against interpreting such features as signa-
tures of strictly equilibrium thermal processes.

Figure 2~a! shows two resonance curves@VR amplitude
A( f ) versusf# taken at different transducer drives for a non-
irradiated sample cooled in a longitudinal field of 1.04 T at
5.10 K. At low drives (V,30 mV!, the resonance-line shape
is Lorentzian, but forV*100 mV, the line shape becomes
non-Lorentzian and ‘‘tilts’’ towards the low-frequency side,
resembling the nonlinear response of a soft spring.17 Figure
2~b! shows that there exists a threshold value for the VR
driveVT'120 mV, below which the dissipation from the FL
is only weakly drive dependent, but above which the dissi-
pation rapidly increases with drive. This reinforces our sug-
gestions that the broad peak in 1/Q at T2 and the marked
reduction ofD f / f with increasing drive shown in Fig. 1 for
the irradiated sample are due to adynamicalsoftening of the
FLL, and not purely a thermal equilibrium process.

The resonance-line shape of irradiated samples is also
Lorentzian at very low drives. However, remarkable split-
tings of the resonance curves occur at high drives~.200
mV! in the superconducting state only, as shown in Fig. 3.
The data are acquired for the first overtone (f 0512.1 kHz!
of sample 1 in consecutive field-cooled cycles fromT
58.00–6.00 K under zero drive. It is interesting that the
sharp reductions in the resonance amplitude occur at ap-
proximately drive-independent frequencies separated by in-
tervals that are multiples of a small frequencyD'63 Hz.
The resonance curves of the fundamental mode of vibration
( f 052.28 kHz! also exhibit sharp amplitude dips withD
'43 Hz under the same field and temperature conditions.
The frequencies of the dips are insensitive to percent changes
in temperature or the applied magnetic field. Such behavior

strongly suggests a self-organized pattern of dynamic re-
sponse of the FL upon cooling into the mixed state. On the
other hand, zero-field-cooled~ZFC! runs revealed amplitude
dips at quite low drives ('0.1 V! with unusually high back-
ground noise, which probably reflects the increased FL dis-
order and surface vortex density gradients incurred in ZFC
conditions.

Similar results were obtained after remounting sample 1
~increasing the fundamental mode frequency by a factor of
2.8!, and by performing additional measurements on irradi-
ated sample 2. In contrast, the data for a nonirradiated
sample from the same batch did not display a split line shape
at any drive level. Preliminary data for damaged samples in
the transverse configuration were similar to those of the non-
irradiated crystal. Therefore, the results strongly suggest that
anisotropic FL pinning by linear damage tracks is respon-
sible for the split resonance curves.

The data in Fig. 3 show that peaks in the VR response
repeatedly bifurcate and evolve into a broad band of re-
sponse at very high drives, indicating that the reed is ap-
proaching a chaotic behavior. Therefore, we have studied the
time dependence of the unfiltered reed-vibration amplitude
A(t) using a fast digitizing oscilloscope to search for nonlin-
ear response over a frequency range of 0–15 MHz. Figure 4
shows the power spectra for sample 2 in three different
states. The normal state response is very clean with a Lorent-
zian peak centered near the VR fundamental mode atf 0

FIG. 2. ~a! Resonance amplitudeA( f ) vs drive frequencyf for a
longitudinal VR at two drive levels. The dashed line is a Lorentzian
fit, and the solid line a fit by Eq.~3! with a nonlinear FL restoring
force. ~b! Maximum FL restoring forceP(s0) ~open symbols! and
FL dissipationGFL ~solid symbols! versus FL displacements0.
Transducer drives corresponding tos0 values are shown on the top
legend~note the nonlinear scale!. VT and sc are a threshold drive
and critical FL displacement, respectively, which mark a yield point
of the FLL.VT8 is a possible second drive threshold marking the end
of a transition regime~see text!.
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512.1 kHz. The low-drive~0.3 V! data in the superconduct-
ing state do not show any peak in the entire spectrum, indi-
cating that the VR resonance signal is buried in the back-
ground noise. The high-drive~5.58 V! data in the
superconducting state exhibit a shifted resonance peak atf
514.11 kHz, but its amplitude is heavily damped, in agree-
ment with Fig. 3. More interesting, however, is the appear-
ance of groups of high-amplitude peaks near 225 kHz, and

~not shown! 4.5 and 9 MHz. These peaks are absent both in
low-drive superconducting state data and in all normal state
data.

A power spectrum analysis of the high-drive data is in
progress. However, we have developed a mechanical oscilla-
tor analog to analyze the VR resonance curves at low-to-
moderate drives. The FL are assumed to be straight and
move collectively. We defineu to be the displacement of the
free end of the VR from its equilibrium position, ands the
displacement of the FL relative to the moving VR. The FL
are subject to three major forces: a damping force2gs85
2g ds/dt, a restoring forceP(s), and a Lorentz forceJ3B
due to the screening supercurrentJ. SinceJ is proportional
to the small ac magnetic fieldh'H@(u1s)/1# viewed in the
moving VR frame, the Lorentz force'2a1(u1s), with
a1}H

2 ~a small demagnetizing effect is ignored in the ex-
treme type-II limit!. We expect steady state solutions of the
form u(t)5A cos(vt) and s(t)5s0cos(vt1c). Since our
drive frequencyv52p f!vp , the ‘‘pinning frequency’’ of
free FL vibration about a pinning center, the acceleration
term of the FL's9 and the inertial forces due to the nonin-
ertial VR frame can be neglected. The equation of motion for
the FL reduces to

P~s!2a1~u1s!2gs850. ~1!

The equation of motion for the angular displacementu
5u/ l of the VR ist5Iu9, whereI is the moment of inertia
of the VR. There are five forces contributing to the torquet
on the VR: a linear mechanical restoring force2v0

2u (v0

52p f 0, the frequency of free vibrations of the VR!, a damp-
ing force2ju8, the transducer drive force;F cos(vt1f),
and the reaction to the Lorentz force on the FL,2P(s)
1gs8. This yields an equation of motion foru(t),

u952v0
2u2ju82r21a1~u1s!1F cos~vt1f!, ~2!

wherer is the mass density of the VR.
If the FL restoring forceP(s) is known, Eqs.~1! and ~2!

can be solved foru(t) and s(t). For small vibrations, we
assumeP(s)'2as. The lowest order solutions~in the
strong pinning limita1!a) ares0'2a1A0 /a ~minus sign
reflectsc'p!, and

A25
F2

@v22v r
2#21v2@j1ga1

2/~ra2!#2
, ~3!

wherev r
2'v0

21(a1 /r)(12a1 /a) is the VR resonant fre-
quency in an applied magnetic field.13 Note that the damped
motion of the FL increases the reed dissipation byGFL

5ga1
2/(ra2). Although the Lorentzian form of Eq.~3! de-

scribes the line shape of the resonance curves very well at
very low drives, it does not yield good fits at high drives,
reflecting the failure of a linear FL restoring force to describe
the response at these drives. Alternatively, we obtained ex-
cellent fits @see Fig. 2~a!# by replacing a with a time-
independent formaeff5a0exp{2A2/up

2} for a fixed value of
transducer drive, whereup is a scaling length related to the
effective range of the FL pinning force.18 One value ofa0
obtained from a Lorentzian fit to the lowest-drive data set
was used for all drives at a given field, and values ofj were

FIG. 3. Resonance amplitudeA( f ) vs frequencyf for irradiated
sample 1 at high drives in a longitudinal magnetic field of 0.646 T
at T56.00 K. The vertical dashed lines show the invariance of
amplitude dip frequencies with their characteristic separations. The
solid lines are guides to the eye. Inset: a normal state curve (T
58.00 K! at 1.81 V drive in the same field.

FIG. 4. Power spectra of irradiated sample 2 in a longitudinal
magnetic field of 0.852 T atT58.00 K ~normal state! andT55.5 K
~superconducting state!. The peak at 42 kHz is spurious since it is
present in all the data, including those at zero drive.
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fixed at those obtained from fitting zero-field data at the
same drive~four parameters were freely varied in the fitting
procedure!.

The fits yield the maximum FL restoring forceP0
[P(s0)5aeffs0 as a function ofs0. Results for a nonirradi-
ated sample are shown in Fig. 2~b!, which clearly reveals the
existence of a critical FL displacementsc that corresponds to
a threshold transducer driveVT'120 mV, below whichP0 is
quasilinear ins0, and above whichP0 is drastically reduced
below the linear trend. Note thatP0 exhibits a small drop
near VT , recalling the stress-strain curves of many ionic
crystals, where it is termed ‘‘discontinuous yield,’’19 and at-
tributed to a sharp increase in the density of mobile disloca-
tions at the onset of large-scale plastic deformation. A second
threshold may exist near a higher driveVT8'210 mV ~defin-
ing a ‘‘transition regime,’’VT,V,VT8!, beyond which we
find that the FL dissipation is markedly linear in VR drive
voltage with reduced scatter in the data. Although these ef-
fects are small, they were consistently observed in all our
data sets, and may well correspond to the three regimes of
FL response inferred fromI -V measurements.8

The irradiated samples do not exhibit a sharp threshold
VT ; rather,P0 smoothly bends over at moderate drives, and
continues to rise at higher drives. The strong pinning pro-
vided by the damage tracks must inhibit the motion of cor-
related FL domains and allow larger stresses to build up in
the FLL with increasing drive, which is probably related to
the onset of the amplitude dips observed at high drives in
Fig. 3. The simple topology of the VR and the small magni-
tude ofD'40–60 Hz suggest that structures in the resonant
response are principally dependent on small changes of the
macroscopic length scales that govern the dynamical restor-
ing forces and damping near the free end of the reed where
the vibration amplitude is maximal. When stress builds to a
threshold value, domains within the FLL may begin to break
away or decorrelate from larger bodies of FLL near the tip of
the reed, causing an abrupt reduction in the restoring force
and an increase in dissipation as screening currents reroute
away from the tip. A crude estimate of such ‘‘dynamic
shortening’’ of the VR may be made by notingv r

2'v0
2

1(a1 /r)(12a1 /a)[v0
21va

2, whereva
2 is the shift of the

squared VR frequency due to the pinning of FL.13 If finite
drive ‘‘depins’’ FL over a lengthd l near the free end of the
VR, the restoring force decreases and the squared frequency
is reduced byd(v r

2)52v rdv r52v1D'va
2(d l /1), whereD

is the characteristic separation between amplitude dips. Us-
ing values from Fig. 3 withl'3 mm, we getd l'50 mm,
which may be interpreted as an upper limit for the correla-
tion length of the ‘‘unpinned’’ FLL along the VR axis.

In summary, the flux-line restoring force in NbSe2 exhib-
its a quasilinear elastic regime and a nonlinear, highly dissi-
pative regime separated by a yield point that marks the onset
of plastic deformation of the flux-line lattice, followed by a
‘‘noisy’’ transition regime and a second threshold marking
the onset of a third regime corresponding to ‘‘elastic flow’’
proposed by Bhattacharya and Higgins.8 Depending on field/
cooling history and drive, the resonance curves of irradiated
samples bifurcate, exhibiting strong dissipative anomalies
separated by characteristic frequency intervals that may mark
the onset of chaos. Strong nonlinear response also develops
at frequencies much higher than the drive frequency at very
high drives relevant for many practical applications of super-
conductors. We postulate that the characteristic amplitude
dips occur at frequencies for which no single current pattern
is particularly stable and self-organized reconfigurations of
the screening currents take place~possibly accompanied by
FL avalanches! to minimize overall VR dissipation as the
drive frequency is tuned through the broadened frequency
response. We conclude that nonlinear, nonequilibrium FL re-
sponse must be considered in interpreting mixed state dissi-
pative processes and associated evidence for vortex phase
transitions.

Recently, Yaron et al.20 have published small-angle
neutron-scattering data for undamaged NbSe2 that corrobo-
rate many of the ideas presented here; in particular they iden-
tify three regimes of elastic/plastic behavior of the FLL.
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