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The role of interlayer coupling in copper-oxide superconductors represents an open problem in high-Tc
superconductivity. In this work, the energy gap and the density of states of at-J bilayer are analyzed for
different value of the dopingd within a mean-field approximation. It is shown that an interlayer single-electron
hopping increases the ratioR52D/KTc and that the extent of such increase depends strongly on the doping
d. The density of states contains both BCS-like and logarithmic singularities and presents a multiple-peak
structure, in qualitative agreement with recent tunneling experiments.

I. INTRODUCTION

All copper-oxide-based high-Tc superconductors have
stratified structures, where superconducting layers alternate
to metallic or insulating layers. Because of the short coher-
ence length, the Cooper pairs are localized in the CuO2

planes, which is a common feature of these systems. The
weakly coupled layered structure of cuprates gives an origin
to a strong anisotropy between the in-plane and the off-plane
directions in their physical properties such as the normal-
state resistivity,1 the upper critical field,2 the thermal
conductivity,3 etc.

A major problem in the theory of high-Tc superconduc-
tivity is to what extent the superconducting properties are
bound to the two dimensionality of the CuO2 planes, and
how they are affected by the interaction between adjacent
CuO2 planes. In order to investigate the relationship between
dimensionality and high-Tc superconductivity, many groups
have studied the electrical transport properties of
YBa2Cu3O7/PrBa2Cu3O7 ~YBCO/PBCO! superlattices.4 Sev-
eral different models have been proposed in order to explain
theTc depression observed in the above systems, which are
based upon Kosterlitz-Thouless transition and charge redis-
tribution effects,5–9 interlayer coupling,10,11 proximity
effect,12–15 and hole filling.16 The results obtained for
YBCO/PBCO superlattices do not provide clear evidence of
a relationship between interlayer coupling and critical tem-
perature, since many other possible effects are involved, such
as hole filling, localization effects, modification of the elec-
tronic structure of the superconducting planes, etc. On the
other hand, none of the above effects have been found in
recent first principles calculations of the electronic structure
of YBCO/PBCO superlattices.17

The role of interlayer coupling in high-Tc superconduc-
tivity has been studied within the framework of BCS-like
models by several authors.18,19 On the other hand, many of
the microscopic models that have been proposed to describe
the properties of the high-Tc copper oxides are based on the
two-dimensional Hubbard model or thet-J model.

The t-J model was proposed by Anderson,20 as the sim-
plest model containing the essential strong correlation phys-
ics of the oxide superconductors. Such a model attempts to
describe both magnetism and superconductivity within the

same framework and successfully accounts for many of the
unconventional transport and collective mode properties ob-
served in the metallic phases of cuprate superconductors.21,22

Approximated solutions of thet-J model can be obtained by
means of a mean-field decoupling of the Hamiltonian, and
several mean-field phases have been suggested.23–30

In recent works,31,32 I have shown that a single-electron
hopping between two bidimensionalt-J lattices can reduce
the superconducting transition temperature to values that
agree more with the experimental ones. Besides, I have
shown that the above model can be applied to the interpre-
tation of theTc depression observed in iodine intercalated
Bi2Sr2CaCu2Ox .

33

In the present paper, I analyze the effect of a single-
electron interlayer coupling on the energy gap and the den-
sity of states of at-J bilayer. The present model can be
applied to materials like Bi2Sr2CaCu2O81d or YBa2Cu3O7
that contains two CuO2 planes within the unit cell. The
knowledge of the density of states and energy gap structure
can allow one to identify the mechanism responsible for the
superconductivity in copper-oxide superconductors. Experi-
mental information about these quantities can be obtained
through tunneling spectroscopy.34,35 Besides, very recently,
information about the momentum dependence of the energy
gap has been obtained through high-resolution angle-
resolved photoemission spectroscopy.36,37

II. THEORY

The t-J model is defined by the Hamiltonian

H52t (
^ i , j &s

cis
† cjs1J(

^ i , j &
~SW i•SW j2

1
4ninj !2m f(

i
ni , ~1!

whereSW i5
1
2ciw

† sŴ wbcib andni5(scis
† cis . This Hamiltonian

is under the constraint that no site is double occupied. Such a
constraint can be satisfied by employing the slave-boson
formalism,38 in which the electron operatorcis

† is replaced
by cis

† 5 f is
† bi . The constraint of no double occupancy im-

plies thatbi
†bi1(s f is

† f is51 at each sitei ; this request may
be satisfied by adding to the Hamiltonian~1! a term
( il i((s f is

† f is1bi
†bi21), wherel i is a Lagrangian multi-

plier. A mean-field theory for the Hamiltonian~1! can be
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obtained by decoupling the four-fermion termSW i•SW j . This
leads to the introduction of the Hubburd-Stratonovich fields
x i j5^(s f is

† f js& and D i j5^ f i↑ f j↓2 f i↓ f j↑&. A mean-field
theory is achieved by replacing the fieldsx i j , D i j , bi , and

l i by their saddle-point values. The hopping term
t(s f is

† f jsbj
†bi is replaced byb0

2t(s f is
† f js , whereb0 is the

saddle-point value of the boson fieldbi . The mean-field
Hamiltonian then becomes29

HMF5
3J

8 (
^ i , j &

F ux j i u21uD j i u22x j i*(
s

f js
† f is2c.c.2D j i* ~ f j↑ f i↓2 f j↓ f i↑!2c.c.G

2tb0
2(
^ i , j &

S (
s

f js
† f is1c.c.D 2m0(

is
f is
† f is1mb(

i
S (

s
f is
† f is1b0

221D , ~2!

wherem05m f23J/4. The decoupling in the particle-hole
channel is supposed uniform; that is,x i j5x for all bonds
^ i , j &. The decoupling in the particle-particle channel is in-
stead chosen so thatD i j51D if ij i x̂, D i j52D if ij i ŷ: This
choice corresponds to thed-wave phase.24 The Hamiltonian
~2! can be conveniently written in the Nambu formalism

HMF5(
kW

ckW
†
HkWckW1

3J

4
N~x21D2!1mbb0

2N2m0N,

~3!

whereckW
†
[( f kW↑

† , f2kW↓) andN is the number of lattice points.
The Hamiltonian matrixHkW is given by

HkW5SAkW BkW

BkW 2AkW
D , ~4!

whereAkW522(tb0
213Jx/8)@cos(kx)1cos(ky)#1mb2m0 and

BkW52(3JD/4)@cos(kx)2cos(ky)#. I consider now the effect
of a single-electron hopping between two bidimensionalt-J
lattices. Such a model can be applied to materials such as
Bi2Sr2CaCu2O81d or YBa2Cu3O7, which contains two
CuO2 planes in the unit cell, and is described by the Hamil-
tonian

H5 (
l51,2

Hl
MF1(

kW
(

l ,l 851,2
lÞ l 8

ac l ,kW
†

ŝzc l 8,kW , ~5!

whereŝz is the third Pauli matrix,a is the hopping constant,
and c l ,kW is the Nambu spinor corresponding to thel th t-J
lattice. Equation~5! can be written in the form

H5(
kW

CkW
†
H̃kWCkW1

3J

2
N~x21D2!12mbb0

2N22m0N,

~6!

whereCkW
†
[( f 1,kW↑

† , f 1,2kW↓ , f 2,kW↑
† , f 2,2kW↓) and the Hamiltonian

matrix H̃kW is given by

H̃kW5S AkW BkW a 0

BkW 2AkW 0 2a

a 0 AkW BkW

0 2a BkW 2AkW

D . ~7!

The eigenvalues of the Hamiltonian~7! are given by

6EkW
2

56AAkW
2
1BkW

2
22AkWa1a2,

6EkW
1

56AAkW
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2
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The mean-field parameters are determined by the condi-
tion of minimum of the thermodynamic potential

V52NF3J
4

~x21D2!1mbb0
22m02Tln~4!G

22T(
kW

F ln coshS EkW
1

2T
D 1 ln coshS EkW

2

2T
D G . ~8!

Besides, the chemical potentialm0 is determined by the
condition ]V/]m05d21; the dopingd is the number of
holes per plane so that the average number of electrons in
each site is 12d. The parameterd must be related to the
number of holes per CuO2 unit in the sample. Such a value
can be obtained through different techniques: Hall coefficient
measurements,39 chemical methods,40 or by assuming a
given valence state for the ions in the coumponds.41 Through
a direct comparison of the self-consistent equations, one can
readily obtain the values ofb0

25d andmb54tx.
The Green functions of the system can be calculated from

the Gor’kov equations,42 which can be written

~ ivn2Ak!G11~k,vn!1BkF11* ~k,vn!2aG12~k,vn!51,

~ ivn1Ak!F11* ~k,vn!1Bk*G11* ~k,vn!1aF12* ~k,vn!50,

~ ivn2Ak!G12~k,vn!1BkF12* ~k,vn!2aG11~k,vn!50,

~ ivn1Ak!F12* ~k,vn!1Bk*G12* ~k,vn!1aF11* ~k,vn!50,

where

Gi j ~k,vn!5
1

2E21/KT

1/KT

dteivnt^Tt@ f i ,k↑
† , f j ,k↑#&, ~9!

Fi j* ~k,vn!5
1

2E21/KT

1/KT

dteivnt^Tt@ f j ,k↑
† , f i ,k↓

† #&, ~10!

andvn5(2n11)pKT. One then finds
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The density of states~DOS! in the superconducting state
can be calculated from the Green functions

N~v!5
1

p(
i ,k

ImGii ~k,g!ug→2 iv1e , ~11!

where e501. The density of states can be experimentally
investigated through tunneling spectroscopy: AtT500 the

conductance of a tunnel junction is directly proportional to
the quasiparticle density of states, while at finite temperature
the tunneling characteristics consist of a convolution of the
DOS curve with the Fermi distribution factor

dI~V!

dV
}E N~v2eV!

bebv

~ebv11!2
dv, ~12!

whereb51/KT andV is the bias voltage.
I consider now the effect of a Heisenberg exchange inter-

action between spinsSW i ,1 andSW i ,2 in the different layers. This
leads to an additional term in the Hamiltonian~1! of the form
J'( iSW i ,1•SW i ,2 , where J' is the interlayer Heisenberg cou-
pling constant. A realistic value ofJ' is'0.085J, which has
been found experimentally from a spin-wave analysis of the
YBa2Cu3O6 compound.

43 The four-fermion termSW i ,1•SW i ,2 can
be decoupled within the present mean-field theory, through
the introduction of two additional Hubbard-Stratonovich
fields f i5^(s f 1,is

† f 2,is& and j i5^ f 1,i↑ f 2,i↓2 f 1,i↓ f 2,i↑&,
which are then replaced by their saddle-point values. The
mean-field Hamiltonian then becomes

H̃5H1
3J'

8 (
i

Ff i
21j i

22f i*(
s

f 2,is
† f 1,is2c.c.2j i* ~ f 2,i↑ f 1,i↓2 f 2,i↓ f 1,i↑!2c.c.G , ~13!

whereH is the Hamiltonian given in Eq.~5!. The decoupling is supposed uniform in both channels, so thatf j5f and
j j5 i j for all sites j ~the choice of a real value for the mean-fieldj j does not modify the final results!. Observe that the term
proportional tof can be conveniently absorbed in the effective value of the coupling constanta ~actually such a parameter has
been also calculated independently, and it has been found that it gives a negligible contribution toa). The energy eigenvalues
of the Hamiltonian~13! are
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2
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2
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1

56AAkW
2
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2
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2
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whereAkW522(tb0
213Jx/8)@cos(kx)1cos(ky)#1mb2m0, BkW52(3JD/4)@cos(kx)2cos(ky)#, andCkW52(3J'j/8).

The mean-field parameters can then be found through the condition of the minimum of the thermodynamic potential

V52NF3J
4

~x21D2!1
3J'

16
j21mbb0

22m02Tln~4!G22T(
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2

2T
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From the solution of the self-consistent equations it has
been found that the stable phase corresponds toj50, for
J'<0.3J. This implies that for realistic values of the inter-
layer Heisenberg coupling constant, the Heisenberg inter-
layer term has no effect on the superconducting properties of
the system.

III. RESULTS AND DISCUSSION

Copper-oxide high-Tc superconductors present an unusu-
ally large value of the ratioR52Dmax/KTc , where
Dmax53JD/2 corresponds to the maximum value of the su-
perconducting gapuBku at zero temperature. Two recent tun-
neling experiments,44,45 have given, respectively, a value
R56.2 andR57.4 in Bi2Sr2CaCu2O81d while average

over pre-1992 data suggest a valueR'5.46 These results are
sensibly larger than the BCS prediction ofR53.5. The ratio
R(T)52Dmax(T)/KTc has been calculated for thet-J bilayer
and is represented as a function of the temperatureT in Figs.
1 and 2, for two different values of the dopingd. The dotted,
dashed, and solid lines correspond, respectively, to an effec-
tive coupling constanta50, a50.4J, anda50.6J. From
Figs. 1 and 2 one can see that an interlayer single-electron
hopping increases the ratioR(T) at any value of the doping
d and of the coupling constanta. The extent of such varia-
tion depends strongly on bothd anda. This can be seen also
in Fig. 3 whereR(T50) is represented as a function ofa:
The solid, dashed, and dotted curves refer, respectively, to
d50.1, d50.15, andd50.2. For d50.2, R(0) increases
almost linearly witha up to a maximum variation of'5%
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at a50.6J. On the other hand, ford50.1, the value of
R(0) is practically constant up toa50.2J, and increases
sensibly at larger values of the hopping term up to variation
of '30% ata50.6J.

Tunneling experiments have been very important to verify
the BCS theory in the conventional superconductors. The
tunneling characteristics obtained with high-Tc supercon-
ductors show a strong broadening of the superconducting-
gap structure, with a finite contribution at zero voltage. This
behavior is definitely different from the one expected from

an ideal BCS density of states. A correct interpretation of the
experimental tunneling characteristics requires an adequate
model for the copper-oxide superconductors.

The density of states and the tunneling characteristics of a
t-J monolayer and bilayer are represented in Figs. 4–7. The

FIG. 1. The ratioR(T)52Dmax(T)/KTc is plotted as a function
of the temperature at a dopingd50.1. Dmax is defined as the maxi-
mum value of the superconducting gap atT50. The dotted, dashed,
and solid lines correspond, respectively, to an effective coupling
constanta50, a50.4J, anda50.6J.

FIG. 2. As in Fig. 1 with a dopingd50.15.

FIG. 3. The ratioR52Dmax/KTc is plotted as a function of the
interlayer coupling constanta. Dmax is defined as the maximum
value of the superconducting gap atT50. The solid, dashed, and
dotted curves refer, respectively, tod50.1, d50.15, andd50.2.

FIG. 4. Density of states at zero temperature~lower panel! and
tunneling characteristics at finite temperature~upper panels! of a
t-J monolayer at a dopingd50.15.
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curves at zero temperature correspond to the density of
states, calculated according to Eq.~11!, while the curves at
finite temperature represent the tunneling characteristics, ob-
tained through Eq.~12!. The densities of states present both
logarithmic and BCS-like (v22v̄2)21/2 singularities. This
result is in contrast with the one recently obtained by Liu and
Klemm18 for a BCS-like bilayer model, where only logarith-
mic singularities were found. The BCS-like singularities oc-
cur atv5A(4tx6a)21(3JD/2)2. The logarithmic singu-
larities may eventually occur atv5u(3JD/4)@4tx6a
64(td13Jx/8)]u/A(3JD/4)214(td13Jx/8)2.

In Figs. 4 and 5 the tunneling characteristics of at-J
monolayer are represented for, respectively,d50.15 and
d50.2. The density of states at zero temperature presents
two peaks, which position depends strongly on the value of
the dopingd. None of these peaks is located at the BCS
valuev5Dmax. When the interlayer coupling is introduced,
the density of states presents a more complex structure, as
can be seen in Figs. 6 and 7: Both the number and the posi-
tion of the peaks change when the dopingd is varied.

At finite temperature, because of the thermal broadening,
the tunneling characteristics present a much more smooth
structure, containing one or two peaks. The main peak is in
general located near the energyv5Dmax. Nevertheless, the
current assumption that the position of the main peak corre-
sponds to the valueDmax can lead to small errors in the
interpretation of experimental tunneling characteristics. The
energy separation between the main and the minor peak in-
creases when the dopingd or the coupling constanta is

FIG. 5. Density of states at zero temperature~lower panel! and
tunneling characteristics at finite temperature~upper panels! of a
t-J monolayer at a dopingd50.2.

FIG. 6. Density of states at zero temperature~lower panel! and
tunneling characteristics at finite temperature~upper panels! of a
t-J bilayer at a dopingd50.15.

FIG. 7. Density of states at zero temperature~lower panel! and
tunneling characteristics at finite temperature~upper panels! of a
t-J bilayer at a dopingd50.2.
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increased. Recent tunneling data45,47,48have shown the pres-
ence of a minor peak or a dip beyond the superconducting
gap in Bi2Sr2CaCu2O81d . Such features are qualitatively
well reproduced by the tunneling characteristics represented
in Figs. 5–7. The minor peaks disappear when the tempera-
ture is raised, in agreement with experiments.48

In summary, the energy-gap structure of at-J bilayer has
been studied within a mean-field approximation. It has been
shown that an interlayer single-electron hopping increases
the ratioR52Dmax/KTc . The extent of such increase de-
pends strongly on the dopingd. The density of states pre-
sents a multiple-peak structure, in qualitative agreement with
recent experimental results for Bi2Sr2CaCu2O81d .

45,47,48

The densities of states contain both BCS-like and logarith-
mic singularities, in contrast with the results obtained for a
BCS-like bilayer model.18 The current assumption that the
position of the main peak in the experimental tunneling char-
acteristics corresponds to the valueDmax is approximately
satisfied in the present model.

The effect of a Heisenberg exchange interaction between

spinsSW i ,1 andSW i ,2 in the different layers has been considered.
It has been found that for realistic values of the interlayer
Heisenberg coupling constantJ' , the Heisenberg interlayer
term has no effect on the superconducting properties of the
system.
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