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Ultrasound attenuation in gap-anisotropic systems
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Transverse ultrasound attenuation provides a weakly coupled probe of momentum current correlations in
electronic systems. We develop a simple theory for the interpretation of transverse ultrasound attenuation
coefficients in systems with nodal gap anisotropy. Applying this theory we show how ultrasound can delineate
between extendesl-andd-wave scenarios for the cuprate superconductors.

The development of gaps with nodal anisotropy is a redn linear response' = 7''*'u,, where 7' is the viscosity
current property of highly correlated electron systems. Bulkensor. The sound attenuation coefficient is defined as the
probes, such as the NMR relaxation ragpecific heaf,and  ratio of the time average energy dissipation to twice the en-
penetration depflf indicate that gap nodes may be presentergy flux in the wavé?
in a wide variety of strongly correlated systems including )
heavy fermions, strong coupling, and cuprate - Q- = iikla A A~
superconductors’ and the narrow gap Kondo insulators a(q,u)—an where 7= 7" Ui Al ©
CeNiSn and CeRhSh. However, with a few noted . . . .
exceptions;’°we have no direct information about the sym- ” IS the*mass denS|.ty a}rujjs the speed of SO‘{”d W'th vyave
metry of the gap in these strongly correlated systems. vector g and polarizationu. From the coupling(), it is

A versatile, but much under-utilized tool for probing elec- straightforward to obtain the Kubo formula for the viscosity
tronic gap nodes is the use of transverse ultrasound attenu#Nsor:
tion. This method has been successfully used to locate the
gap lines and point nodes in superconducting JBtSur- ikl gy = —Ij i ij Kl _

-+ ) 7" ()= ~lim, _o— (o’ (@) (- ), 4
prisingly, very little work has been done to enable the model- lw
independent interpretation of transverse ultrasound measure-, QZ(ﬁ ©+id)
ments. In this paper we revisit this old problem, highlighting ' )

. . In typical ultrasonic measurements, wavelengthsare
those aspects of ultrasound attenuation that are model inde- . ) .

. undreds of microns and substantially exceed the electronic
pendent and relevant to future experiments.

Ultrasound attenuation probes the relaxation of electroniénean'free pathsi§), so the attenuation is safely in the hy-

momentum in a model-independent fashion. This informa drodynamic limit|¢<<A. In this case the momentum depen-

tion is encoded in the “viscosity tensor,” a high symmetry dence of _th_e *viscolzity tensor is irrelevant, permitting us to
tensor with very few independent components. Here we det@ke the limitg—0. _
velop a simple theory which links these components to the Like the elasticity tensor, the symmetry properties of the
location of the gap nodes. We illustrate this theory in a veinViSCosity tensor significantly reduce the number of its inde-
of current interest, cuprate superconductivity, showing howpendent components.This tensor is symmetric, not only in
ultrasound measurements can provide an unambiguous fithe first and seconq pair of indices, but also under the inter-
gerprint of gap zeros lying on the diagonal of the Brillouin change of these pairs:
Zone. ikim_ __kilm_ _ikml_ _Imik
In a metal, the phonon strain field;(x) couples linearly A ®)
to the electron stress tensof (x) Symmetry under the crystal point group further reduces the
number of independent components. For example, inversion
symmetry eliminates those components with an odd number
B 3 i of identical suffixes, e.g.y*¥=0, #*¥¥Y=0. In a square or
Hi=— | d>0o" (x)uj(x). (1) cubic environment, 90° rotation symmetry restricts the vis-
cosity tensor to the form

This coupling is model independent. The stress tensor K =A(S*s! + 5 51%) + Coli sk +BsI kK (6)
a'1(x) describes the flow of electronic momentum: its diver-
gence governs the rate of change of electronic momentu
densitijo”(x)z —P;(x). When a sound wave propagates
through a crystal, the dissipation raté®s

with no sum on indices implied, so for a cubic or square
"Thttice the ultrasound attenuation is proportional to

n=A+B >, U2G2+C(0-§)% @)
i=1d

whereC=C+ A andd is the dimension. We shall restrict our

E=— | d3oi(X) U _ ; _
E f ™o (X)ui - (2 attention to transverse ultrasound attenuation, for which the

0163-1829/96/5®)/29954)/$06.00 53 R2995 © 1996 The American Physical Society



R2996 J. MORENO AND P. COLEMAN 53

last term vanishes. In other words, in a cubic crystalline en- )
vironment, there are only two independent transverse ultra-
sound attenuation coefficients. In a two-dimensional hexago-
nal system, 60° rotation symmetry means tBamust also
vanish. In a three-dimensional hexagonal system, polynomial
terms involvingl, and g, must be added to the above ex-
pression, giving

7=A+B(02+§%)+ CU2G2, (8)

where we have dropped terms which vanish for transverse Active
ultrasound. These strong symmetry constraints mean that
only a few different propagation directions are required to
measure the full electronic viscosity tensor.

Inactive

We now turn to the relationship between the quasiparticle"§ '§ 05
gap structure and the electron viscosity tensor. The electrorg s
contribution to ultrasonic attenuation only becomes substan-= <
tial at low temperatures in a regime where a quasiparticle , , 0.0 .

description of the excitations is valid. For a fluid of quasi- 0.0 0.5 1.0 0.0 0.5 1.0
particles with dispersiofy, the quasiparticle group velocity Temperature Temperature

is vg=VE;. The traceless stress tensor pertinent to trans-

. X FIG. 1. (8 The nodes are “activated”(b) g or U are perpen-
verse ultrasonic measurements is then

dicular to the nodes, the nodes are “inactive.”

=yt olui,, (99 tive” and quasiparticles at the bottom of the node will not
ko couple to the ultrasoundFig. 1(b)]. In this configuration, the
attenuation produced by the node is strongly suppressed. For
most orientations of the ultrasound, the nodes are “acti-
vated,” and their contribution to the ultrasound attenuation

where wEU creates a quasiparticle of momenténand

1 o 1 ... .
‘T:ZJ :§(k'UJ|2+ kJU:Z)_ ab‘”k~v12 (100  may be written as
is the momentum flux of a single quasiparticle. The quasi- = _ 2 -5 (V1206 5.(i)12 2
particle contribution to the viscosity tensor is then 1A= (VEPE) Z [U-Po()17a- Po()1°4(T), (13
N of ) i where
1kl = —— | oo , 11
=2, ( 7E,) Ok (1

. o . . A4(T)=[2Ni(E)T{(E)] 1
wheref is the Fermi distribution function and is the re-

laxation time of the quasiparticle. From this relation, we see _ d’p B i IEp 2 - (14)
that a simple expression for the viscosity for transverse ul- B ‘5_50(”‘@(277)3 JEp/)\ dep v
trasound is

is the thermal average of the inverse product of twice the
relaxation ratd’;(E) and the quasiparticle density of states
N;(E) in the gap node.

(12 Suppose instead the gap node is “inactive,” with the po-

larization vectoru at right angles tq50(i), then the contri-

| We shalrll ;:ontshider the sitt!altiontwgere ttheltemperattjret Igution to the ultrasonic attenuation contains the additional
ow enough for the quasipartices to be entirely concentratedl 21" \where cos—(k.0). In this case

within the gap nodes of the excitation spectrum. To simplify
our discussion, we shall assume that the gaps are small
enough in comparison with the Fermi energy, that to a good
approximationzfpvFﬁF(aEF;/aeF;), where e; andvg are  where
respectively the “bare” energy and Fermi velocity of the
excitations prior to gap formation. Consider the case where .%’i(T):co§05[2Ni(E)I‘i(E)]’1

the gap nodes are simple points in momentum space, located § )

at positionsf)o(i). The attenuation from a given node will :f d’p (_ i)(a_Ep) 7:CO2 0>
depend on the orientation of the sound wave vector and po- B-polinl<a(2m)\  9E;/\ de;) P P
larization. If neither of these vectors is perpendicular to

|50(i) then the quasiparticles at the node can couple to the
sound wave. In this configuration, the node‘éstivated” For a point node where the size of the node grows linearly
[Fig. 1(@)]. If, however, either the wave vector directiqror ~ with energy, %,(T)~ T2 %(T). A similar result holds for a
the polarizatiori are perpendicular to the node, it‘isac- line node which lies in a plane. It thus follows that if a

-1 of 5ol S s
=3 (—TEK) ([ GIK- G+ (K- 0][vg-G])%

()= (vePe) 18- Po(DI2A4(T), (15

(16)
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FIG. 2. Ultrasound attenuation fordawave state at two angles: FIG. 3. Ultrasound attenuation for two extendedvave states:
¢=0 (solid line) and ¢=7/4 (dashed ling In the inset the ratio  As(#p)=A|cos,| at angles¢=0 (dot-dashed lineand ¢= /4
r=a4(7/4)lay0) as a function of T/T,)?. (dashed ling and A4(6,)=A[|cosd,|—(2/m)] at ¢=0 (solid

line) and ¢= w/4 (dotted ling.

configuration can be found where all nodes are simulta-

neously inactive, then the ultrasonic attenuation will exhibit a(q,0) 1 f ( af) 7(w)
a relaxation rate a factor af? smaller. Such a situation will =T 20 N
. . . ,u I1%(q,u Jw/| Ty
occur for point nodes situated at 90° to each other. It will an(@,W) - (IT(q,0)
. S S 5 5
also occur fpr line nodes Izmg in a plane, or Iymg.m.many " 27 dé, . Vo?=]A,| 260
planes that intersect at 90°. If the nodes do not lie in such o 2m e (q,u),

90° configurations, then ultrasound attenuation will not show
an anisotropic dependence of the power laws. (18

To illustrate this discussion, we now make a more detailed .
application to a two-dimensional model relevant to the cuwherell(qg,u)=(p-u)(p-q) anday and ry are the normal
prate superconductors. A number of recent experiments havatenuation and relaxation times.
provided strong evidence for an anisotropic gap with nodes To represent the-wave order parameter we have chosen
at the Fermi surfac&!® Superconducting interference experi- the function
ments sensitive to the phase of the gap funéfisupport an
order parameter witll-wave symmetry with nodes lying at Ag(0p)=A4c0820,. (19
45° to thea andb axis. Ultrasound measurements provide a ] ] )
complimentary approach which is sensitive to the precisef € anisotropics wave is represented by
location of the nodes. In particular, it offers the potential to
distinguish between d,_2 state and an anisotropiewave As(0p)=AsD(0p) +(A), (20)
state with nodes located either side of the 45° position, andv,vhere(bs( 0,) = |cos(20p)|—(2/7r). We have treated impurity

there are no ambiguities associated with the interpretation o . g ) .
results for bilayer compounds. scattering in the standard self-consistent-matrix

: : pproximationt®
Using the» symmetry argumen_ts advancgd above, if thé For a pured-wave statgFig. 2) the transverse ultrasound
wave vectorg forms an ar)glezﬁ with .thex axis, the trans- attenuation is proportional t6-° when the angle is zerhe
verse ultrasound attenuatiarf(¢), will have the form wave vector and polarization of the sound wave are parallel
to the symmetry axis of the crysjand it is proportional to
a"(p)=[a (74— aT(0)]si2h+a’(0). (17 T35 when the angle isr/4. When there is a finite density of
impurities a flat region appears in both attenuation coeffi-
L . cients(the impurities induced a finite density of quasiparticle
Suppose the quasiparticle excitation spectrum has the BC§ates at zero temperatirdut at higher temperatures the
form Eg=\/e;+A /. Using the results obtained above, this power laws are unchanged. Then, in accord with our earlier
leads to arguments,
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a'(mwld) T35 5 ductivity. There are several other strongly correlated super-
W“T—l_s: . (21) conductors that deserve examination, such asSiVand
UPd,Al 5 which exhibitT® NMR relaxation rates character-
Even considering nonresonant scatter{taking the cotan- istic of gap lines. The heavy fermion superconductor
gent of the scattering phase shift=1) this ratio shows a ge,, is noteworthy here; early ultrasound measuremehts,
quadratic behavior. _ _ found no anisotropy, despite the clear suggestion of line
The results for a purs-wave state are very dlffere(i{?|g. nodes from NMR measuremerifsThis result suggests the
3). We have chosen two different anisotropic waves, presence of domains with different orientations, and it would
(A)=2As and (A)=0. Unlike d-wave pairing, here the be interesting to repeat the measurements using field cooling
anoma|0us Scattering Off impurities iS f|n|te and resonanto Obtain an a"gned Sing'e domain Superconductor_
scattering does not ever de_vel’c?pﬁonsequently, the attenu-  Thjs paper has emphasized the model-independent aspects
ation for ans-wave gap with nodes at 45° is even more of yltrasound attenuation as a probe of nodal gap structure.
anisotropic, it is finite when the angle is zero, and ap—this attenuation is independent of the mechanism driving

proaches zero wheg=m/4. On the other hand, when the g serconductivity and sensitive only to the intrinsic symme-
nodes of the gap function depart from/4 the ultrasound e of quasiparticle excitation spectrum. Its tensorial char-

attenuation anisotropy disappe_ars, in fact at temperatureg o, permits the measurement of several independent com-
glooriisenbci’uggrtg‘gnthe itt:nrnathoe?tr?z)r:cgge;dt%aellyra?[;_ ponents at the same time. The simple methods developed
T(mla)] ng(]O) 0 oﬁ‘i{;;al. {GT2 provide an economic way to extract vital information about
a (mia)ia (D) prop ' . the gap anisotropy in a general class of gap-anisotropic sys-
The generality of our approach lends |t§elf nqturally totems and they appear to provide a discriminating tool for
many other strongly correlated systems with point nOdeSeluciaation of gap structure in the cuprates
One particularly interesting case is the narrow gap Kondo ‘
insulators, CeNiSn and CeRhSn, where Miyakel?° have We are grateful to S. Bhattacharya for useful discussions.
suggested point nodes on thexis as an explanation of the This research was supported by NSF Grant No. DMR-93-

unusual NMR relaxation rate and the anisotropy of the con12138.
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