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The size dependence of the electron-hole exchange interaction in Si nanocrystals is investigated and the
excitonic exchange splitting is predicted to be as large as 300 meV in extremely small Si clusters. The
exciton-phonon interaction in Si nanocrystals for acoustic phonon modes is formulated to calculate the Stokes
shift and the Huang-Rhys factor. It is found that the observed onset energy of photoluminescence can be
interpreted mainly in terms of the excitonic exchange splitting, although the contribution from the Stokes shift
is not negligible. The importance of the self-consistent determination of the effective dielectric constant of Si
clusters including the excitonic effect is demonstrated in view of the possibility of resolving the large discrep-
ancy between theories and experiments concerning the size dependence of the exciton energy.

In the last few years, the visible photoluminescence from
porous Si has attracted much attention from the fundamental
physics viewpoint and from the interest of potential applica-
tion to optical devices.1,2 However, the mechanism of the
photoluminescence is still controversial. In order to resolve
the controversy, it is necessary to study finely the excitonic
energy spectra in Si nanocrystals by size-selective
spectroscopies3,4 and to compare them with theoretical cal-
culations. Recently, from the onset energy of photolumines-
cence and from the temperature dependence of the lumines-
cence lifetime, the singlet-triplet exchange splitting of the
excitonic states was claimed to be measured as a function of
the luminescence energy.3 The observed splitting is of the
order of 10 meV and is much larger than the bulk value.5

This suggests strong enhancement of the electron-hole ex-
change interaction in a Si nanocrystal. On the other hand,
Martin et al.6 reported that the onset energy of photolumi-
nescence cannot be explained in terms of the exchange split-
ting but may be partially ascribed to the Stokes shift due to
acoustic-phonon modes. However, they dealt with the dielec-
tric screening erroneously in the exchange integral and intro-
duced some phenomenological assumptions about the ex-
change integrals and the phonon modes in nanocrystals
whose validity is not quite obvious. On the other hand, in
Ref. 3, the expression of the excitonic exchange splitting for
the direct-gap material was used for Si nanocrystals. How-
ever, the justification of this simple-minded extension to the
case of indirect-gap materials with a multiple-valley struc-
ture is not obvious.

In order to clarify these features and to search for a quan-
titative interpretation of the observed onset energy, we
calculate the Coulomb and exchange integrals exactly and
formulate the exciton-phonon interaction taking into account
all the relevant acoustic-phonon modes. We calculate the ex-
citonic energy spectra by the configuration-interaction
method and find that the gross features of the observed onset
energy can be reproduced well by the excitonic exchange
splitting in contrast to the conclusion of Ref. 6, although

some quantitative discrepancy remains. The agreement be-
tween the theory and the experiment becomes improved by
including the contribution from the luminescence Stokes
shift. Furthermore, we confirm the enhancement of the exci-
tonic exchange splitting in extremely small Si clusters and
demonstrate the importance of the self-consistent determina-
tion of the dielectric constant of Si clusters including the
excitonic effect.

We calculate the subband states in nanocrystals em-
ploying the multiband effective-mass approximation7 in
which the eigenstate is represented by the Bloch function
multiplied by an envelope function. We consider a spherical
quantum dot embedded in an infinitely high barrier ma-
terial in order to simplify the analysis but to retain the essen-
tial physics. The valence subband states are calculated
based on the full Luttinger Hamiltonian8–10 including the
spin-orbit split-off bands and can be specified byL j where
L is the orbital angular momentum of the envelope function
and j denotes the total angular momentum of the Bloch
function. Concerning the electron subband states, the
mass anisotropy in the six equivalent conduction band val-
leys is taken into account. The excitonic states are con-
structed by the configuration-interaction method from a lin-
ear combination of interband excitations. It is important to
notice that the dielectric constante should not be included in
the expression of the exchange integral. In the Bethe-
Salpeter equation for the excitonic state, the Coulomb term
can contain electron-hole bubble diagrams corresponding to
the dielectric screening, whereas the exchange term cannot
include such diagrams because they are improper
diagrams.11–13Furthermore, it can be shown that in the small
size regime the electron-hole exchange interaction is mainly
determined by the short-range exchange interaction and is
inversely proportional toR3, whereR is the radius of a
nanocrystal.14

The dielectric constant to be used in the Coulomb integral
is the static dielectric constant. This constant of a nanocrystal
is smaller than that of the bulk material because of the dis-
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crete energy-level structure. According to a recent calcula-
tion without the excitonic effect,15 the dielectric constant var-
ies from;8 to;10 for radii from;10 Å to;20 Å. In the
following calculation on nanocrystals, the size-dependent di-
electric constant in the parametrized form is employed.

Owing to the symmetry of the Bloch functions and the
envelope functions, the exchange and Coulomb integrals to
be evaluated can be reduced to three kinds of integrals,
namely, an intravalley integral and two types of intervalley
integrals. The first type of the intervalley integral corre-
sponds to a combination of two valleys atkD

z 5(0,0,kD) and
2kD

z 5(0,0,2kD) and to its equivalent combinations, and
the second type to a combination of two valleys at
kD
z 5(0,0,kD) andkD

x 5(kD,0,0) and to its equivalents, where
kD denotes the magnitude of wave vector at the valley bot-
tom. In Fig. 1, typical intravalley and intervalley Coulomb
and exchange integrals are plotted as a function of the nano-
crystal radiusR. The strong enhancement of the intravalley
exchange integral is seen and the typicalR23 dependence
can be confirmed in the small size regime. The intravalley
Coulomb integral exhibits a weaker size dependence that can
be approximated byR21. The intervalley integrals are much
smaller than the intravalley integrals and show strong size
dependence similar to that of the intravalley exchange inte-
gral.

The valence subbands are split intoS3/2 andS1/2 multip-
lets due to the spin-orbit interaction. The single electron-hole
pair states composed of theS3/2 (S1/2) valence subband are
48 ~24! -fold degenerate. The electron-hole exchange and
Coulomb interactions intermix and split these degenerate

states. The overall features of the excitonic spectra are de-
pendent on the relative magnitude between the spin-orbit
splitting energy and the exchange energy. In the case of radii
.15 Å, the exchange energy is smaller than the spin-orbit
splitting energy and thus the two multiplets are well-
separated. On the other hand, in the case of radii,10 Å, the
exchange energy is larger than the spin-orbit splitting energy
and the mixing between theS3/2 andS1/2 multiplets becomes
significant.

Another important feature is the oscillator strength of
these excitonic transitions. The oscillator strengths of several
prominent excitonic transitions of theS3/2 multiplet are plot-
ted in Fig. 2 by open circles for several values of the nano-
crystal radius. For a nanocrystal with, e.g., 10 Å radius, the
shortest radiative lifetime is;200 ms as in the results of
Ref. 6 and is about two orders of magnitude longer than the
typical experimental observations. On the other hand, the
lowest excitonic states in theS3/2 multiplet are mostly com-
posed of the spin-triplet component and are almost optically
inactive. This is due to the high symmetry of the spherical
shape. In actual nonspherical nanocrystals, as simulated by
undulating ellipsoids in Ref. 6, the orbital degeneracy is
lifted and the spin-singlet component is mixed into the low-
est excitonic states, resulting in a finite radiative lifetime.
Thus, although the two-level model proposed in Ref. 3 does
not hold in a strict sense in a spherical nanocrystal, we can
estimate the right order of magnitude of the excitonic ex-
change splitting employing the spherical nanocrystal model.
The exchange splitting estimated from the energy-level split-
ting within theS3/2 multiplet is plotted in Fig. 3 by a dashed
line. The excitonic transition energies on the lower abscissa
correspond to radii from;14 Å to ;20 Å. We see that the

FIG. 1. The magnitude of the exchange and Coulomb energies are
shown as a function of the radius of Si nanocrystals. The curvea (b)
represents the intravalley Coulomb~exchange! energy Vcl(kD

a ,pa ;
kD

a ,pa) @Vex(kD
a ,pa ;kD

a ,pa)#, wherekD
a andpa denote the lowest electron

subband state at the valleykD
a and the highest valence subband state asso-

ciated with apa-like Bloch function at theG point, respectively, anda is
one of the Cartesian components. The curvec (d) shows the intervalley
exchange~Coulomb! energyVex(kD

a ,pa ;2kD
a ,pa) @Vcl(kD

g ,pa ;2kD
g ,pb)]

where~a,b,g! is a cyclic permutation of (x,y,z). The HOMO-LUMO ex-
change energiesEex

HOMO-LUMO for Si8H8 and Si10H16 molecules are plotted by
circles.

FIG. 2. The oscillator strengths of several prominent excitonic transi-
tions are plotted by open circles for theS3/2 multiplet for several values of
the nanocrystal radius. The results for Si8H8 and Si10H16 molecules are
shown at the effective radii in Table I. The self-consistently calculated di-
electric constants for Si8H8 and Si10H16molecules are exhibited by solid dots
along with the results of the first-principles calculation~solid line! and of the
generalized Penn’s model~dashed line! in Ref. 6.
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gross features of the experimental data are reproduced well,
although some quantitative discrepancy remains.

Now we investigate the Stokes shift due to acoustic-
phonon modes as another mechanism which yields the onset
energy of photoluminescence. In nanocrystals, even the
acoustic-phonon modes become discrete and their energies
are proportional to the inverse of the nanocrystal size. Under
the stress-free boundary condition for a spherical nanocrys-
tal, there appear two kinds of eigenmodes, namely, torsional
modes and spheroidal modes.16 From the explicit form of the
electron-phonon interaction in bulk Si,17 we can derive the
relevant Hamiltonian as in Ref. 18. Then the Stokes shiftD
and the effective Huang-Rhys factorS for the excitonic state
in the Franck-Condon approximation are given as19

D52(
j

g j
2/\v j and S5(

j
g j
2/~\v j !

2, ~1!

whereg j is the coupling strength,\v j is the phonon energy,
and the summation is taken over relevant phonon modes de-
noted byj . Through a similar analysis to that in Ref. 18, we
see thatD(S) is inversely proportional toR3 (R2) in the
small size regime. The maximum value of the Huang-Rhys
factor S is found to be 0.3–0.7 for the nano-
crystal radius from 20 Å to 14 Å, indicating the weak-
coupling regime of the exciton-phonon interaction. However,
the luminescence Stokes shift is not negligible and is of the
order of several meV in the above size range. The Stokes
shift is dependent on the excitonic levels. In the estimation of
the onset energy of photoluminescence, the photon-
absorbing state is identified with the excitonic state in the
S3/2 manifold having the largest oscillator strength, while the
luminescent state is identified with that having the lowest
energy when the Stokes shift is included. The onset energies
estimated in this way are plotted in Fig. 3 by a solid line. The
quantitative agreement between the experiment and the
theory is improved and can be regarded as satisfactory. An
important conclusion here is that the observed onset energy
of photoluminescence can be explained mainly in terms of

the excitonic exchange splitting in contrast to the conclusion
of Ref. 6, although the contribution from the Stokes shift is
not negligible.

According to Fig. 1, the exchange energy seems to
dominate over the Coulomb energy for the radius, 5 Å,
suggesting a possible instability of the singlet exciton. How-
ever, in this size regime, more careful analysis is necessary.
Hence, as examples of extremely small Si nanocrystals, we
consider Si clusters having the cubane~Si8H8) and adaman-
tane ~Si10H16) structures and investigate the consistency
with the asymptotic limit of the effective-mass theory con-
cerning the excitonic exchange splitting, the dielectric con-
stant, and the exciton oscillator strength. The electronic
structures of these clusters are calculated by the first-
principles local-density-functional method using Gaussian-
type orbitals.20 The bond lengths are chosen as 2.35 Å for the
Si-Si bond and 1.54 Å for the Si-H bond, respectively, with-
out optimization of the molecular structure. In both mol-
ecules, the HOMO~highest occupied molecular orbital! and
LUMO ~lowest unoccupied molecular orbital! levels are tri-
ply degenerate. It is worth noticing that the HOMO-LUMO
gap energy~3.57 eV! of the Si8H8 molecule is smaller than
that ~5.67 eV! of the Si10H16 molecule contrary to the ex-
pectation based on the quantum confinement effect. This is
due to the difference in the molecular structure. The
Si10H16 molecule has a diamondlike skeleton structure and
the electronic structure around the HOMO-LUMO gap is de-
termined by theps bonding orbitals. On the other hand, the
Si8H8 molecule has a cubic structure that is incompatible
with the sp3 bonding and thepp* antibonding states are
mixed into the occupied molecular orbitals, pushing up the
HOMO levels. As a consequence, the HOMO-LUMO gap
energy of the Si8H8 molecule is smaller than that of the
Si10H16 molecule.

The excitonic states can be constructed from a linear com-
bination of single-particle excitations across the HOMO-
LUMO gap. In general, the dielectric constant is determined
by the excitonic structure of the material system and, in turn,
the excitonic structure is determined by the dielectric con-
stant through the eigenvalue equation. Thus the dielectric
constant and the excitonic structure have to be determined
self-consistently. In the following we assume a local and
uniform effective dielectric constant within a cluster in order
to simplify the analysis but to see qualitative features. The
static effective dielectric susceptibility of a cluster within the
linear response theory can be expressed as

xab~v50!5
1

V (
l

F ^0uPaul&^luPbu0&
El2 i\gl

1
^0uPbul&^luPau0&

El1 i\gl
G , ~2!

where the summation is taken over the excitonic states de-
noted byul& and\vl andgl are the energy and the damp-
ing constant of theul& state, u0& the ground state of the
cluster,P the total electronic polarization vector, anda and
b denote the Cartesian components. In the actual calculation,
gl is neglected and the effective radiusReff of a cluster is
estimated from the spherical approximation of the charge
distribution function of all valence electrons andV is identi-

FIG. 3. The theoretical excitonic exchange splitting and the result in-
cluding the Stokes shift are plotted by a dashed line and a solid line, respec-
tively, as a function of the excitonic transition energy. The experimental data
of Ref. 3 are exhibited by circles. On the upper abscissa, the nanocrystal
radius is shown corresponding to the exciton energy in the lower abscissa.
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fied with 4pReff
3 /3. The excitonic states are calculated by the

configuration-interaction method including 20~28! occupied
levels and 20~28! unoccupied levels in the ascending order
of energy for the Si8H8 ~Si10H16! molecule.

Since the spin-orbit interaction is not included in this cal-
culation, the spin-singlet and the spin-triplet excitonic states
are completely separated and the exchange splitting can be
unambiguously estimated. The obtained results are summa-
rized in Table I. It is found that the maximum values of the
exchange energy between HOMO and LUMO levels are of
the order of 400 meV and are smaller than the Coulomb
energy in contrast to a simple extrapolation of curvesa and
b to smaller sizes in Fig. 1, where the HOMO-LUMO ex-
change energies for Si8H8 and Si10H16 molecules are plotted
by circles. The excitonic exchange splitting estimated for the
two molecules is of the same order of magnitude as the
HOMO-LUMO exchange energy because the lowest-energy
excitons are preferentially composed of the HOMO-LUMO
gap excitations. The maximum values of the Coulomb en-
ergy between HOMO and LUMO levels are as large as 1–2
eV. This fact suggests the importance of the reduced effec-
tive dielectric constant of Si nanocrystals in determining the
size dependence of the exciton energy, about which a large
discrepancy between theories and experiments was pointed

out.21 We notice the importance of the self-consistent calcu-
lation ~SCC! including the excitonic effect from the compari-
son ofe~SCC! with e~free!, which is calculated without the
excitonic effect. The results ofe~SCC! are plotted in Fig. 2
by solid dots and are found to be consistent with the results
of the first-principles calculation and of the generalized
Penn’s model.15

In addition, the oscillator strengths of several lowest-
energy excitonic transitions of Si8H8 and Si10H16 molecules
are plotted in Fig. 2 by open circles. They seem to be aligned
coherently with the results of the effective-mass theory
for larger nanocrystals. Finally, in view of theR23 depen-
dence of the Stokes shift and the;8-meV Stokes shift at
R515 Å, we expect the Stokes shift to be about 200 meV for
Si8H8 and Si10H16 molecules, which is not inconsistent with
the first-principles calculation of the Stokes shift for
Si29H36.

22

In conclusion, the size dependence of the electron-hole
exchange interaction in Si nanocrystals is investigated and
the excitonic exchange splitting in extremely small Si
clusters is shown to be greatly enhanced. The exciton-
phonon interaction in Si nanocrystals for acoustic-phonon
modes is formulated to calculate the Huang-Rhys factor and
the Stokes shift of photoluminescence. It is found that the
observed onset energy of photoluminescence can be re-
produced well by the excitonic exchange splitting, although
the contribution from the Stokes shift is not negligible.
The importance of the self-consistent determination of the
effective dielectric constant of Si clusters including the ex-
citonic effect is demonstrated in view of the possibility of
resolving the large discrepancy between theories and ex-
periments concerning the size dependence of the exciton en-
ergy. Furthermore, the coherency between the cluster calcu-
lation and the effective-mass theory is confirmed for the ex-
citonic exchange integral and for the exciton oscillator
strength.
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TABLE I. Effective radiusReff , the dielectric constante ~free! calcu-
lated without the excitonic effect, the self-consistently calculated dielectric
constant e~SCC!, the exchange ~Coulomb! energy Eex

HOMO-LUMO

(Ecl
HOMO-LUMO! between HOMO and LUMO levels and the excitonic ex-

change splittingDex are listed for Si8H8 and Si10H16 molecules.

Si8H8 Si10H16

Reff ~Å! 5.15 5.48
e~free! 4.01 6.99
e~SCC! 2.89 4.17
Eex
HOMO-LUMO ~meV! 390 402

Ecl
HOMO-LUMO ~eV! 1.92 0.96

Dex ~meV! 298 225
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