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We have studied theI -V curves of amorphous insulators at very low temperature which exhibit a crossover
from variable range hopping to a low-temperature activation law. Around a critical voltageVc , the current
increases by several orders of magnitude. This is interpreted as resulting from an interplay between Coulomb
interactions and disorder: belowVc charges are collectively ‘‘pinned,’’ while aboveVc free charges exist. We
find a critical scaling of theI -V curves nearVc , at least when hysteretic effects can be neglected.

In the last decades, taking into account both strong disor-
der and Coulomb interactions in the description of electronic
transport turned out to be both a necessity and a tough chal-
lenge. This is particularly true in disordered insulators, where
Coulomb interaction is poorly screened. In systems with a
small number of electrons such as lightly doped semiconduc-
tors, disorder is thought to dominate over charging effects,
leading to Mott’s famous variable range hopping~VRH! law
for the resistance at low temperatureT: R}exp(T0/T)

g,
whereg51/(d11). Electron-hole interactions were later in-
cluded by Efros and Shklovskii~ES!,1 who argued that, at
sufficiently lowT, g should take the value12.

Very recently, this interplay between disorder and interac-
tions was addressed within a rather different framework, in
the context of quantum dots where the interaction is domi-
nant, and leads to Coulomb blockage effects. Middleton and
Wingreen2 have shown that an array of such quantum dots
should, in the presence of local disorder, undergo a depin-
ning transition as the external voltageV is increased. For
small voltages, the currentI is zero ~at T50!, and increases
from zero above a critical valueVc of the voltage, with a
nontrivial exponent:I}(V2Vc)

b. This prediction was rap-
idly corroborated by a series of experiments on model quan-
tum dot systems.3 The central point of the present paper is to
show that this depinning transition could also be relevant in
certain real samples—in our case sputtered films of YxSi12x.
In such samples, some kind of small-scale granularity is un-
avoidable, in particular near the metal-insulator transition
~MIT !, leading to the presence of more metallic droplets
within a more insulating matrix. If the charging energy of
these droplets becomes large, Coulomb blockade effects,
such as Middleton-Wingreen’s collective pinning, should be
expected. For example, Coulomb blockade oscillations were
observed in mesoscopic In2O32x samples, confirming the im-
portance of charge effects near the MIT.4 Another conse-
quence of a strong on-site Coulomb repulsion5 is the acti-
vated behavior~g51! of the resistance, even if some disorder
is present—at least in an intermediate range of temperatures.
This is indeed the case in our YxSi12x samples in the imme-
diate vicinity of the MIT~x.0.2!, for T in the range 20–500
mK, where VRH holds at high temperatures and becomes
simply activated for lower temperatures.~Such a behavior
was also reported in Ref. 6.! It is thus our belief that, close to

the MIT, the on-site repulsive electron-electron interaction
dominates over disorder: more insulating samples of the
same series exhibit simple VRH or ES behavior.7 This is
expected if disorder supersedes interactions, which indeed
occurs when the localization lengthj becomes small.8 Close
to the MIT, theI -V characteristics are rather unusual. A criti-
cal voltageVc appears around which the current increases by
several orders of magnitude, which we interpret along the
lines of Ref. 2 as resulting from the interplay between Cou-
lomb interactions and disorder. By scaling considerations in-
spired from Ref. 2, we account for the critical behavior
aroundVc . The existence of a critical depinning transition is
common to many physical systems, ranging from charge-
density waves to domain walls in magnets.9,10

Our basic physical assumption is to model our samples as
an assembly of metallic droplets of typical sizea, separated
by insulating regions of typical sizeb, where for consis-
tencey (a,b)*j. ~The distinction between a metal and an
insulator indeed only makes sense beyondj.! Our model is
thus a Hubbard-like lattice where the metallic droplets play
the role of coarse-grained sites with on-site repulsionU
given by the charging energye2/C, whereC is the nearest-
neighbor capacitance of the order ofej.11 As shown in Cou-
lomb blockade experiments, a charging energy has to be in-
troduced if many electrons stay on a droplet connected to
reservoirs by tunnel barriers with a conductance less than
e2/h. The energyU.e2/ej is such a typical energy, and is
assumed to be the dominant energy scale: we thus argue that
the system as a whole behaves much as a Mott insulator
~althoughU is much smaller than usual! with a gap of order
U and an activated conductance.exp2U/T at lowT. In our
case, however, random sizes and locations of grains implies
that energy levels close to the Fermi energy are randomly
distributed, leading to pinning effects, which is the problem
considered in Ref. 2. As mentioned above, one finds aT50
phase transition induced by the bias voltageV applied to the
system. For ad-dimensional array withN capacitances in
series, and forV,VC}N(e/2C), the currentI does not flow
~insulating phase!. Vc corresponds to an exact compensation
by the voltage source of Coulomb interactions along the best
conducting path through the sample, along which the sum of
charging energies encountered is minimal. ForV.Vc , I
should behave as (V2Vc)

b, since the number of conducting
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paths increases withV. The critical exponentb depends on
the dimensiond and was estimated in Ref. 2 using results on
optimal paths and the KPZ equation.12 For T.0, this phase
transition disappears, and leads to a crossover which we pos-
tulate to be of the form~see Ref. 9!

I

I 0
5S VVc

21D b

FF S VVc
21D S T1T D fG ~V.Vc!, ~1!

wheref is the crossover exponent, andF a crossover func-
tion, which we determine experimentally. As shown below,
this picture allows us to describe satisfactorily theI -V char-
acteristics of all our samples, at least for temperatures that
are not too low. At very low temperature, however, the tran-
sition becomes first order and hysteretic, as expected in the

presence of some~even very small! heating. This hysteretic
behavior is actually also observed in model quantum dots
systems.3

Let us now describe our experimental results.S3d and
S2d films differ mainly by their thicknessh: For S3d, h.7
mm while for S2d h.0.04mm.a,b ~see below!. BothS3d
and S2d were made by sputtering from a single Y0.2Si0.8
target onto a substrate cooled at liquid-nitrogen temperature
in order to minimize atomic segregation.13 All reported elec-
trical measurements are two-probe dc results using a voltage
source and detection of current with a Keithley 617 elec-
trometer. Contacts of 2500mm2 are made by ultrasonic sol-
dering of aluminum wires directly on the surface of the
sample. To ensure that contact resistances are negligible at
low T, we first realized four-probe measurements showing

FIG. 1. I (V) in the semilog
scale forS3d ~120 mm long! at
H50 T and variousT. Around
Vc.9.0 mV, note the sudden de-
crease ofI by a huge factor at low
T. This behavior is hysteretic:
whenV rises~see the arrows!, the
discontinuity occurs at a voltage
that is stronglyT dependent. Inset:
RV503e2/h in the log scale as a
function of T21. Above Tcross
Mott’s law holds: R}exp(T0/
T)1/4. BelowTcross, the divergence
of R is strongersince it issimply
activated: R}exp(T1/T).

FIG. 2. Rescaling forS3d using Eq.
~1!. 2594 I -V points rescaled fromT.20
mK to T5300 mK andH50 toH.6 T. b,
f, andF do not depend onH. T1 is ex-
tracted from Fig. 1. AtH50, T150.37 K,
andVc58.760.2 mV. AtH56 T, T150.42
K, and Vc520.060.5 mV. G is the sim-
plest function allowing a linear regime:
G(V,Vc)511Vc/V, and G(V.Vc)52.
I 0 is a typical current slightly depending
on H. ForV,Vc scaling fails either when
VRH dominates the measurement~i.e.,
T>Tcross.0.15 K andV is small! or in the
low phase current when discontinuity atVc

is large: these latter points were removed
from the plot. Inset: same kind of rescaling
for the 2d sample~same ranges ofH and
T, and arb. units for the log-log plot!. T1 is
extracted fromR(V50) experiments. At
H50, T150.5760.05 K, and Vc

.2.560.05 mV. At H56 T, T150.8
60.05 K, andVc.6.560.15 mV.
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that the voltage drop at the contacts is negligible. Further-
more, increasing the surface of contacts did not change the
measured two-probe resistance. Then we varied the distance
L between the contacts in two-probe experiments which af-
fected the resistance by a factorindependent of T. VaryingL
allowed us to test ten different samples.14 They all behaved
similarly, and for simplicity we focused on two samples of
thesamelengthL.120mm, recorded onS3d andS2d films.

At room temperature bothS3d andS2d exhibit a conduc-
tivity below ~but close to! Mott’s critical conductivity.15 At
zero biasV50, when 0.15 K,T<4.2 K, S3d exhibits stan-
dard VRH behavior~g51

4! with T0.1000 K. However, be-
low Tx.0.15 K, g shifts to 1:16 R}exp(T1/T), with
T1.0.37 K ~see the inset of Fig. 1!. This suggests that some
charging effects are present. InS2d, this simply activated
regime extends up to 0.5–1.0 K, andT1 is stronger~T1.0.57
K!.

In addition to these departures from VRH at low voltage,
nonlinearities qualitatively differ from the one predicted in
VRH,17 where the logarithm of the conductance is predicted
to increase linearly with the applied voltage. The most strik-
ing example appears in Fig. 1 forS3d: around a critical
voltageVc , the currentI varies by a large factoru at low T
~at T520 mK, u.1000!. For S2d, I -V nonlinearities are
qualitatively the same. Note that this behavior is hysteretic at
low T: whenI is imposed, theV-I curve isSshaped;18 when
V is imposed~Fig. 1!, the position of the discontinuity when
risingV takes place at a voltageVhyst.Vc , which is strongly
T dependent. When decreasingV, the discontinuity occurs at
a critical voltageVc , nearlyT independent. This jump dis-
appears for higher temperatures.

The simplest assumption is that heating becomes impor-
tant at low temperatures, and opens up the low current part
of the S, leaving the high current branch practically unaf-
fected. We can roughly account for the shape of theSusing
a conventional heating model, whereby the injected powerP
induces an effective electronic temperatureTel larger than the
sample temperatureTph, and given byP5GV(Tel

52Tph
5 !,19

whereV is the sample volume, andG characterizes phenom-
enologically the strength of the electron-phonon coupling.
Since the conductance is activated, a small increase ofTel
can induce a very large decrease of the resistance, leading to
an overall decrease of observedV. The fit of theS-shaped
part of the data leads to a parameterG.51024

nWmm23 K25, 3–4 orders of magnitude smaller than in
typical metals. Note, however, that heating alone cannot ex-
plain the shape of the high current branch~where the small
temperature increase becomes irrelevant!, nor does it account
for the coexistance of two low current branches~see Fig. 1!.

In order to rescale points according to Eq.~1!, we thus
focus on the high current branch. As shown in Fig. 2, for
bothS2d andS3d, all the points of the high current branch,
corresponding to different temperatures and magnetic fields,
can be accommodated by the scaling assumption Eq.~1!. In
particular,the same exponents and function F hold for differ-
ent magnetic fields, as expected by universality~magnetic-
field effects will be reported in a separate publication!. This
rescaling allows us to estimatebf52.6060.05, with
b52.1060.20 for S3d, and bf52.2560.05, with b51.5
60.15 forS2d. This compares satisfactorily with the predic-
tions of Refs. 2 and 12 forb: b3d52.20–2.25 andb2d5

5
3 ,

whereas a classical mean-field analysis leads tobMF52.20

Extending the arguments of Ref. 2 to nonzeroT suggests
bf3d.2.95 andbf2d5

5
2. Deviations from theoretical val-

ues might be due to finite-size effects, as discussed in Ref. 2.
Since the model studied in Ref. 2 deals with grains capaci-
tively coupled, the above agreement comforts our basic as-
sumption of strong inhomogeneities or droplets in our
samples.

From the above theoretical discussions we can estimate
the value of bothVc andT1 which, as we shall see, turn out
to be quite realistic. SinceT1 is the energy needed to create
and ionize an electron-hole pair locally, we obtain
T1(3d).(e2/4pC)1D, andT1(2d).(e2/2pC)1D, where
C5e0e ra andD is the mean energy spacing on a droplet of
size a. From experiment, we obtainT1(3d)50.37 K and
T1(2d)50.57 K, which allows us to obtaine2/4pC.D.0.2
K. Note that this is consistent with our assumption that Cou-
lomb effects are important. This latter statement was not ob-
vious a priori. Indeed, in disordered insulators, the relative
dielectric constante r is very large, since21 it goes as
e r.(j/lTF!

2, where lTF.0.2 nm is the Thomas-Fermi
screening length. In our systems, an estimate ofg(EF) and
the measurement ofT0.21/g(EF)j

3 leads13 to j.10 nm
and thus toe r.2500. This huge value decreases Coulomb
interactions, but not enough to prevent these interactions to
dominate transport at lowT.

Secondly, as explained in Ref. 2, Vc
.(L/L)[Echarg~L!/e#, whereL is the scale above which an
electron and its hole are independent andEcharg~L! is the
energy required to add a charge in a domainLd. In the 3d
case, the Coulomb interaction goes asr21, and thusL3d
is small: L3d.a1b. Conversely, in the 2d case L2d

.Ae r(a1b).50(a1b). Indeed, due to the huge value of
e r , the electric field is confined within the film up toL,
enhancing the electron-hole interaction. BeyondL2d, 3d
electrostatics is valid, and charges are independent. Express-
ing Echarg~L! leads toVc(3d).(L/L3d)(e/8pC). For the 2d
case, we obtain Vc.(L/L2d)(e/4pC)ln[L2d/(a1b)].
From experiment we measureVc(2d).2.5 mV and
Vc(3d).8.7 mV.

Using the previous estimates of Coulomb terms, we find
that both valuesof Vc lead to:a1b.100 nm.10j. More-
over, the large-V conductanceG V→` allows us to extractb.
Indeed, sinceS2d is basically square shaped, one obtains
G V→`.5.031026 V21.(e2/h)exp(2b/j) for S2d ~a simi-
lar argument holds forS3d!. Thusb.223j, allowing us to
obtaina.628j. Note that, sinceD.T0j

3/21a3 anda.7j as
above, we recoverD.0.15 K, ande2/2pe0e ra.0.2 K, con-
sistently with the respective values of 0.17 and 0.4 K ex-
tracted independently fromT1 measurement.

To summarize, we argued and demonstrated experimen-
tally that the idea of a depinning transition in an electric
field, introduced in the context of arrays of quantum dots, is
also relevant to describe real 2d and 3d insulating samples.
These samples exhibit a crossover from VRH to alow-
temperatureactivation law near the MIT. This crossover is
interpretated in a model of Coulomb blockade. This is con-
firmed by a scaling ofI -V curves, which shows that an elec-
tric field indeed induces a second-order depinning transition,
with exponents rather close to their theoretical values. At
very low temperatures, however, the situation is complicated
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by heating~and possibly other! effects which induce a hys-
teretic behavior. Note that theV-I characteristics of disor-
dered superconducting films or charge-density waves
~CDW’s! should display similar features. In contrast with
artificial structures, metal-metalloid alloys are produced eas-
ily, allowing experiments on arrays containing a large num-
ber of capacitively coupled grains inany d.
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