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Spin dynamics of SrCu,O ; and the Heisenberg ladder
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The S=1/2 Heisenberg antiferromagnet in the ladder geometry is studied as a model for the spin degrees of
freedom of SrCyO;. The susceptibility and the spin-echo decay rate are calculated using a quantum Monte
Carlo technique, and the spin-lattice relaxation rate is obtained by maximum-entropy analytic continuation of
imaginary-time correlation functions. All calculated quantities are in reasonable agreement with experimental
results for SrCyO5 if the exchange coupling~ 850 K. However, for the susceptibility fit an anomalously low
factor is required.

The Cu-O layers of SrG05 have an internal structure of Troyer et al. calculatedy and 1T, for the ladder by con-
parallel double chainfladders.? Cu spins within a ladder sidering the magnon dispersions obtained in the limit
are exchange coupled with a strength expected to be compa,>J;.° The lowest branch is a single-magnon state which
rable to that of highF. cuprates, whereas the interladderis odd with respect to interchange of the two chains
coupling is weak, arising from 90° Cu-O-Cu bonds. The spin(k,= 7). This remains the lowest excitation also when
degrees of freedom should therefore be well described by th& =J,. The smallest gapX) is at momentunk,= 7 along
Heisenberg model on a single laddetfefined by the Hamil-  the chains. Ak,—0, the one-magnon branch crosses into a
tonian multi-magnon continuum. Ak, =0 the gap is~2A, corre-

sponding to a two-magnon excitation. At low temperatures
R . R the thermodynamics of the ladder is thus obtained by popu-
H=31> > Sai-Saicitde> S-Sy, (D) lating the modes witlk,~ 7, k,= 7. The susceptibility then
ia=12 ‘ has the forrh

whereS, ; is a spin-1/2 operator at siteof chaina. It is now x~T Y2e 4T, 2
well established that this system has a gap between t
ground state and the lowest excitation for any rakjdJ,
#0. ForJ;=J,=1J, the gap isA=0.504.*

Recent experiments on SrgD; have been carried out by
Azuma et al? and Ishidaet al® Their results for the spin
susceptibility y and the 83Cu NMR spin-lattice relaxation
rate 1T, show clear evidence of a gap. Accordingly, the ) - _
spin-echo decay Tk rate saturates at low temperatures, "@mic structure facto$(q,w) according 8
indicating a finite correlation length in the ground state. >
However, comparing the data fgrand 1T, with theoretical 1UT,= > |Ag
low-temperature results for the Heisenberg ladder obtained h q
by Troyeret al.® there is a significant discrepancy;indi-
cates a gap~420 K, whereas the behavior ofTl/suggests
a gap close to 700 R>® At first sight, one would tend to
believe that the gap extracted fronil'l/is the correct one,
since the corresponding value & 2A is then close to the
exchange constants typically found in planar cuprates.

We have carried out quantum Monte Ca@@MC) simu-
lations of the Heisenberg ladder, and obtained results for the Ty ~|Agol? 4T, )
guantities discussed above. Here we present comparisons a
with the experimental results, and discuss a possible reasghbehavior close to exponential is seen for SpOy in the
for the gap-size discrepancy found in earlier work. We arguéemperature regime 100 K T<300 K 2°At lower tempera-
that the formula used to extract the gap fronT,lis not tures 1T, is dominated by impurity effects. Thi=1300 K
applicable in the temperature regime where it was used, anextracted from fits of4) to experimental data is markedly
that the gap obtained fromis more accurate. The calculated different from theJ~850 K obtained from the susceptibility.
1/T, is also in close agreement with the experimental result One could certainly argue that SrgD; is not a perfect
for J~850 K, corresponding to the smaller gap. ladder system. Most likelyJ; is not exactly equal tal,.

hIgorT up to~A this form is in good agreement with results
from exact diagonalizations of small systefmas well as
quantum transfer matrix resuftsAs mentioned above, the
agreement with experimental results for SpCuy is also
good, with aA~420 K?

The NMR spin-lattice relaxation rate is related to the dy-

25(q,0—0), ®3)

whereA is the nuclear hyperfine form factor. At very low
temperatures, the main contributions t@ Ltome from mo-
mentum transferg,~0,q,=0, i.e., both the initial and final
states are on the one-magnon branch,at . Taking into
account only these processes, Trogeal. obtained the lead-
ing low-temperature forfh
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However, the above theoretical forms only depend on the
gap, and the disagreement between the gaps fyoand
1/T, cannot be explained by, #J, alone. Furthermore, the 1.0 -
coupling between the ladders is expected to be Wektus,
before discarding the single ladder as a good approximation 0.8
of the system, it is important to investigate its behavior in
more detail. Whereas the low-temperature foi@n for the
susceptibility has been verified to be accurate by compari-
sons with numerical resulfs’ the form (4) for the spin-
lattice relaxation rate has not been tested numerically. At
very low T it is hard to see why4) should not apply. How-
ever, the temperatures for which the fit to the experimental
results were made are not very low on the scale set by the
gap. It is clear that there will be large contributions td@ 41/
from processes with,~ 7,q,= 7 between the one-magnon 0.0 0 200 200 500 800

branch and the continuum kit~ 0 if the temperature is high TIK]

enough for states at energies?2A to be populated. These

processes are particularly important because the ladder has

strong short-range antiferromagnetic correlations. The matrix FIG. 1. QMC results for the spin susceptibility of the Heisen-
elements entering thqu W,qy: T processes are therefore berg ladder with1=850 K andJ=1200 K compared with the ex-
much larger than those faf,~0,q,= 0. Hence, although the Perimental results for SrGO;.

dx~0,9,=0 contributions are the only ones surviving in the

T—0 limit, it is quite likely that 1T, is actually dominated the ratiosB, /A, and Bj/A|. We consider two choices for

by other processes at the upper range of temperatures coiive exchange, corresponding to approximately the values
sidered in the experiments. obtained before frony and 171; J=850 K andJ=1200 K.

We have calculated Tf using the maximum entropy Figure 1 shows our results for the spin susceptibility
(ME) method to analytically continue imaginary-time corre- along with the experimental results by Azuneaal? We
lation functions obtained by a QMC technique. The spin-have used lattices with up 8= 2x 128 spins, which for the
echo decay rate Thg is related to the static susceptibility, temperatures considered here is enough for finite-size effects
which can be calculated directly. We have used a recentlyo be negligible. The agreement with earlier numerical
developed QMC method based on stochastic seriegesults®is good. We adjust thg factor such that the experi-
expansiort! which produces results free from systematicalmental and numerical results agree Tat 200 K. For J
errors associated with Trotter based methods. =1200 K this requiresg~1.9, but the experimental tem-

The calculations of I7; and 1T, require knowledge of perature dependence is not reproduced. FeB50 K the
the Cu nuclear hyperfine interactions. For the higheu-  numerical curve matches the experimental data reasonably
prates Lg_,Sr,CuO, and YB&Cu3zOg., the hyperfine well over the whole temperature regime, but with an anoma-
couplings are well described by the Mila-Rice fotfwith lously low g~1.4. We note that a smajj factor (g~1.6) is
an anisotropic on-site coupling with compone®s and also needed to match the susceptibility of the linear chain
A, and an isotropic nearest-neighbor transferred couplingystem SyCuG; to that of the Heisenberg chdin.

B. Typical values reported a®=41 kOejug, B/A, =1.2, For extracing I, we have calculated the-space
and B/Aj=-0.25! Knight shift measurements on imaginary-time correlation functions corresponding to Eq.
SrCu,05 by Ishidaet al® indicate thaB is much smaller in  (3), and continued these numerically to real frequencies us-
this compound. Assuming that a single ladder picture is aping the ME techniqué We have obtained the relevant corre-
propriate for the spin system as well as for the hyperfindation functions to within relative statistical errors of
couplings, and that th& couplings have equal strengths 10 %— 10 2 for systems with up to & 128 spins. Even with
along and across the chains, the Knight shift re3gjige the  this high accuracy the continued functions have some uncer-

0.6

0.4 r

x [10™ emu/mol]

= Experimental
0—O QMC, J=850K, g=1.4
*—8 QMC, J=1200K, g=1.9

0.2 r

relations tainties. At high temperatures the procedures can be tested
against exact diagonalization results, since the distribution of
A, +3B, =48 kOelug, (5a 6 functions that represent the dynamic structure factor of a
small system then is dense enough that a small broadening
Aj+3Bj=—120 kOefg, (5b)  produces a smooth function, which can be compared with the

results obtained with the ME technique. As the temperature
where we have not excluded an anisotrdpicAssuming that is lowered, the number af functions with significant weight
the on-site couplings remain close to their standard Mila-decreases rapidly. For the largest systems that can be exactly
Rice values, the transferred couplings in SgOy are thus diagonalized the presence of many gaps then prohibit mean-
B, ~4 kOelug, andBj~15 kOejug. Considering experi- ingful comparisons with ME results, since this method can-
mental uncertainties, these estimates are probably consisteamdt resolve structure on that scale. At temperatures where
with B, =Bj. In any case, the magnitude & is much comparisons are meaningful, the ME method produces re-
smaller than the typical two-dimensional cuprate value. sults in good agreement with exact results for a 16 site
Below we present results for, 1/T;, and 1T,¢. For the  Heisenberg chail Additional evidence that this is a reliable
NMR rates we use the relatior{Sb) and several values of method for obtaining T/; stems from work on the two-
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FIG. 2. The spin-lattice relaxation rate calculated using QMC  FIG. 3. QMC results for the spin-echo decay rate compared with
and ME compared with the experimental results by Istétdlal.  the experimental results by Ishiga al. (Ref. 5 (solid curves. The
(Ref. 5 (thick solid curves The upper and lower panels show upper and lower panels show results Jor 850 K andJ= 1200 K,
results forJ=850 K andJ=1200 K, respectively. The hyperfine respectively. The hyperfine couplings used satisfy the reldfibhn
couplings used satisf§6a). The ratiosB, /A, are O(open circley ~ The ratios By/A; are 0 (open circley —0.05 (solid circles,

0.05 (solid circles, 0.10(open squardsand 0.20(solid squares —0.10(open squargsand— 0.15(solid squares The dashed curve
is the best fit forJ=850 K, with Bj/Aj=—0.12.

dimensional Heisenberg modél,where good agreement
with experiments on LgCuO, was found, as well as results
fﬁr ttr:ehone-dlmensmgal Hehlsenbergl motfelyhich exhibit low-T form (4) predicts a IT; that does not change with
the behavior expected on theoretical grounds. B /A . A -
For the ladder, results obtained using the ME technique-* /( L ) St;vkejjra:sgr;zc;v; ?:ss(;a?ez(s::;ts:zzesasr?; mteh
~\mT, T ’

become uncertain at temperatures where the gap opens up, . L . .
and the weight foro~0 relative to the weight forw>A ecrease in T/, with increasingB, /A, is then naturally

decreases rapidly. We believe that our results are accurate féxplained by the decrease in the form factogat(, ).
T=A/2, and become increasingly inaccurate for lower Only rough estimates of the behavior of the spin-echo
Here we present results fa7J=0.2. The accuracy of the decay rate of the Heisenberg ladder have been maidis.
results are probably not higher than tens of percent in thominated by the indirect nuclear spin-spin interactions in-
worst cases. Nevertheless, they are useful for establishing tificed by the coupling to the electronic spin system. Pen-
general trends. nington and Slichter derived the fotth

Figure 2 shows results for several values of the ratio
B, /A, , with relation (58 satisfied. Interestingly, for a i
strictly local interactionB, /A, =0) andJ=1200 K there is Tac
very good agreement with the experiment. However, in this ..
case(5a) givesA, ~48 kOefug, which is much higher than WhereJ,(X;,x;) is thez component of the induced interac-
one would expect. It is believed that the on-site couplinggion between nuclei ail andizz
should be less sensitive to details of the structure of a par-

cant decrease in Tf with increasingB, /A, . With (58 sat-
isfied, the form factoA,-, remains constant, and hence the

1/2

, (6)

0.69 .
W;o J2(0x)

ticular material than the transferred couplings, and therefore - - 1 . e e e

one expectsA, ~34 kOejug as in planar cupratés. For Jo(X1,%g) = = 5%: A =)A= Tx(i=]),  (7)
J=850 K the best overall agreement is obtained with '

B, /A, ~0.1, which gives a reasonable value for as well.  and 0.69 is the natural abundance®Cu isotope. The only

However, the slope of the curve is different from the experi-nonzero hyperfine couplings ak(0)=A; and A(1)=B;.
mental one. Nevertheless, it is interesting to note that th&or a system with a gap, the static susceptibility
magnitude of IF; agrees with the experimental curve to X(i—j)=f§dr<SZ(r)SjZ(O)> decays exponentially with
within a factor of 2 in the regime 150 KT=<300 K, witha |, - Fj| even atT=0. 1/T,g calculated for a ladder with
J=850 K that accounts for the susceptibility as well. 2X 128 spins aff <A is therefore a good approximation to

A clear indication that I, in the regime considered here the T=0 result of an infinite system. For this quantity we
is not dominated byg~0 processes is that there is a signifi- can thus obtain ground state as well as fifiiteesults.
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Figure 3 shows results obtained using relatidb) and  1/T, is that contributions to T/; arising from processes with
several ratiod3/A. If A is to remain close to its value in momentum transfes,~ ,q,= 7 are important at high tem-
planar cuprates we neeg| /A~ —0.1, which withJ=850 peratures._Since on_ly a narrow range of r_elatively high tem-
K indeed gives a quite good agreement with the experimentdieratures is accessible experimentally, a fit to the Toferm
result. An almost perfect agreement is obtained with(4) can give misleading results fdr. _
J=850 K andB/Aj~—0.12. With J=1200 K a slightly The value ofJ hence appears to be smaller than the typi-
largerB; /A is needed to produce an approximate agreemerfidl values observed in highe cuprates. This is puzzling,
with the experiment, but the slope of the numerical curveSince the Cu-O bond structure of the SgQy ladders is the
cannot be reproduced as well as with 850 K. Note that for  S@Me as that of the two-dimensional cupraté€ne possible
a strictly local coupling B;=0) andJ=1200 K, which gave explanation for the reduced value is tlatepresents an ef-

a good agreement for I (Fig. 2), 1/T g is almost an order fective coupling once interladder effects_ are tal_<en into ac-
of magnitude too small ' count. The weak frustrated ferromagnetic coupling between

All the above results were obtained with the assumptiorifgldders IS expgcted to enha_nce the gapd s therefore not a
that the chain coupling, is equal to the rung couplingp, . It ikely mechgmsm fqr reducing the effective On the other

is important to consider also the more general case of norhanq' ac-axis coupling reduces_ the gap, and may be impor-
equal couplings. AllowingJ,#J; we find that the best tantin S.rc.:.uzo3' However, preliminary QMC results for th?
agreement with the susceptibility is obtained with susceptibility of a stack of weakly coupleq ladders W'th
J,/3,~0.8, and J;~1100 K (this requires ag factor J>1000 K do not compare as favo_rably with the experi-
g~1.55). The results for T, and 1T,g calculated with ments as the single ladder result with-850 K shown in

these parameters show an agreement with the experimerﬁég' L O“T smglle-ladder results are also .con5|ste.nt with a
similar to the results in Figs. 2 and 3. rung coupllng §I.|ghtl_y _smaller than the chain coupling. The
We conclude that the experimentally measuredand best suscept|p|I|ty fit is obtained wit,/J;~0.8 andJ;
1/T,g for SrCu,O5 can be well accounted for by a Heisen- ~1T1h00 K'Wh'fh Ielavlest ?t ? IOWJZ:%O? K. q th
berg ladder withJ=850 K, and the experimentally deter- € anomalously Jovg Tactor needed 1o reproduce the

mined hyperfine couplings. The calculated jAgrees with susceptibility is another puzzling feat.ure. It .could i.n. part
the experiment to within a factor of 2. The reason for thereflect a reduced local moment associated with the itinerant

. L . . . nature of the Cu-O chains.
discrepancies in this quantity could be details of the hyper- Note added in proofin a very recent papéF,Johnston

fine couplings not taken into account here, such as possible -
differences in the transferred couplinBsalong a chain and suggests thag=2.1, and thatl,/J, has_ to be as S”.“"’_"_' as
on arung. 1T, is a direct measure of the low-frequency spin ~0.5 and), as large a3-2000 K. The hight susceptibility
fluctuation spectral weight, whereasl'3$ is given by a fre- IS th_e_n well re_prpduced, but at low temperatures there are
qguency integral. It is therefore likely thatTl/ is more sen- significant deviations.

sitive than 1T, to slight deviations from the assumed hy-  We would like to thank M. Takano, Y. Kitaoka, and co-
perfine relationg5) in the regime where the low-frequency workers for providing their experimental data. This work is
spin fluctuation spectral weight drops rapidly. Hence, wesupported by the Office of Naval Research under Grant No.
consider the agreement with the experiment to within a facONR N00014-93-0495A.W.S. and E.D. and the Depart-
tor 2 reasonable. We propose that the reason for the discremient of Energy under Grant No. DE-FG03-85ER45197

ancies reported earlie? for the gaps extracted from and
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