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Cluster diffusion on surfaces by two-dimensional evaporation-condensation is studied taking into account
both temporal and spatial correlations between evaporations and condensations. It is shown that the effect of
these correlations increases with time and with the diffusivity of the evaporated adatoms. The time dependence
of cluster diffusion is nonlinear and the diffusion constant scales with cluster radius asR21 for very short
times, and asR22 for the ~longer! times experimentally relevant. The effect of the perimeter energy is also
shown to be nonnegligible, further changing the size dependence of cluster diffusivity.

Cluster diffusion on surfaces has always received much
attention because of its relevance to crystal growth. More
recently, the use of scanning tunneling microscopy~STM! to
monitor cluster movement in a most visual way1–3 has pro-
duced a new burst of interest. Much of this interest is due to
the relationship between the motion of steps and clusters,
and to the possibility of deducing their mechanisms from the
size dependence of cluster diffusivity. Among the proposed
mechanisms, theoretical considerations and simulations have
usually favored perimeter diffusion of individual adatoms
around the cluster, at low and moderate temperatures. At
high temperatures, two-dimensional evaporation-
condensation~EC! of adatoms to/from the surface terraces
could dominate.5 However, recent experiments of adatom
clusters on Ag~100! ~Ref. 2! and vacancy clusters on Ag~111!
~Ref. 3! have proposed the prevalence of EC at room tem-
perature, on the basis of the cluster-size dependence of the
diffusion rate. Also, new diffusion mechanisms, such as clus-
ter sliding and dislocation propagation,4 have been proposed
for clusters on compact surfaces. The present work concen-
trates exclusively on the EC mechanism.

A simple dimensional argument has been traditionally
invoked5 to assign aD}R21 dependence of the EC-diffusion
constantD with cluster radiusR. The argument assumes a
rate of EC events proportional to the cluster perimeter, each
making a (R/N)2 contribution to the squared center-of-mass
displacement of the cluster~with N}R2 the number of atoms
in the cluster!. However, Van Siclen6 has recently proposed
that correlations between condensations and evaporations
will reduce the average displacement, because an evaporated
adatom is more likely to recondense close to the evaporation
point than further away. Using a stationary-state analysis, he
shows that this effect will change the diffusion size depen-
dence toD}R22. Unfortunately, his analysis fails to provide
a clear answer to whether such correlations are indeed rel-
evant under the experimental conditions, and he also derives
the D}R21 result in the absence of correlations. Using a
different approach, Khareet al.7 also conclude that there are
two different regimes, withD}R21 andD}R22, depending
on the diffusion rate of the evaporated adatoms. A similar
conclusion is reached also by Sholl and Skodje8 for the case
of EC towardsinsidea cluster of vacancies, a case for which
EC correlations had been traditionally included,3,5 thus giv-
ing alreadyD}R22.9 In this work, I study the temporal, as

well as the spatial, correlations between evaporations and
condensations, in order to clarify the conditions under which
these correlations are important. It is shown that the cross-
over between correlated and uncorrelated regimes does in-
deed depend on the diffusion constant of the evaporated ada-
toms, although the sign of this dependence is theoppositeof
that previously proposed.7,8 A related and somewhat surpris-
ing conclusion is that the effect of the correlationsincreases
with time. It is also shown that, in practice, the correct de-
pendence is alwaysD}R22 for STM experiments. Finally,
the effect of the perimeter energy on the evaporation rate is
also considered, finding that it further increases the size de-
pendence ofD for adatom clusters.

Consider a circular cluster of radiusR, with N5pR2/V
atoms, whereV is the cluster area per atom. Assume that we
make repeated measurements of its center-of-mass position
xcm at fixed time intervalsDt. I will then define a time-
dependent cluster diffusion constant as

D~R,Dt !5
1

4Dt
^Dxcm

2 &, ~1!

whereDxcm is the displacement between two consecutive
measurements, and̂& denotes the average over many of
them. We expect thatD(R,Dt) will reach a constant value
D(R) for Dt→`. If we assume that the cluster can only
move by EC, there are three types of events that contribute to
its displacement in the time intervalDt:

~i! Evaporation of an adatom aftert50, followed by its
condensation at a different position of the cluster perimeter
beforet5Dt. The contribution of these events is

^Dxcm
2 &5N22E
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dfE
0

Dt
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3E
t

Dt

dt82R2@12cos~f82f!#p~f82f,t82t !,

~2!

where j e is the evaporation rate per unit perimeter length,
p(f82f,t82t) is the probability that an adatom evaporated
at perimeter positionf and timet recondenses at (f8,t8),
and 2R2@12cos(f82f)# is the squared distance between
evaporation and condensation points.
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~ii ! Evaporation of an adatom that does not condensate
again beforeDt, with contribution
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~iii ! Condensation of an adatom that had evaporated be-
fore t50, or that comes from another cluster or step. If the
adatom gas is in equilibrium with the cluster, the rate of
these events, and their contribution to^Dxcm

2 & must be the
same as those of type-~ii ! events.

All these events are assumed to be uncorrelated. The most
obvious correlation effect6 has been taken into account by
considering as single events the evaporations followed by
recondensations. Other possible correlations might involve a
condensation followed by the evaporation of the same ada-
tom, at a rate different from that of other perimeter adatoms.
However, in order to evaluate the probability of such an
event, it would be necessary to model the energetics of dif-
ferent perimeter adatoms, going beyond the circular cluster
model, which is outside the scope of the present work. Add-
ing all three contributions and using definition~1!, I obtain

D~R,Dt !

D~R,0!
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~4!

where theD(R,0) is theuncorrelatedEC diffusion constant

D~R,0!5
V2 j e
pR

, ~5!

valid for times shorter than that required for the evaporated
adatoms to make a single jump and return to the cluster.

In order to obtainp(f,t), I follow Ref. 6 in using the
continuous diffusion equation

]n~r ,f,t !

]t
5D1¹

2n~r ,f,t !, ~6!

to calculate the probabilityn(r ,f,t) of finding the evapo-
rated adatom at position (r ,f) ~cylindrical coordinates used!
and time t. D1 is the diffusion constant of a free adatom.
Boundary conditions are reflecting at infinity and absorbing
at the cluster perimeter. The initial probability is

n~r ,f,0!5
1

r 0
d~r2r 0!d~f!, ~7!

where r 05R1a, with a the surface lattice constant. This
initial position represents that of the evaporated adatom after
an initial evaporation jump of lengtha, from r5R, f50, at
t50. The diffusion equation is solved by expanding
n(r ,f,t) in Bessel functions:

n~r ,f,t !5 (
m52`

1` E
0

`
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2
, ~8!

Fm~kr !5cosuJm~kr !2sinuYm~kr !, ~9!

tanu5
Jm~kR!

Ym~kR!
. ~10!

The calculated recondensation rate is then

p~f,t !5D1

]n~r ,f,t !

]r
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FIG. 1. ~a! Diffusion constantD(R,Dt), defined by Eq.~1!, for
clusters of different radiusR, as a function of timeDt, in units of
the interval between free adatom jumps.D1 is the adatom diffusion
constant on a terrace.a is the surface lattice constant.~b! The same,
as a function of cluster size, for different times.
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whereFm8 (x)[@dFm(x)/dx#u . The diffusion constant is

D~R,Dt !

D~R,0!
512RE
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dkF1~kr0!F18~kR!S 12
12e2D1Dtk2

D1Dtk
2 D ,

~12!

which can be integrated numerically.
Figure 1 shows the diffusion constant as a function of

time and cluster size. It can be seen that the uncorrelated
result is valid only forDt,t1 , where t15a2/(4D1) is the
average time between free adatom jumps. ForDt.105t1 ,
the asymptotic value forcorrelated EC diffusion6 is
achieved:

D~R![D~R,`!5D~R,0!
a

R1a
5

aV2 j e
pR~R1a!

, ~13!

which behaves asR22 for largeR.
In order to find the relevant regime for STM measure-

ments, we must estimate the time required for cluster motion.
In the standard~uncorrelated! EC model, each evaporation or
condensation displaces the cluster by^Dxcm

2 &.(R/N)2, and
therefore the number of EC events required for the cluster to
move a distance comparable to its radius is;N2, or ;105

for a 300-atom cluster. In reality, we have seen that EC cor-
relations strongly decrease the cluster displacement per
evaporation, and therefore even more evaporations are re-
quired. And since the time between evaporations is typically
much longer thant1 , we must conclude that STM experi-
ments indeed measure the asymptoticD(R,`)}R22, and
not D(R,0)}R21.

I now turn to the effect of the perimeter energy on the
cluster evaporation and diffusion rates. In the standard
model, the cluster evaporation and condensation rates~per
unit perimeter length! are assumed to be the same for all
clusters. However, smaller clusters have a relatively larger
perimeter energy, and therefore they evaporate more. It will
now be shown that this induces an extra dependence in
D(R) ~in the following I will assumeDt5`). To study this
effect, I will again use a ‘‘liquid droplet’’ or circular-cluster
model, because of its simplicity. In this model the perimeter
free energy is simply

DF52pRg, ~14!

with g the average step free energy, per unit length. The
increment in the chemical potential of the two-dimensional
adatom gas, in equilibrium with the cluster, is then given by

Dm5
]DF

]N
5

Vg

R
. ~15!

The cluster evaporation, condensation, and diffusion rates
increase by a factoreDm/kT. The extra cluster size depen-
dence can be written as

D~R!}R2b5R2b0eDm/kT ~16!

whereb052 is the exponent obtained forR→`, i.e., with-
out the perimeter-energy effect. Notice that the dependence
of ln(D) with ln(R) is nonlinear. However, if we insist on a
linear regression fit, we can define an effective exponent,

b52
dln@D~R!#

dln~R!
5b02

R

kT

dDm

dR
521

Vg

kTR
. ~17!

When an evaporation occurs towards inside a cluster of va-
cancies, the cluster perimeterincreases. This means that the
chemical potential, the gas density, the evaporation, conden-
sation and diffusion rates, and the exponentb, all decrease in
this case. We must then change the sign of the last term in
Eq. ~17!.

Table I compares the simple prediction of Eq.~17! to the
results of one Monte Carlo simulation10 and two experimen-
tal measurements.2,3 Step energies for Ag surfaces have been
obtained from embedded atom calculations.11 The cluster ra-
dius used in Eq.~17! is the geometric mean of those utilized
in the log-log fits to obtain the experimentalb’s. Taking into
account the simplicity of the circular-cluster model used, the
agreement is very reasonable with the simulation of both
adatom and vacancy clusters,10 as well as with the vacancy-
cluster experiments on Ag~111!.3 On the other hand, the
agreement is clearly unsatisfactory with adatom-cluster ex-
periments on Ag~100!.2 Part of this discrepancy may be due
to the circular-cluster model used, which is less adequate for
a square lattice. Also, it must be taken into account that the
experimental value ofb was strongly based on the diffusion
of only three large clusters. Furthermore, the clusters were
monitored during 4 h, and their position-autocorrelation was
observed to persist for 2 h. This means that there are only
two or three independent position measurements for each
cluster, and that their diffusion rates have a statistical error of
;50%, yielding a rather large uncertainty in the fit of
ln(D) vs ln(R). Therefore, the conclusion of Wenet al.,2 that
their clusters move by EC, must be taken with some caution,
since it is based on that fit and a largerb would also be
compatible with perimeter diffusion.

In conclusion, I have shown that~a! the cluster diffusion
constantD, as defined by Eq.~1!, depends on time as well as

TABLE I. Comparison of the predicted and experimental exponentb of the cluster diffusion constant with
cluster radius:D}R2b. The prediction is that of Eq.~17!. The Kawasaki system refers to a model simulation
of a triangular lattice gas with nearest-neigbor interaction energy2e. N is the average number of atoms per
cluster.g is the step energy, anda is the surface lattice constant.

System Ref. N ga kT bpred bexpt

Vac./Kawasaki 10 55 e 0.275e 1.26 1.0960.08
Adat./Kawasaki 10 55 e 0.3e 2.81 3.1460.33
Vac./Ag~111! 3 900 190 meV 26 meV 1.60 1.9760.39
Adat./Ag~100! 2 270 105 meV 26 meV 2.44 ;1.0
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on cluster size;~b! the effect of EC correlationsincreases
with time, as well as with the diffusivity of the evaporated
adatoms;~c! the commonly accepted cluster size dependence
D(R)}R21, which assumes uncorrelated EC, is valid only
for times shorter than the interval between free adatom
jumps; and~d! for the much longer times that are relevant for
STM measurements, the correct dependence isD(R)

}R2(21Db), whereDb is a nonnegligible perimeter-energy
correction, positive for adatom clusters and negative for va-
cancy clusters.
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