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Recent measurements of the London penetration-depth tensor in the cuprates find a weak temperature
dependence along thec direction that is seemingly inconsistent with evidence ford-wave pairing deduced from
in-plane measurements. We demonstrate in this paper that these disparate results are not in contradiction, but
can be explained within a theory based on incoherent quasiparticle hopping between the CuO2 layers. By
relating the calculated temperature dependence of the penetration depthlc(T) to thec-axis resistivity, we show
how the measured ratiolc

2(0)/lc
2(T) can provide insight into the behavior ofc-axis transport belowTc and the

related issue of ‘‘confinement.’’

Measurements of the temperature dependence of the in-
plane penetration depth in YBa2Cu3O72d ~YBCO! have
been interpreted as providing strong support for ad-wave
order parameter.1 With the availability of high-quality single
crystals, these measurements are now being extended to the
c-axis direction in YBCO~Refs. 2 and 3! as well as in
Bi2Sr2CaCu2O8 ~BSCCO! ~Ref. 4! and La12xSrxCuO4
~LSCO!.5 There appears to be one consistent feature of these
different experiments: the~low-! temperature dependence of
thec-axis penetration depthlc(T) is much weaker than that
observed in theab plane. In addition, the penetration-depth
ratio lc

2(0)/lc
2(T) in YBCO is linear inT at low T with a

small magnitude of the slope that decreases with decreasing
oxygen content.2

The present paper addresses these penetration-depth data
in conjunction with thec-axis resistivityrc(T) for a variety
of different cuprates. We argue that the temperature depen-
dence ofrc(T) essentially determines that oflc(T); in par-
ticular,lc(T) is expected to have a weak temperature depen-
dence at low T whenever rc(T) exhibits a strong
semiconducting behavior. In this way, we can reconcile the
ab-plane data supportingd-wave pairing with the observed
c-axis behavior. In addition, by presenting typical results for
lc with the correspondingrc , we illustrate the generic fea-
tures of these quantities without relying on specific param-
etrizations of~or fits to! existing data. Through the study of
thec-axis coupling, we touch on the issues which may lie at
the heart of the nature of the normal state6 and also poten-
tially the mechanism of high-temperature superconductivity.7

In particular, our results imply that a Fermi-liquid-based de-
scription of the electronic states in the CuO2 planes appears
as consistent with the data as theories based on the idea of
‘‘confinement,’’6,7 even though the underlying assumptions
are considerably different.

To understand the behavior oflc(T) and the nature of
c-axis coupling belowTc , we utilize an incoherent hopping
model for thec-axis coupling.8–11 Above the critical tem-
peratureTc , this model views each CuO2 layer as a two-
dimensional Fermi liquid which is weakly coupled to its
nearest neighbors. This model yields a semiconductingT de-

pendence ofrc(T) @drc(T)/dT,0# while maintaining a fi-
nite residual resistivityrc(0). Thesemiconducting behavior
is also associated with the absence of a Drude peak in the
c-axis optical conductivity.8 Thus, while thec-axis transport
properties suggest an insulating state at low temperatures, the
actual zero-temperature state is nevertheless metallic.8 Ex-
tending this model tolc and comparing its predictions with
the available experimental data provides an opportunity to
learn about the precise low-T behavior of thec-axis resistiv-
ity as well as the degree to which the layers communicate in
the superconducting phase.

We begin by writing the Hamiltonian for the electronic
system as the sum of a Hamiltonian for the individual
CuO2 layers,(mHm , and an interlayer coupling termH' :
Hel5(mHm1H' . We leave the intralayer Hamiltonian un-
specified except to demand that eachHm yield a two-
dimensional Fermi liquid which becomes either ans- or a
d-wave superconductor below a critical temperatureTc .
H' is taken to be8–11

H'5(
ims

t imci ,m11,s
† cims1H.c., ~1!

where t im5t'1Vim1( jgi2 j ,mf jm and cims is the usual
quasiparticle annihilation operator for sitei in layerm and
spin projections. Physically, the interlayer coupling arises
from quasiparticle hopping due to wave-function overlap
~paramterized byt'), impurity scattering~modeled by the
random variableVim), and bosonic scattering~represented by
the fieldf im which couples to the electronic quasiparticles
with strengthgim).

In treatingH' , we are guided by two observations:~1!
the mean free path in thec direction extracted from normal-
state transport measurements is less than the lattice
spacing,12,13 and ~2! the c-axis properties in the supercon-
ducting state are consistent with a picture where nearest-
neighbor CuO2 layers form an superconductor-insulator-
superconductor ~SIS! tunnel junction.4,13,14 These
observations suggest that thec-axis transport may be viewed
as an incoherent tunneling process. Several theories
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of this incoherence exist,6–8,12,15but for simplicity we adopt
the phenomenological model of Ref. 8 and simulate the ef-
fects of incoherence by performing our calculations to sec-
ond order inH' . This procedure immediately yields an in-
trinsic Josephson effect10 and a reasonable magnitude andT
dependence of thec-axis resistivity.8–11

In the normal state, we can calculate thec-axis dc con-
ductivity by direct analogy with the problem of tunneling in
a normal metal-insulator-normal metal junction~NIN! ~Refs.
6,10,16! and obtain ac-axis conductivity which is the sum of
the conductivities due to each process:sc5sc

direct

1sc
imp1sc

inel .10 Generalizing the results of Ref. 10 to aniso-
tropic scattering, we can write these terms as

sc
direct5s0N0t'

2 S tab
p\ D , ~2!

sc
imp5s0N0

2^^uVk2k8u
2&k&k8 , ~3!

and

sc
inel5s0N0

2^^ugk2k8u
2&k&k8

\V0 /2kBT

sinh2~\V0 /2kBT!
. ~4!

Here,N0 is the density of states per unit cell per spin at the
Fermi surface, \/tab is the intralayer scattering rate,
s05(4pe2/\)(d/a2), d (a) is the inter-~intra-! layer unit-
cell dimension,e is the electronic charge, and the angle
brackets denote a normalized average over the Fermi surface.
For simplicity, we take the interlayer inelastic scattering to
have an Einstein spectrum with frequencyV0 but keep the
wave-vector dependence in the impurity- (Vq) and boson-
assisted (gq) hopping amplitudes.

The calculation of the penetration depth in the supercon-
ducting state may be performed either by noting that the
c-axis critical current}1/lc

2 in layered superconductors17

and computing the critical current in the standard way,18,10or
by calculating the optical conductivity and extracting the
penetration depth from the imaginary part.11 In either case,
one obtains

1

lc
2 5

32pe2d

\2c2a2
T2

Ni
2 (
klkl 8

8
t2~kl ,kl 8

8 !F~kl !F~kl 8
8 !, ~5!

wherec is the speed of light,T is the temperature (kB 5 1!,
Ni is the number of lattice sites in a single layer,
kl5(k,iv l), F(kl) is the Gor’kov propagator,19,20 and
t2(kl ,kl 8

8 ) is the square of the generalized interlayer hopping
matrix element. As with the conductivity,t2(kl ,kl 8

8 ) is the
sum of the squares of the matrix elements due to direct scat-
tering, t2,direct(kl ,kl 8

8 )5(Ni /T)dk,k8d l ,l 8t'
2 ; impurity-assisted

scattering, t2,imp(kl ,kl 8
8 )5(1/T)dl,l8uVk2k8u

2; and boson-
assisted scattering,t2,inel(kl ,kl 8

8 )5ugk2k8u
2D(kl2kl 8

8 ). In the
last term,D(kl) is the propagator for the interlayer boson.
We note that all three mechanisms produce a contribution to
the penetration depth. This result is not surprising, given the
close similarity between incoherently coupled layers and tun-
nel junctions: the direct and impurity-assisted hopping pro-
cesses formally resemble the processes considered in con-
ventional SIS junctions,21–23,18 and boson-assisted hopping

has been known to contribute to tunneling in superconduct-
ing junctions in both the quasiparticle24 and Josephson23

channels for some time.
To compute the penetration depth from these formulas, we

make several simplifying assumptions. First, we use the stan-
dard BCS form for the Gor’kov propagators and perform the
sums overk in the usual way by restricting the wave vectors
of the self-energies and matrix elements to the Fermi surface
and then integrating the remaining energy dependence from
2` to 1`. We reiterate that the weak interlayer coupling
allows us to perform our calculations to second order in the
interlayer hopping amplitudes, and this implies that inter-
layer scattering effects which act to reduce 1/lc

2 are of
higher order and can be neglected.10 Second, we make the
reasonable approximation that the layers are identical. Third,
we account for the anisotropy of the hopping processes by
assuming that the wave-vector structure ofugk2k8u

2 is such
that the boson-assisted processes contribute to both the resis-
tivity and the penetration depth with the same strength and
by taking the impurity scattering matrix elementuVk2k8u

2 to
have a Lorentzian form with a maximum atk5k8 and a
half-width dk/kF 5 0.01. These choices are for computa-
tional convenience and do not affect the qualitative features
we discuss.11

From these relations, we see thatrc51/sc is determined
by the same parameters aslc . We are therefore able to con-
nect the two quantities and examine the qualitative predic-
tions of our theory. Figure 1 shows the resulting curves for
rc(T) and the correspondingc-axis penetration depth ratio
for both s- andd-wave pairing in several limiting cases of
our model.

If only direct hopping is present@cf. Fig. 1~a!#, only those
terms corresponding to wave function overlap contribute to
the resistivity and the penetration depth. This case may be
relevant for materials like fully oxygenated YBCO, which is
one of the least anisotropic cuprates@rc(Tc)/rab(Tc);
10–102 compared torc(Tc)/rab(Tc);105 for BSCCO
~Ref. 13!# and therefore potentially the least incoherent. In
this instance,rc reflects the temperature dependence, though
not the magnitude, of theab-plane resistivity:rc}rab}T
@cf. Eq. ~2!#. The resulting penetration depth is also marked
by this near-coherence and has the same temperature depen-
dence forboth the ab- and c-axis directions, regardless of
pairing symmetry.

The case of assisted hopping, where only the impurity-
and boson-assisted processes contribute to thec-axis trans-
port, is shown in Fig. 1~b!. Materials like BSCCO with
c-axis mean free paths much less than the lattice spacing are
expected to be close to this limit.rc in this case is marked by
a negative temperature derivative which gives rise to a semi-
conducting temperature dependence aboveTc . This upturn
in the resistivity with decreasingT is due to the freezing-out
of the inelastic interlayer scattering at lowT, which inhibits
c-axis transport and therefore increases the resistivity. At
lower T, however, the impurity scattering acts to limit the
conductivity, andrc(T) saturates. Thec-axis penetration
depth is also modified by the incoherent transport and be-
comes distinct from theab-plane result. For both pairing
symmetries, thec-axis penetration-depth ratio is larger than
the ab-plane penetration-depth ratio at all temperatures. In
particular, thed-wave penetration-depth ratiolc

2(0)/lc
2(T)
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resembles thes-wave case, although the low-temperature be-
havior is still a power law. In addition, the difference be-
tween in-plane andc-axis penetration-depth ratios is much
more pronounced ford-wave pairing than fors-wave paring
@see the upper inset in Fig. 1~b!#. Moreover, the temperature

dependence in thed-wave case is close to, and may be ex-
perimentally indistinguishable from, the (s-wave!
Ambegaokar-Baratoff22 form.

In the intermediate case, all processes contribute toc-axis
transport @Fig. 1~c!#. Compounds such as deoxygenated
YBCO may belong to this class. As in the assisted hopping
case,rc looks semiconducting at high temperatures. At low
temperatures, however, the in-plane scattering rate is re-
duced, and this leads to a low-T conductivity dominated by
direct hopping processes@cf. Eq.~2!#. The net result is a peak
in rc which may lie belowTc . In contrast to the resistivity,
the penetration-depth ratio shows no new behavior in this
case, but is midway between the direct result, where both
ab- andc-axis penetration-depth ratios are the same, and the
assisted hopping result, where they are considerably differ-
ent. Note especially that the low-temperaturec-axis penetra-
tion depth ratio ford-wave pairing is clearly linear inT but
with a much smaller magnitude of the slope than its in-plane
counterpart.

Fundamentally, the behavior discussed above results from
the different characteristic temperature dependences that
arise when the interlayer coupling is very weak~incoherent!
as opposed to when it is strong~coherent!. In a material with
very weak interlayer coupling, quasiparticle transport be-
tween adjacent layers is analogous to tunneling in NIN or
SIS junctions. This tunneling is mediated by both elastic and
inelastic scattering and is therefore associated with a semi-
conductingc-axis resistivity in the normal state and a very
low slope of thec-axis penetration-depth ratio at low tem-
peratures. The small magnitude of the low-temperature slope
of lc

22(T) is a special feature of specular Josephson tunnel-
ing and occurs in eithers- ~Ref. 22! or d-wave11 supercon-
ductors. On the other hand, in materials with stronger inter-
layer coupling, quasiparticle transport is nearly coherent and
so quasi-three-dimensional results obtain:rc is metallic, and
lc
2(0)/lc

2(T) possesses a larger low-T slope ford-wave pair-
ing relative to the weakly coupled case.

Empirically, therefore, one should associate a reduction in
the low-T slope of thec-axis penetration-depth ratio ineither
s- or d-wave superconductors with a decrease in the inter-
layer coupling and a semiconducting temperature depen-
dence ofrc . Our theory thus accommodates the currently
available data inboth the intra- and interlayer directions de-
spite their very different low-temperature slopes. Moreover,
this consistency suggests that the cuprates may indeed be
d-wave superconductors. While our theory can explain the
qualitative features of the present experimental data, these
data are incomplete; further systematic experiments on dif-
ferent cuprates and for particular cuprates with different
stoichiometries are clearly called for to further test the trends
reported in this paper. In addition, further theoretical effort is
required to understand the relationship of our theory to oth-
ers in the literature and to provide a way of distinguishing
them experimentally.

Among these other theories ofc-axis coupling, the ‘‘con-
finement’’ approach6,7 is worth discussing further, since we
come to similar conclusions despite vastly different starting
assumptions. In contrast to our Fermi-liquid-based approach,
the confinement theory asserts that each CuO2 layer is a
spin-charge separated Luttinger liquid.6,7 Nevertheless, the
expressions for the interlayer transport which arise in this

FIG. 1. Penetration depth ratioslab
2 (0)/lab

2 (T) ~dot-dashed
line! andlc

2(0)/lc
2(T) ~solid line! as a function of the normalized

temperatureT/Tc for bothd-wave~main figure! ands-wave~upper-
right inset! pairing in different limits of the incoherent hopping
model described in the text. The correspondingc-axis resistivity
rc is shown in the lower-left inset normalized to its value atTc as a
function of temperature. The limits illustrated are~a! direct hop-
ping, which may be relevant for YBa2Cu3O6.9, ~b! assisted hopping,
which may be the case in Bi2Sr2CaCu2O8, and~c! a combination of
these processes, which may be obtained in underdoped compounds
like YBa2Cu3O6.4. Note in ~a! that both theab- and c-axis
penetration-depth ratios are the same when only direct hopping is
present.
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model are similar to those in this work with two important
differences:~1! the Green’s functions used in the calculation
correspond to a Luttinger and not a Fermi liquid, and~2!
inelastic scattering is an intrinsic part of the interlayer trans-
port process and is not extrinsic to the layers as in, for ex-
ample, the boson-assisted hopping term in our theory. De-
spite these differences, both theories obtain a semiconducting
T dependence ofrc ~Ref. 6! and a small low-T slope of the
penetration-depth ratio,25 in agreement with experiments.
This comparison suggests that models ofc-axis coupling in
the cuprates should view interlayer transport as a tunneling

process with a strong inelastic component, but the detailed
origin of this effect may not be readily extracted from the
currently available experiments.
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