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The structures of a single vortex and vortex lattice in a superconductor withdx22y2 symmetry are studied
self-consistently employing a recently developed Ginzburg-Landau theory. Near a single vortex, we found that
an s-wave component of the order parameter is always induced, and it causes the local magnetic-field distri-
bution and thed-wave order parameter to have a fourfold anisotropy. It is shown that there is a strong
correlation between the structure of a single vortex and the shape of the vortex lattice. Our numerical calcu-
lation indicates that the structure of the vortex lattice is always oblique except for temperatures very close to
Tc where it becomes triangular. The possible connection of the result with experiment is also discussed.

The symmetry of the order parameter in high-temperature
superconductors is of current interest. Recently, a class of
experiments designed to directly probe this quantity have
provided strong evidence for a sign change of the order pa-
rameter on the Fermi surface,1–3 consistent withdx22y2 sym-
metry. Thus it is necessary to consider new physics which
might arise in ad-wave superconductor.

It is well known that the Ginzburg-Landau~GL! theory is
the most useful method to study the basic phenomenology of
conventionals-wave superconductivity. Recently, we have
derived the microscopic GL equations of adx22y2

superconductor,4 on the basis of Gor’kov’s approach.5 In our
derivation, the interaction between electrons is assumed to be
attractive in thed-wave channel and repulsive in thes-wave
channel, so that the uniform superconductor always has a
purely d-wave pairing state. We showed that the GL free
energy for adx22y2 superconductor can be expressed in
terms of two order parameters,cs(r ) andcd(r ):
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Here we have put the free energy into the dimensionless
form with P̃5 i“2A, k being the GL parameter, and

ãs~T!5as /~12T/Tc!, ~2!

where as54(112Vs /Vd)/N(0)Vd is a positive constant,
with Vs.0 (2Vd,0) being the effective interaction
strength ins- (d-! wave channel, andN(0) the density of
states at the Fermi level. It can be seen that the supercon-
ducting state described by Eq.~1! is purely d wave in the
bulk with a single transition temperatureTc . This is very
different from the earlier work on mixeds andd state, where
the interaction was assumed to be attractive in boths- andd
channels.6 Consequently, such a mixeds1d state could per-
sist even in a uniform system, and of course led to two tran-
sition temperatures.6

In the present work, we will use Eq.~1! to study the
structure of vortices in ad-wave superconductor. We should
mention that thed-wave vortex was considered by Volovik7

based on the symmetry consideration. Recently the numeri-
cal calculations of single vortex within the framework of the
Bogoliubov–de Gennes equations,8 and of the vortex lattice
using phenomenological GL equations9 have been reported.
Here we present a self-consistent calculation for the struc-
tures of the single vortex and the vortex lattice on the basis
of our microscopic GL theory for ad-wave superconductor.

The variation of f with respect to the order parameters
cs , cd , and the vector potentialA leads to the differential
GL equations, as given in Ref. 4. It is interesting to note that
the only parameter in Eq.~1! which depends explicitly on
temperature isãs(T), as given in Eq.~2!. The parameter
as or ãs(T) at T50 could be determined by the material
properties of the system. Nevertheless, we note thatãs(T) in
Eq. ~2! is almost constant in a wide temperature range below
0.9Tc , and increases dramatically asT→Tc . We will show
that such temperature dependence ofãs(T) has a strong ef-
fect on the vortex structures.

In the following, we perform a numerical study of the
discretized GL free energy~1! using numerical relaxation
approach.10,11 In order to describe a superconductor in the
magnetic field, we use the constraint of fixing the average
magnetic inductionB by specifying the total fluxF in the
unit cell, and impose the periodic boundary conditions. If a
special gauge is chosen such thatAx is independent ofx, we
obtain very simple boundary conditions:Ax(0)5Ax(Ly) and
Ay(Lx ,y)2Ay(0,y)5F/Ly . The other boundary conditions
need only to obey the gauge invariance and can be taken
as11,12 Ay(x,Ly)5Ay(x,0), cs(x,Ly)5cs(x,0)exp(iF/2),
cs(Lx ,y)5cs(0,y)exp(iyF/Ly), cd(x,Ly)5cd(x,0)exp(iF
/2!, and cd(Lx ,y)5cd(0,y)exp(iyF/Ly). With Eq. ~1! and
the above boundary conditions, we can now realize the re-
laxation procedure: choosingcs , cs* , cd , cd* , Ax , and
Ay as independent variables, we can write down the relax-
ation iteration equations
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wheree ’s are all positive numbers to be adjusted to optimize
the convergence rate andn is an integer labeling the genera-
tions of iteration. It has been shown thatf will monotoni-
cally decrease to its optimum state asn increases as long as
we choose a proper initial state.10

When temperature is not too close toTc , the most inter-
esting feature of a single vortex is that thes-wave compo-
nent with an amplitude of about 0.1 is induced around the
core, as shown in Figs. 1~A! ~surface plot! and 1~B! ~contour
plot! where we have takenas51, T/Tc50.5, andk52. One
can clearly see that the distribution ofucsu exhibits the pro-
file in the shape of a four-leafed clover, which is in perfect
agreement with our analytical result.4 We find that the pres-
ence of this fourfold symmetrics-wave component causes
redistribution of thed-wave order parameterucdu ~Fig. 2!
and the local magnetic fieldh ~Fig. 3! around the vortex.
Namely, bothucdu andh show fourfold anisotropy far away
from the core, even though they are isotropic close to the
vortex center. By increasingk, we find that the qualitative

feature of the single vortex does not change, but the fourfold
anisotropic structure ofh moves far away from the vortex
center.

Figures 4~A! and 4~B! show the phases of thed-wave and
s-wave order parameter respectively. Far away from the
core, the slight asymmetry in thex andy directions is due to
the special gauge choice used in our calculation. We all know
that the phase itself, like the vector potentialA, is not a
physical observable and allows to have an arbitrary gauge
choice. The quantity we are interested in is the phase differ-
ence betweens- and d-wave order parameters, which is
gauge-choice independent. We clearly see from Fig. 4 that
near the vortex core, the induceds-wave component has an
opposite winding relative to thed-wave order parameter. Our
calculation also shows that the qualitative behavior of the
single vortex structure remains unchanged in a wide tem-
perature range belowTc , becauseãs is of the same order of
magnitude as long as the temperature is not too close to
Tc .

As T→Tc , ãs may become very large@see Eq.~2!#. In
this case, we find that although the fourfold symmetric
s-wave component is still induced around the vortex, its
magnitude decreases as 1/ãs and may become very small.
Such a smalls-wave component (;1023 for T/Tc50.95)

FIG. 1. Distribution of ucsu around a single vortex for
T/Tc50.5, as51, andk52: ~A! surface plot and~B! contour plot.

FIG. 2. Same as Fig. 1 but forucdu.
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has a little effect on the distribution ofcd and h. So, the
vortex structure in this case is basically isotropic, similar to
that in a conventionals-wave superconductor.

The structure change of a single vortex from fourfold an-
isotropic to isotropic with temperature will affect the vortex
lattice structure. To check this, we have studied the vortex
lattice described by Eq.~1! using numerical relaxation
method in a rectangular unit cell with two vortices. The pe-
riodic boundary condition is also used. The ratio of
R5ay /ax ~whereax anday are our discretized lattice param-
eters inx andy directions, respectively! controls the shape of
the vortex lattice.12 For example,R51 corresponds to the
square, whileR5A3 corresponds to the triangular lattice.
We have calculated the dependence of the free energy onR
for various temperatures at fixed external magnetic field
H50.8 andk52 ~variations ofH andk only change results
slightly, with the qualitative physics remaining unchanged;
precisely, with the increase ofH andk the minimum of the
free energy tends to shift toward a slightly smallerR!. We
find that whenT/Tc50.5, the free energy is minimized by
R51.35, signaling that an oblique vortex lattice is stable.
Figure 5~A! shows the oblique lattice formed by the local
magnetic field. The oblique lattice is expected to be preferred
in a wide temperature range, becauseãs is almost constant.
However, asT→Tc , the minimum of the free energy moves

very rapidly towardR5A3, i.e., the triangular lattice is sta-
bilized, as shown in Fig. 5~B! where we have taken
T/Tc50.95.

It is interesting to note the correlation between the single
vortex structure and the vortex lattice. In a wide range below
Tc , thed-wave order parameter and the local magnetic-field
distribution exhibit fourfold anisotropy around the vortex,
caused by the presence of a sizables-wave component.
These anisotropic single vortices tend to form an oblique
vortex lattice. On the other hand, whenT→Tc and ãs be-
comes large, the induceds-wave component is strongly sup-
pressed. Although it still shows fourfold symmetry, its mag-
nitude is too small to affect the single vortex structure.
Consequently, bothcd and h have isotropic distribution
around the vortex core, similar to thes-wave vortex. These
isotropic isolated vortices prefer to have a triangular vortex
lattice, identical to the vortex lattice in ans-wave
superconductor,13 as expected.

In the above calculation, the orientation of the vortex lat-
tice has been assumed to be along the@100# axis. We also

FIG. 3. Same as Fig. 1 but forh.

FIG. 4. Phases ofcd ~A! andcs ~B!.
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consider the possibility of along the@110# direction. In this
case, we can still use the same boundary conditions as we
did for the @100# direction, but the coordinates in Eq.~1!
must be rotated by 45°. Under this transformation, the free
energy becomes

f5ãs~T!ucsu22ucdu21
4
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21cd*

2cs
2!12uP̃csu21uP̃cdu21~P̃xcsP̃y*cd*

2P̃ycsP̃x*cd*1H.c.!1k2~“3A!2. ~7!

We have repeated the numerical relaxation calculation us-
ing the above equation for the orientation of the vortex lat-
tice along the@110# direction. We still find that the oblique
lattice is stable in a wide temperature region, similar to that
in the @100# direction. Furthermore, we note that the free
energy for both cases is almost the same, and is still slightly
higher along the@110# direction.

Our results indicate that for a single vortex in a supercon-
ductor withdx22y2 symmetry, one expects to have a fourfold
symmetric vortex structure in a wide temperature range. We
believe that this fourfold anisotropy of the single vortex, in
principle, could be realized by directly measuring the distri-
bution of the local magnetic field around the vortex using the
scanning superconducting quantum interference devices.2

Correspondingly, one would also expect to observe an ob-
lique vortex lattice in a wide temperature region. In fact,
such an oblique lattice structure has been recently observed
by small angle neutron scattering on YBa2Cu3O7 samples.

14

Only when temperature is very close toTc , the isotropic
single vortex and a triangular vortex lattice structures may
become possible.
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FIG. 5. Contour plots of the local magnetic fieldh for ~A!
T/Tc50.5 andR51.35, corresponding to an oblique lattice;~B!
T/Tc50.95 andR5A3, corresponding to a triangular lattice. The
solution in the rectangular unit cell with two vortices has been
replicated three times in thex direction and two times in they
direction.
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