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Measurements have been performed at the superconducting Darmstadt electron linear accelerator~S-
DALINAC ! to investigate systematically channeling radiation produced by bombarding natural diamond crys-
tals with thicknesses of 13, 20, 30, and 55mm with electrons at 5.2 and 9.0 MeV. Planar channeling from the
~110! and ~111! planes was studied for a variety of transitions with respect to their energy, intensity, and
linewidth. Axial channeling from thê110& axis could be detected as well. It was found that the intensity
increases as a function of the crystal thickness, and values up to 7.731022 photons/esr could be obtained,
which is the highest intensity at low electron energies achieved so far. The intensity increases with electron
energy asg5/2. The 1/e occupation length deduced from the photon yield as a function of the crystal thickness
was found to bel occ'29 and 85mm for planar and for axial channeling, respectively. These values are by far
the largest ever observed. Comparison with a quantum mechanical theory of channeling radiation exhibits
fairly good agreement for the intensity and linewidth provided that contributions caused by electronic scatter-
ing and Bloch wave broadening, which actually are largest for diamond, are properly taken into account. It
turns out that multiple scattering dominates in the planar case and single scattering for the axial channeling.
The coherence length could be deduced to be of the order of 0.7mm, which is about a factor of 2 larger than
observed before in silicon.

I. INTRODUCTION

Channeling radiation is emitted by relativistic electrons
passing through single crystals along a direction of high
symmetry, a plane or an axis. The radiation is forward di-
rected into a narrow cone with an angle of emission
Q;g21 and many of its outstanding features have been the
subject of numerous experimental and theoretical
investigations.1–20 There are several interesting and poten-
tially very useful characteristics of channeling radiation: It is
energetic, bright, and tunable and it is of narrow linewidth in
the spectral peaks. Also, because channeling radiation has
the same time structure as the incident electron beam, the
pulse of radiation can be of extremely short duration, e.g., 2
ps,15,18,21 while being furnished continuously at the same
time. All these qualities make channeling radiation a unique
photon source in the x-ray region,19 for which there is a vast
demand,22 especially if this can be achieved with accelera-
tors much smaller and less expensive than storage rings or
synchrotrons.

Since the characteristic features of the channeling radia-
tion spectrum depend strongly on the crystal and its proper-

ties, the optimum source crystal has to be searched for. For
possible applications, an intense source delivering of the or-
der of 1012 photons/s with a narrow bandwidth of about 10%
full width at half maximum~FWHM!, which is collimated
and tunable between about 10 and 40 keV, is required. Since
the crystal will also have to stand high electron beam cur-
rents of several hundred mA, it has to have a high thermal
conductivity.

Regarding these prerequisites, diamond appears to be a
strong candidate for the production of intense, quasimono-
chromatic x rays using channeling.10,12,15,17,23–25Diamond
shows not only a spectrum with very narrow lines but it
meets also most of the criteria asked for. Due to its large
thermal conductivity and exceptionally high Debye tempera-
ture, diamonds can withstand intense electron beam currents
and yield the largest intensities observed so far. Furthermore,
since the new generation of electron accelerators provide
electron beams of extremely low divergence,23,25–29a maxi-
mum population probability of channeling states can be
achieved also at full beam current. It thus appears likely that
the intensity obtained so far~i.e., 231010 photons/s! can be
extended to the required limit quoted above.
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Since for application as an intense photon source detailed
knowledge on the observables radiation energy, line inten-
sity, and linewidth and the angular distribution of the radia-
tion are of crucial importance, we have concentrated in the
present work on a systematical investigation of these quan-
tities and a comparison with a quantum mechanical theory,
which is based on an extended perturbative approach. While
the energy of the transitions observed in channeling is in
general in good agreement with the calculation for the quan-
tized states in the crystal potential, not much is known about
the two other quantities. Regarding the 1/e occupation length
l occ, which determines the length the electron stays in its
state, Garyet al.24 predicted for 30 MeV electrons in dia-
mond a value of 80mm using a scaling procedure proposed
by Andersen. The coherence of the state on the other side is
described by the length the electron stays in its specific state
without change of phase. This quantity is directly related to
the linewidth. Investigations performed by Kleinet al.15 at
electron energies between 17 and 54 MeV exhibited, how-
ever, that the observed linewidth exceeds the theoretical pre-
diction by a factor of 2. This discrepancy was believed to be
caused by incoherent scattering at crystal defects. Since,
however, also other effects, like, e.g., the electron beam di-
vergence affecting the linewidth due to Bloch wave broaden-
ing, can be of importance as well, it is necessary to investi-
gate these phenomena in more detail.

It is the aim of this paper to elucidate how the linewidth
and line intensity depend on bombarding energy, crystal
thickness, the planes, and the axes. From these findings the
observable coherence and occupation length will be derived
and attention will be paid to the equilibrium population of
states in diamond. A small part of this work has been pub-
lished before,20 where the intensity was compared with the
results obtained from an approximative solution of a master
equation that governs the feeding and depopulation of the
states in the crystal potential. In the present paper the entire
bulk of data will be presented and compared to calculations
based on an extended theoretical treatment of the observ-
ables, which will be explained in Sec. II. Thermal and va-
lence electron scattering as well as core electron scattering
will be included both for the calculation of the linewidth and
the population redistribution. The electronic part of the line-
width is found not to be negligible. Contributions to the line-
width due to Bloch wave broadening are considered as well.
It can be easily incorporated with the knowledge of the band
dispersion, calculated by the so-called many-beam method.
More effort must be taken to include the contribution of the
Doppler broadening, which arises from the growth of the
beam divergence with increasing penetration depth of the
electrons in the crystal. This quantity has often been esti-
mated from the corresponding value in an amorphous target.
We calculate it by a method which takes into account the
modified scattering probabilities under channeling
conditions.30

In Sec. III the experimental setup, operating conditions,
and the data accumulation and reduction procedures are de-
scribed briefly. The results are presented in Sec. IV, which is
followed by a discussion and comparison with theory. The
paper closes with conclusions in Sec. V.

II. THEORY OF CHANNELING

A. Quantum mechanical description of planar channeling

For relativistic electrons moving under a small anglec
less than the critical Lindhard anglecc to a crystal plane
planar channeling takes place.31 According to Lindhard, as a
first approximation the crystal potential is averaged over the
plane of incidence. Furthermore, an average over thermal
vibrations is performed.

Due to the nonrelativistic character of the motion in the
direction transversal to the channeling plane and the transla-
tional invariance of the Lindhard continuum potential along
the plane, the solution of the Dirac equation separates into a
plane wave with wave vectorpz /\ in the longitudinal direc-
tion and a transverse wave functionf(x), which is approxi-
mated by the solution of a Schro¨dinger like equation with a
relativistic massmg,

S p̂x
2

2mg
1V̂~x! Df~x!5ef~x! where g5~12b2!21/2.

~1!

The total energyE of the electron is related to the transverse
energy eigenvaluee by E'e1A(cpz)21(mc2)2. Since
V(x) represents the periodic Lindhard continuum potential,
its solutions are Bloch waves,

fn,k~x!5^xun,k&5
1

ALx
eikxun,k~x!, ~2!

with Bloch momentumk. HereLx is the length of the nor-
malization box and the periodic part of the Bloch wave,
un,k(x), satisfiesun,k(x)5un,k(x1d) with d being the in-
terplanar distance.

Channeling states, described in this simple picture, un-
dergo a number of perturbations, some of which are dis-
cussed in the following. First, channeling radiation itself will
be described in the following section as radiative transitions
between unperturbed states. However, for its detailed prop-
erties, like intensity and linewidth, also the interactions with
thermal vibrations and crystal electrons have to be included.
These methods will be quickly reviewed in Sec. II C.

B. Intensity of channeling radiation

Coupling to the electromagnetic field induces radiative
transitions between transverse statesu i ,k& and u f ,k&. Using
perturbation theory one finds, for the differential transition
probability for channeling radiation per crystal lengthdz,
frequency intervaldv, and angle elementdV,

d3Wfi

dzdVdv
5

e2

p~mc2!2
\v

2g2~12bcosq!
u^ f ,kupx /\u i ,k&u2d

3S v2
v i f

12bcosq D
3S sin2w1cos2w

~b2cosq!2

~12bcosq!2D , ~3!
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which is summed over both directions of polarizations.32,33

Here an infinite lifetime of the initial and final states was
assumed, resulting in ad-shaped line. The anglesq andw
are polar and azimuthal angles measured from thez and x
axes, respectively.

As can be seen from the last equation, the energy of the
photon emitted in the direction of the channeled electron
(q50! exceeds the transverse energy difference\v i f by a
factor 2g2 due to the relativistic Doppler effect and is maxi-
mum in this direction as well as the emitted intensity. In this
case the last angle-dependent term in Eq.~3! simplifies to
unity.

C. Transition probabilities and linewidths

Also a number of perturbations exists leading to nonradi-
ative transitions between channeling states and thus limiting
their lifetime. This results both in a nonzero linewidth of the
emitted radiation and in a redistribution of the initial popu-
lation of channeling states.

1. Thermal scattering

As a rough but nevertheless often satisfactory approxima-
tion the periodic crystal potential can be built up by a super-
position of atomic potentialsVa(rW) located at each lattice site
of the crystal. An additional approximation concerns the
thermal vibrations. In the continuum potential thermal defor-
mations are included only on their average. For the calcula-
tion of energy levels this is a sufficient approximation. How-
ever, the deviation of the thermally deformed crystal
potential(Va(rW2rW i) of theNa crystal atoms from the ther-
mally averaged continuum potentialV(x),

Vth~rW1 , . . . ,rWNa,r
W !5(

i51

Na

Va~rW2rW i !2V~x!, ~4!

leads to transitions between unperturbed channeling states,
i.e., the solutions of Eq.~1!. The differential transition prob-
ability resulting from Fermi’s golden rule averaged over all
thermal displacementsrW1 , . . . ,rWNa is given by Refs. 32,34 as

K d3Wfi
th

dzdkdky
L
r1 , . . . ,rNa

5
na

~2p\c!2
@Šu^ f ,k f uVq,a~x2x0!Lxu i ,k i&`u2‹2e2q2u2u^ f ,k f u^Vq,a~x2x0!&x0Lxu i ,k i&`u2#, ~5!

where the angular brackets^•••&x0 denote the average over
all thermal displacements from a lattice site, which is indi-
cated by indices at the angular brackets. For the probability
distribution of the latter a product of independent Gaussians
with a mean square amplitudeu2 for each atom was as-
sumed. In Eq.~5!, q5ky

f2ky
i is the y momentum transfer,

na the atomic density, andVq,a(x)5*dzdye2 iqyVa(r ). The
index ` at the inner product indicates that the integration
is extended from the normalization box to the interval
@2`,1`#. This approximation is justified since the inner
product now contains the transformed atomic potential
Vq,a(x), which drops off far from the atom, instead of the
periodic continuum potentialV(x). „Note that the transition
probability @Eq. ~5!# is effectively independent ofLx ,
although explicitly apparent in Eq.~5!, since the extraLx
cancels the normalization factor in the wave function, Eq.
~2!.…

2. Inelastic electronic scattering

Excitation of theNe crystal electrons is described by the
Coulomb interaction with the channeling electrons,

Ve~R1 , . . . ,RNe
,r !5(

i51

Ne e2

uRi2r u
, ~6!

and two cases must be distinguished:
Valence electronscattering is best approximated32 as scat-

tering of the incident electron at a free electron gas of homo-

geneous densitynv5Zvna , whereZv denotes the number of
valence electrons per atom. As a simple model for the spec-
trum of the target electrons, excitations are considered to
consist only of plasmon excitation~plasma frequencyvp)
for low momentum transferq and excitation of a single elec-
tron with energy\2q2/(2m) for higherq. As shown in Ref.
32, these assumptions yield

d3Wfi
val

dzdkdky
5ZvnaS 2e2\c D 2(

qx

u^ ik i ue2 iqxxu fk f&u2

Fq21S vp

c D 2G@q21q0
2#

~7!

for the differential transition probability due to valence elec-
tron scattering with a Bloch momentum transferk and ay
momentum transferky . Here q0 has been defined via
(\2/2m)q0

25\vp . Furthermore,q
25qx

21ky
2 holds by mo-

mentum conservation in they direction. The sum overqx
runs over all integer multiples of 2p/Lx , since a box nor-
malization with a normalization lengthLx was used in Eq.
~2! for the channeling wave function.

In the case ofcore electronscattering35 the energy spec-
trum of the crystal electrons is neglected completely. In con-
trast to the case of valence electrons the density of the core
electrons can be included exactly via the Fourier transform
r̃(qx ,qy)5*d3r uwcoreu2e2 i (qxx1qyy) of the density. For the
transition probability this results in
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K d3Wfi
core

dzdkdky
L
r1 , . . . ,rNc

5ZcnaS 2e2\c D 2(
qx

(
qx8

^ ik i ueiqxxu fk f&
q2

^ fk f ue2 iqx8xu ik i&
q82

e2
1
2 u

2~qx2qx8!2@ r̃~qx2qx8,0!

2 r̃~qx ,ky!r̃~2qx8 ,2ky!#. ~8!

By summation of~5!, ~7!, and ~8! over all final states the
total transition probabilityWn of a staten into any other state
can be obtained.32,35The quantityWn is related to the width
wn of the state aswn5\cWn .

The widthGfi of a radiative transition from a statei to a
statef observed in the laboratory frame can be approximated
as the sum of the widthWi andWf multiplied by the Doppler
factor 2g2, yielding

Gfi5G i1G f5 2g2~Wi1Wf !. ~9!

In the present work, however, the incoherent widthGfi was
calculated according to Ref. 32 including a small correction
from intraband scattering, which modifies the more simple
approximation~9! ~see Ref. 32 for details!.

D. Further mechanisms of line broadening

In addition to limiting the lifetime of the channeling
states, the above-mentioned scattering mechanisms also lead
to an indirect line broadening by increasing the beam diver-
gence in they direction. Due to this divergence, photons
emitted from the channeled electron reach the detector under
a nonzero angle to the direction of the electron. Equation~3!
shows that under these circumstances the relativistic Doppler
effect reduces the energy of the emitted photon.

Furthermore, the band dispersion of energy levels relevant
for the channeling radiation may give an important contribu-
tion to the linewidth for not too deeply bound initial and final
states, since it smears out the line over an energy interval
given by the energy dispersion of the Bloch band.

Since both effects are closely related to the population
distribution of the states, they will be considered in the sub-
sequent section in more detail.

E. Population dynamics

At the crystal surface the population of a channeling state
characterized byky and the combined indexn5( i ,k i) by an
incoming plane waveuKW & is usually approximated as

Pn~ky ,z50!'u^KW ukz ,ky ,k i ,i &u25dKz ,kzdKy ,kyu^Kxu i ,k i&u2.
~10!

Here thekz dependence ofPn can be ignored, sincekz does
not change significantly during the passage of the channeling
electron through the crystal; i.e., the distribution inkz re-
mains very sharply peaked around its initial value for chan-
neling in the MeV region. Propagation ofPn(ky ,z) in time
t or equivalently in crystal depthz5ct is given by a master
equation, similar to that in Ref. 32,

d

dz
Pn~ky ,z!5(

n8
E dky8Wn,n8~ky2ky8!Pn8~ky8 ,z!, ~11!

with a transition probabilityWn,n8(ky2ky8) that contains a
gain and a loss term,

Wn,n8~ky2ky8!:5(
i

S d3Wnn8
i

dzdkdky
2d~ky

2ky8!dnn8(
n9

E dky9
d3Wn9n

i

dzdkdky9
D Dk.

~12!

HereDk means the interval of the discrete Bloch momentum
k on an appropriate grid in momentum space. The sum over
i runs over all mechanisms that contribute to a redistribution
of population, essentially thermal and electronic scattering,
while radiative transitions can be neglected.

Further simplification of the master equation~11! can be
obtained by an approximative ansatz for the density of the
ky distribution,

30

pn~ky ,z!:5
dPn~ky ,z!

dky
5

bn

A2pan

expS 2
ky
2

2an
D . ~13!

Herean(z) andbn(z) are the depth-dependentky variance
and total population of thenth channeling state, respectively.
If we insert this ansatz into the master equation~11! and take
its zeroth and second moments with respect toky , we find a
system of coupled differential equations foran andbn ,

d

dz
bn5(

n8
Wnn8

~0! bn8, ~14!

d

dz
an5(

n8

bn8
bn

@Wnn8
~2!

1~an82an!Wnn8
~0!

#. ~15!

Here the zeroth and second moments of the transition density
@Eq. ~12!#, Wnn8

(0) and Wnn8
(2) , have been introduced. One

should note that the first equation forbn is closed and dis-
plays the same structure as the original master equation@Eq.
~11!#. Actually it coincides with the master equation given in
Ref. 32 for the population of thenth level averaged over
ky . However, Eq.~15! couples the time~more precisely,
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depth! evolution ofan to that ofbn . It allows the calculation
of an(z), provided thatbn(z) is determined in a first step
from Eq. ~14!.

F. Radiation spectrum

After solving these equations numerically the emitted
channeling radiation spectrum can be calculated by multiply-

ing Eq. ~3! with ~13! and integration over the crystal depth.
If, furthermore, taking into account the finite lifetime of the
channeling states, thed function in ~3! is substituted by a
line of Lorentzian shape and finally an integration over all
Bloch momenta in the first Brillouin zone is performed, one
obtains the emitted number of photons per electron in the
forward direction,

d2Nfi

dvdV
5

e2

p~mc2!2
\vE

2g0/2

g0/2

dkbU K f ,kUpx\ U i ,kL U2E
0

L

dz
b i~k,z!

A2pa i~k,z!

3E dkyexpS 2
ky
2

2a i~k,z!
D 1p Gfi/2

~Gfi/2!21S \v2
\v i f

12bcosq D 2 , ~16!

where the continuous limit for the so-far discrete Bloch mo-
mentumk has been performed for notational convenience
and the densitiesb i(k,z) anda i(k,z) were defined as

b i~k,z!5 lim
Dk→0

b~ i ,k!

Dk
, a i~k,z!5 lim

Dk→0
a~ i ,k!~z!. ~17!

In Eq. ~16! the y momentumky is related to the angle of
divergenceq via ky5Ksinq. Thus, the Doppler broadening
of the spectral linei→ f is seen to be dependent on theky
variancea i(k,z). Similarly the Bloch wave broadening is
essentially determined by the distributionb i(k,z), since
a i(k,z) is expected to be weakly dependent on the Bloch
momentumk.

Solutions of Eq.~1! were calculated using the well-known
many-beam method,36 i.e., a Fourier expansion of Eq.~1!.
There were 61 beams included and no variation of the results
was found by further increasing this number. For the crystal
potential two different approximations were applied. First,
the crystal potential was approximated by the widely used
superposition of atomic potentials, centered at the lattice
sites of the crystal. For the atomic potential the numerical
results of Doyle and Turner37 were used, however, in the
form of an improved fit by Burenkovet al.38

The purely atomic potential proved to be sufficient for
single planes like~110!, but it showed deviations from ex-
perimental results for the double planes like~111!, since in
this case a C-C bond lies within the double-well potential,
thus affecting the screening of the Coulomb potential by the
crystal electrons more strongly than in the first case, where
the bond lies between the planes. For a second approxima-
tion we tried to take into account the altered screening by
using a genuine crystalline valence electron density calcu-
lated in Ref. 39. It showed a better agreement of the theo-
retical and experimental results30 for the ~111! plane, while it
did not differ significantly from the usual atomic potential
for the ~110! plane.

In Sec. IV the measured spectral densities are compared
to our calculations. For this purpose Eq.~16! has to be
summed up over final and initial statesf and i , respectively.

Significant contributions to the channeling lines and to the
spectral background are provided by transitions between the
lowest 10–15 states only. However, for the numerical solu-
tion of Eqs.~14! and~15! a sufficient number of states has to
be included into the calculation, to enable the depopulation
of low-lying states by scattering into higher bands. This
number was estimated in Ref. 30 to be of the order of 50–
100 for the thickest crystal used in our experiments~55
mm!.

Besides applying the approach described above we have
also calculated the linewidth following an idea proposed by
Ref. 40 which is based on an optical potential approach.32

Using the expression that connects real and imaginary parts
of the potential, derived by Ref. 41, and the data for the
different contributions to the scattering of the electrons ac-
cording to Ref. 42 allows one to calculate the Fourier com-
ponents of the potential. The results of our calculation are
presented in Sec. IV.

III. EXPERIMENTAL PROCEDURE

A. Experimental setup

The experiments were performed at the low-energy chan-
neling site immediately behind the 10 MeV injector of the
130 MeV superconducting electron linear accelerator
S-DALINAC in Darmstadt. The essential features of the
setup have been described earlier19,23,25and thus a detailed
description of the layout is omitted here. It should be empha-
sized, however, that at the Darmstadt channeling facilities,
the electron beam interacts with the radiation-producing
crystal without passing through intensity-reducing and dis-
turbing background-producing apertures. In contrast to our
former experiments we have replaced the original two-axis
goniometer by a three-axis device that allows crystal map-
ping and observation of axial and planar channeling.

For the current investigations the electron beam energy
was set to be 5.2 and 9.0 MeV. The beam divergence was
found to be of the order of 0.3 mrad. In order to keep the
beam divergence at its minimum value the beam spot was
observed at two CrO beam viewers placed 1.0 m before and
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behind the crystal, then optimized, and routinely checked
during the running procedure. The beam dimensions were
always kept below a diameter of 1.0 mm as observed on a
viewing screen placed at the crystal position.

After passing the crystal the electrons were bent by a
magnet into a Faraday cup located 2.0 m behind the magnet.
The current was selected to be in the range of 1 nA and the
energy spread was measured to benE/E;231023. While
transpassing the crystal the electron beam dimensions are
affected by the scattering of electrons inside the crystal,
which results in an enlargement and a subsequent incomplete
charge collection by the Faraday cup. In order to assure a
proper measurement of the electron beam current, it became
standard procedure to check routinely the incoming beam
current by removing the crystal via remote control and to
determine the ratioI /I 0 of electrons collected by the Faraday
cup with and without the crystal. The intensityI was moni-
tored constantly.

In the present work four diamond crystals of type Ia and
IIa were prepared by grinding thicker samples down to the
desired thickness. A precise measurement of their thick-
nesses~1362, 2062, 3062, and 5562 mm! was accom-
plished by applying several independent methods such as
Fourier infrared spectroscopy, energy loss of alpha particles,
bremsstrahlung production, and photon absorption.

The channeling radiation was detected under zero degrees
by means of a Si~Li ! detector connected directly to the
vacuum system of the accelerator, which was shielded by 60
cm of lead. The distance between crystal and detector
amounted to 250 cm and the solid angle to 2.631026 sr. The
solid angle and the detector efficiency were determined by
several independent methods making use of the 1/E shape of
the bremsstrahlung spectrum and applying an x-ray fluores-
cence technique, respectively.19,23,25For electrons of 5.2 and
9.0 MeV the cone of channeling radiation extends to about
5° and 3°, respectively, and thus only one and three, respec-
tively, out of 104 photons produced are detected by this ar-
rangement.

B. Experimental procedure, data acquisition, and reduction

After mapping a prealigned crystal the following proce-
dure was applied. During one run of typically 8–10 h one
crystal was studied at one energy. In general data were col-
lected for two different planes and one axis. In each case also
background spectra resulting with the crystal in random ori-
entation, long-term spectra with high statistics, and scans
consisting of the spectrum collection as a function of the tilt
angle between crystal and electron beam direction were re-
corded. The cw character of the beam allowed us to collect
up to 100 spectra within 8 h even at a beam current of only
1 nA, which was selected so low in order to avoid pileup
effects that might occur in the Si~Li ! detector and its subse-
quent electronics.

Data acquisition was achieved by means of conventional
electronics located partially immediately near the detector.
From the analog-to-digital converter~ADC! outside the ac-
celerator hall the data were transmitted to the control room
located 40 m away.

Some typical background subtracted spectra for planar
and axial channeling are displayed in Figs. 1 and 2, respec-

tively. In the planar case~Fig. 1! especially the radiation
from the~110! plane shows one isolated line at about 8 keV
for 9.0 MeV electrons, while for the~111! plane several tran-
sitions can be observed. The structure in the spectrum of the
~100! plane is less pronounced and therefore these transitions
are not further considered in the present paper. The axial
spectrum taken at 5.2 MeV with the same crystal shows a
number of transitions from 2.6 to 24.6 keV. The identifica-
tion of the transitions denoted by the solid lines on top of the
abscissa will be discussed below. In general it can be stated
that the channeling spectra obtained from diamond crystals
are of low background~compare also Fig. 1 of Ref. 20! and
that at the position of the strongest line channeling radiation
exceeds the background by a factor of 8.

In order to assure a consistent reduction of the data a
deduction procedure was developed that took into account
background and bremsstrahlung subtraction, correction for
the detector efficiency, and the self-absorption of photons
inside the crystal, energy calibration, and charge normaliza-
tion. The spectra were subsequently deconvoluted by fitting a
Voigt function, i.e., a convolution of a Gaussian and a
Lorentzian in the parametrization of Ref. 43, to the bound-
to-bound transitions, a Gaussian to describe the free-to-free
and free-to-bound transitions, and with -1/E-varying function
to describe the contributions caused by the background with
the crystal in random position, which exhibited an increasing
intensity under channeling conditions which had to be taken
into account. The result of such a fitting procedure is illus-
trated in Fig. 3.

FIG. 1. Typical planar channeling radiation spectra obtained by
bombarding the thinnest diamond crystal of 13mm with 9.0 MeV
electrons. The background obtained with the crystal in random ori-
entation has been subtracted.
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IV. RESULTS AND DISCUSSION

By means of the above-described procedure the observ-
ables intensity, linewidth, and transition energy could be de-
duced. The data will be presented for planar and axial chan-
neling in this section and will be compared to the theoretical
predictions derived within this work. This will result in a
comparison between experimental and theoretical channeling

spectra and a subsequent deduction of the 1/e occupation
length, the equipopulation length, and the coherence length.

A. Intensity and occupation length

The results obtained with respect to the intensities of the
transitions44 are listed in Table I for planar and axial chan-
neling radiation, and are displayed partially as a function of
the crystal thickness and the tilt angle in Figs. 4 and 5, re-
spectively. The intensity as a function of electron impact
energy, which confirmed the predictedg5/2 dependence, has
been presented before.20

Inspection of the data reveals several striking features.
First of all, it becomes apparent that the 1-0 transition of the
~110! plane is by far the strongest. In this case only one
prominent line governs the spectrum. The maximum inten-
sity detected amounts to 0.08 photons/esr achieved with the
thick crystal at 9.0 MeV. In the~111! plane the 2-1 transition
is the strongest. Second, for 9.0 MeV an increase of intensity
with crystal thickness is observed for both transitions dis-
played in Fig. 4. The behavior observed at 5.2 MeV is some-
what different~lower part of Fig. 4!. In this case the transi-
tion energy is of only a few keV, which causes major self-
absorption of the radiation in the crystal. Third, with
increasing electron energy the intensity changes dramatically
according to theg5/2 dependence. In the present case the
intensity of the planar radiation increases by a factor of 20
from one energy to the other. Fourth, a comparison between
planar and axial intensities shows that the strongest line, i.e.,
the 2p-1s transition of thê 110& axis, has about 70% of the
intensity of the 1-0 transition in the planar case at 9.0 MeV.
The higher axial intensity at 5.2 MeV originates from the
higher transition energy in this case, which does not suffer

FIG. 2. Axial channeling radiation spectrum for an electron en-
ergy of 5.2 MeV. Background caused by bremsstrahlung has been
subtracted. The positions of various transitions as calculated in a
single-string approximation are indicated by the black bars.

FIG. 3. Result of the fitting procedure to deconvolute the chan-
neling spectrum of the~110! plane by means of a Voigt profile to the
main transition, a Gaussian to the free-to-free and free-to-bound
contribution, and with -1/E-varying function for the additional
background and bremsstrahlung under channeling condition.

FIG. 4. Photon yield as a function of crystal thickness for two
different planes and energies. The solid curves are the result of the
theoretical calculation, which in the case of 5.2 MeV had to be
multiplied with a factor of 0.55 for the~110! plane and 0.38 for the
~111! plane. At 9.0 MeV no normalization factor was needed.
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from absorption inside the crystal. Finally, regarding the in-
tensity as a function of the tilt angle~Fig. 5! it can be stated
that with increasing crystal thickness the distributions be-
come broader and the relative intensity minimum at 0° less
pronounced~see also Table II!. The increase of intensity with
the thickness is also apparent in this presentation. The larger
broadening for thick crystals is caused by initially unbound
electrons that are scattered into bound states with increasing
probability. This effect is amplified with the crystal thick-
ness. The decreasing intensity minimum at 0° can be ex-
plained by the same arguments. A further contribution to this
effect might be due to the mosaic spread of the natural dia-
monds.

For planar channeling the results from the theoretical ap-
proach presented in Sec. II, Eq.~15!, are listed in Table I as
well, theoretical values denoted in italics, and are displayed
also in Figs. 4 and 5 by solid lines. The calculations take into
account the population dynamics of the states as expressed
by the master equation~10! and the finite divergence of the

electron beam. In case of the 9.0 MeV measurement, espe-
cially for the ~110! plane, the agreement between experiment
and theory is better than 11%~Fig. 4!. It should be pointed
out that for the theoretical description of the scattering pro-
cess thermal as well as electronic scattering had to be taken
into account in order to achieve the above-mentioned agree-
ment. It turns out that for the present case of diamond the
electronic scattering, although somewhat smaller than ther-
mal scattering, is not negligible at all, which is in contrast to
observations made with Si and Ni crystals.13,18 However,
electronic scattering plays a more important role for the line-
width than for the intensities.30 To the linewidth thermal and
electronic scattering contribute with equal weight. The popu-
lation redistribution is in contrast dominated by thermal scat-
tering, due to the much larger momentum transfer of this
scattering mechanism. It causes scattering events into more
distant energy bands and is thus more effective for depopu-
lation. For the width only the total probability for scattering

TABLE I. Number of photons/e sr in units of 1023 for planar and axial channeling in diamond at 5.2 and
9.0 MeV. The values listed in roman are the experimental values, those listed in italics the theoretical values.

E0 ~MeV! 13 mm 20mm 30mm 55mm

~110! plane
1-0

5.2 3.260.3 3.360.3 4.760.5 4.160.4
6.1 7.1 7.2 6.9

9.0 27.863.2 48.465.7 56.166.4 77.067.9
32.0 42.5 50.0 65.9

~111! plane
2-1

5.2 1.160.1 1.560.2 1.460.2 1.460.2
4.5 4.5 4.0 3.0

9.0 14.961.6 32.963.8 39.564.9 50.964.9
20.0 25.0 31.3 41.2

1-0
9.0 1.560.2 1.460.2 1.760.3 2.460.4

2.9 4.1 4.3 6.4

3-2
9.0 9.461.5 13.162.1 23.462.9 25.464.3

11.0 14.6 17.0 17.3

4-1 and 3-0
9.0 2.760.2 5.060.5 6.060.7 7.760.8

3.4 4.5 4.9 7.3

^110& axis
2p-1s

5.2 5.560.6 9.861.2 12.561.4 19.062.0
9.0 20.063.0 35.164.1 43.065.2 68.166.0

3d-2p
5.2 4.760.7 7.860.8 9.461.0 14.161.7
9.0 15.161.6 23.263.0 28.063.2 44.265.0

3p-2s
5.2 2.660.3 4.460.6 5.960.7 8.560.9
9.0 10.260.9 19.161.5 25.264.0 38.063.8
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into any other band is important, regardless how far away,
and thus electronic scattering contributes to the same extent
as thermal.

For the 5.2 MeV data the theoretical values had to be
multiplied by a factor of 0.55 for the~110! plane and 0.38 for
the ~111! plane in order to achieve agreement with the ex-
perimental findings. This implies that for this energy theory
predicts more intensity than observed. The origin for this
discrepancy is not quite clear. Evidently the scattering prob-
abilities are larger than assumed and also lattice defects may
be of more importance at lower energies. Regarding the tilt
curve ~Fig. 5! it can be stated that the agreement between
experiment and theory is very good. Only the minimum at
0° is apparently overestimated, which indicates also that the
scattering probability is underestimated or the imperfect
structure of the natural diamonds is non-negligible.

The 1/e occupation length, which describes the distance
over which the population of a state decreases by a factor of

1/e, is intimately related to the intensity as shown before.20

Assuming an exponential decrease of the population, which
is suggested by an approximate solution of the master equa-
tion, the 1/e occupation lengthl occ is obtained by fitting an
expression for the intensityI;12e2lz, with l5 l occ

21 , to the
data points~Fig. 4! as a function of the crystal thickness. The
values deduced are combined in Table III. Inspection of the
planar data yields that the occupation length increases with
electron impact energy as predicted by Refs. 24,36. For con-
stant energy the lower-lying states are characterized by a
smaller occupation length than the higher states. This may be
caused by the considerably stronger interaction of electrons
in these states with the plane but also by an enhanced feeding
of other states. In order to compare the values deduced in the
current work with experimental findings18 for Si, the Si oc-
cupation length for the~110! plane andn51 was scaled
according to Refs. 24,36 to an energy of 9.0 MeV, taking into
account the charge of the crystal atoms, and was found to be
20 mm. This value is about 35% smaller than the planar
diamond value. This can be explained since the scattering of
electrons in diamond is probably much smaller than in Si
crystals, since the large Debye temperature of diamond re-
sults in a smaller thermal vibration amplitude and thus a
reduced scattering probability. It is interesting to note that the
occupation length for axial channeling is larger. This may be
caused by the fact that in planar channeling the interaction
between the electrons and the plane is considerably higher
than in axial channeling. On the other hand there are more
bound states in the axial case, which might cause more feed-
ing of states.

As shown in Sec. II the population of states varies as a
function of the crystal thickness. The exponential decay as-
sumed above holds only above a so-called equipopulation
length l eq. Below this value the population is quite different
for every state and it depends on the initial population, which
is a function of the electron beam divergence and the en-
trance angle of the beam onto the crystal, and various pro-
cesses that might feed or depopulate the state. The initial
population is different for even and odd states. Electron
beams with divergencef,2 mrad allow a large population
of even states while odd states are populated less frequently
~Fig. 6!. Because of scattering processes, these populations
change along the electron path through the crystal, resulting
in a decreasing population of even states and an increasing

TABLE II. Width of the tilt curves obtained for planar channeling.

E0 ~MeV! 13 mm 20mm 30mm 55mm

~110! plane
1-0

5.2 0.7560.02 0.5160.02 0.8460.02 1.1260.02
9.0 0.3560.02 0.3960.02 0.4860.02 0.6160.03

~111! plane
2-1

5.2 0.5460.02 0.6160.03
9.0 0.3060.03 0.3360.02 0.4060.02 0.5460.02

3-2
9.0 0.2560.02 0.2760.02 0.3560.02 0.4760.01

FIG. 5. Angular distribution of photon yield as function of the
tilt angle for the four diamond crystals investigated. The solid lines
represent the results of the theoretical calculation for each indi-
vidual spectrum.
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population of odd states at the beginning of the path~Fig. 7!.
The feeding of odd states is finally compensated by losses
and beyond this characteristic length,l eq, each state exhibits
the above-described behavior of decreasing population only.
The present theoretical calculations for diamond show that
the equipopulation length for the three bound states amounts
to 2.2mm at 9.0 MeV, while it is between 3.3 and 17mm for
the following unbound states denoted byn53–n59. These
values are about one order of magnitude larger than those
calculated before36 for Ni. Finally, it becomes apparent that
for the ten states considered a statistical equilibrium is ob-
served at a depth of about 20mm where all states attain
about the same population.

B. Spectral distribution, linewidth, and coherence length

The theoretical approach outlined in Sec. II allows one to
calculate the entire channeling spectrum consisting of the
dominant bound-to-bound transitions, as well as the most
important free-to-bound and free-to-free transitions. The

theoretical intrinsic linewidth of the transitions is obtained
from these calculations. The quality of the procedure can be
examined from the following figures. In Figs. 8–11 the mea-
sured and calculated spectra are displayed for two planes and
two energies and all crystals investigated. The theoretical
calculations take into account thermal and electronic scatter-
ing, both for the occupation dynamics according to Eqs.~14!
and ~15! and the intrinsic linewidth and, furthermore, Bloch
and Doppler broadening of states. For the initial population
the finite beam divergence has been taken into account as
well as the fact that the radiation intensity is modified by the
self-absorption inside the crystal. A total of 15 states has
been considered, which means that also free-to-bound and
free-to-free states were incorporated. The agreement with the
experimental spectrum is quite good for all planes at 9.0
MeV and for the 55mm crystal at all energies.

TABLE III. Experimental 1/e occupation lengths in diamond.

E0 ~MeV!

~111! plane
1-0 2-1 3-2 4-1

5.2 18.962.4
9.0 29.364.1 28.863.9 34.664.3 29.463.5

~110! plane
1-0

5.2 17.561.5
9.0 27.663.4

^110& axis
2p-1s 3d-2p 3p-2s

5.2 52.4610.1 41.068.5 46.169.3
9.0 79.4612.0 67.8611.3 85.6612.0

FIG. 6. Variation of the initial population as a function of the
electron beam divergence~left side! and potential and the four low-
est states of the~110! plane~right side!. The dotted extension of the
states withn53 andn54 represents the width of the energy band.
The arrow denoted by S-DALINAC indicates the beam divergence
of the present experimental conditions.

FIG. 7. Depth dependence of the population for the three bound
statesn50, 1, and 2 and the following unbound statesn53–9 of
the ~110! plane of diamond at 9.0 MeV.
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In the first case, i.e., the~110! plane, the calculated width
of the peak is too small with increasing crystal thickness,
which may be explained by an underestimation of the Dop-
pler broadening, since an additional beam divergence growth
could be caused by scattering at impurities, which was not

incorporated into the calculations. For the~111! plane slight
deviations from the line energy are observed. This may be
caused by the strong influence of the chemical bonding in-
side the double-well potential, which possibly could not be
fully compensated for by the applied crystal potential, which
was discussed in Sec. II. A further explanation could be
given by the increasing background of additional bremsstrah-
lung, which is enhanced under channeling conditions com-
pared to the case of a random direction. It has not been
included into the theoretical calculations; nor has it been
subtracted from the experiment. In the second case, where

FIG. 8. Experimental points and theoretical prediction~shaded
area! of the ~110! planar channeling spectrum including bound-to-
bound, free-to-bound, and free-to-free transitions for four different
crystals at 9.0 MeV. For better representation only every fourth
experimental data point has been displayed.

FIG. 9. Same as Fig. 8 but for the~111! plane.

FIG. 10. Same as Fig. 8 but at 5.2 MeV.

FIG. 11. Same as Fig. 9 but at 5.2 MeV.
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satisfactory agreement was achieved, i.e., for the 55mm
crystal at all energies, the higher purity of this crystal might
be responsible, being of type IIa instead of only Ia.

At low electron energies the lines show an asymmetric
form, which is caused by Bloch wave broadening, whereas
the Doppler broadening mainly causes the asymmetry of the
lines at higher impact energies. The agreement is not as sat-
isfactory for the three thinner crystals~13, 20, 30mm! of
type Ia at the low energy as it is at the high energy. This is
not fully understood and possibly due to an energy depen-
dence of the scattering by impurities.

The overall agreement of the planar spectral distribution
can be considered as satisfactory. For axial channeling the
comparison of the spectral distribution cannot be made yet.
An adequate description has not been found and preliminary
attempts have delivered unsatisfactory results so far.

The linewidths for the prominent transitions obtained
from the experiment and the theoretical spectral distributions
are listed in Table IV. Here the following features become
apparent: First, the linewidth of all transitions and energies
increases with crystal thickness. This is surely due to Dop-
pler broadening described by

GDop52g2^u2&\v ~18!

for a radiation line with frequency\v, since the mean
square divergence angle^u2& increases nearly linearly with
the penetration depthz. But note thatGDop is far from being
an additive or even quadratic additive contribution to the
total linewidth, since the intensity of a Doppler shifted tran-
sition decreases strongly with the difference from the maxi-
mum energy. For a calculation of the contribution to the total
linewidth an evaluation of Eq.~16! is unavoidable. Second,
with increasing energy the linewidth stays nearly constant for
the 1-0 transition of the~110! plane while it grows consider-
ably for the 2-1 transition of the~111! plane. This effective
energy independence in the~110! case is explained by two
compensating effects: While the incoherent width of the
ground state increases with energy the Bloch width of every
bound state becomes smaller. In contrast an increase of line-
width is observed for the~111! plane since Bloch wave
broadening nearly does not play any role, since the state
n52 in the ~111! potential is more strongly bound than the
staten51 in the ~110! and hence the 2-1 transition of the
~111! is less broadened by band structure than the 1-0 for the
~110!. This is also expressed by the fact that the~110! plane

TABLE IV. Linewidths for planar and axial channeling~roman, experimental values; italics, theoretical
values!.

E0 ~MeV! 13 mm 20mm 30mm 55mm

~110! plane
1-0

5.2 0.7960.02 0.8660.02 0.8660.02 0.9860.02
0.79 0.79 0.79 0.79

9.0 0.7360.02 0.8460.02 0.8660.02 0.9360.02
0.66 0.68 0.70 0.72

~111! plane
2-1

5.2 0.2460.04 0.2960.06 0.3660.06 0.3960.04
0.22 0.23 0.23 0.23

9.0 0.5860.02 0.7860.02 0.8160.02 0.8860.02
0.41 0.43 0.47 0.47

3-2
9.0 0.6960.03 0.9760.03 0.9560.07 0.5260.03

4-1 and 3-0
9.0 0.9860.08 0.7760.08 0.7260.10 0.8060.20

^110& axis
2p-1s

5.2 1.2160.06 1.3260.06 1.4560.07 2.1160.90
9.0 3.9360.08 5.4460.08 6.9060.08 5.5460.08

3d-2p
5.2 1.9860.08 2.0260.08 1.9560.08 1.9760.08
9.0 3.9360.09 4.0660.09 3.9960.09 3.886 0.09

3p-2s
5.2 0.9460.05 1.0360.05 1.0960.05 1.1460.05
9.0 3.4360.09 3.3360.09 3.4260.09 3.4860.09
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has a considerable larger linewidth than the~111! plane. The
comparison with theory exhibits that in general the widths
are somewhat underestimated. In Table V the contributions
from different broadening mechanisms as calculated accord-
ing to Sec. II are shown. The incoherent linewidthG in in-
cludes incoherent thermal and electronic scattering. The
quantityGBloch is calculated as the difference of the minimal
and maximum transition energies due to the band dispersion
and GDop is given by Eq.~18!. The total theoretical width
G tot was derived from the spectra according to Eq.~16! by
determining the full width at half maximum. Furthermore,
the results are compared to a very different approach to the
incoherent linewidth using an optical potential method.45,46

The latter has the disadvantage that no transition probabili-
ties, needed for the solution of the master equation, can be
obtained from it. It results in somewhat larger values for the
linewidth ~last column! than the perturbative approach~first
column! of Sec. II. However, a decision based on our experi-
ments in favor of one of the two methods is difficult due to
the large contributions from other broadening mechanisms. It
should be noted, however, that the optical potential results do
not show a dependence on the chosen plane. This results
from the fact that the contributions caused by thermal and
core electron scattering are nearly the same for both planes
since the energies of the involved transitions are very similar
and since contributions from plasmon scattering are indepen-
dent of the planes.

The coherence lengthl coh is related to the intrinsic line-
width G in according to Ref. 13 by

G in52g2
\c

l coh
. ~19!

From the overall agreement between the theoretical and ex-
perimental linewidth, the intrinsic linewidth that entered into

the theoretical calculation was used to deduce the coherence
length according to the above expression. The values ob-
tained are listed in Table VI. It shows that the coherence
length does not change with energy and that it is consider-
ably larger for the 1-0 transition of the~110! plane. The
apparent independence of the lifetime of states from the elec-
tron energy had already been reckoned before.17 Comparing
the value from Ref. 13 for Si with the diamond coherence
length determined in the present work exhibits that the latter
is about twice as large. This may again be explained by the
lower thermal vibration amplitude in diamond. For axial
channeling a coherence length can only then be deduced
once a full description of all effects that contribute to the
linewidth becomes available.

C. Transition energies

In Table VII the transition energies deduced from the cen-
ter of gravity of the Voigt profile fitted to the experimental
spectra are listed for the planar and axial cases. The values
are more or less independent of the crystal and exhibit, at
least for the low-lying states, the expectedg3/2 energy depen-
dence. From the spectral distributions calculated as described
above the theoretical planar values, in italics, are listed as
well. For the axial transitions values calculated in a single-
string approximation are listed. The agreement between ex-
periment and theory is good for both cases.

V. CONCLUSIONS

It could be shown that the exceptional properties of the
S-DALINAC electron beam enable systematic studies re-
garding the electron crystal interaction more efficiently than
before. Due to the cw beam, data of sufficient high statistics
can be collected within a few minutes.

Regarding planar channeling of diamond the investiga-
tions of the present work have been conducted in an energy
region unattended so far. The strong and in the case of
the ~110! plane single transition exhibits intensities of up
to nearly 1021 photons/e sr, which suggests that the re-
quired value of 1012 photons/s should easily be obtained
in this energy region and with moderate electron beam
currents. The fairly large occupation length observed

TABLE V. Theoretical contributions to the linewidth calculated within this work and compared with the
optical potential~Ref. 42!.

E0 ~MeV! G in ~keV! GBloch ~keV! GDop ~keV! G tot ~keV! Gopt ~keV!

~110! plane
1-0

5.2 0.09 0.72 0.15 0.79 0.16
9.0 0.18 0.56 0.35 0.72 0.37

~111! plane
2-1

5.2 0.12 0.12 0.10 0.23 0.16
9.0 0.25 0.02 0.26 0.47 0.37

TABLE VI. Experimentally determined coherence length inmm
for the prominent transitions in diamond.

E0 ~MeV!
~110! plane

1-0
~111! plane

2-1

5.2 0.53–0.74 0.27

9.0 0.68 0.23
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in diamond results presumably from a reduced scattering
probability. The theoretical approach that takes into account
electronic scattering besides thermal scattering describes the
experimental data quite well. A scaling law predicted for the
occupation length could be tested. It exhibits, however, prob-
ably crystal-specific deviations.

A comparison with results achieved lately with ruby crys-
tals suggests that the diamond investigations should be ex-
tended to synthetic diamond crystals. In this case, the lower
defect content may yield a larger occupation length and thus
even higher intensities.

TABLE VII. Transition energies for planar and axial channeling in keV~roman, experimental values;
italics, theoretical values.

E0 ~MeV! 13 mm 20mm 30mm 55mm

~110! plane

1-0

5.2 3.3560.05 3.4160.05 3.4260.05 3.4560.05

3.27 3.21 3.18 3.20

9.0 7.9360.08 7.9160.08 7.8060.08 7.9060.08

7.90 7.90 7.88 7.9

~111! plane

2-1

5.2 2.6960.05 2.7260.05 2.7360.05 2.7760.05

2.39 2.41 2.39 2.40

9.0 5.9460.07 5.9160.07 5.8960.07 5.6660.07

5.76 5.72 5.73 5.73

1-0

9.0 3.1660.04 3.1460.03 3.1560.04 3.0860.04

2.91 2.91 2.92 3.02

3-2

9.0 3.8460.04 3.8260.04 3.8560.05 3.8060.05

3.84 3.82 3.85 3.65

4-1 and 3-0

9.0 12.3760.09 12.3060.08 12.5860.08 12.5260.09

12.34 12.33 12.32 12.32

^110& axis

2p-1s

5.2 9.3860.09 9.3960.08 9.6460.09 9.4860.09

9.32 9.32 9.32 9.23

9.0 24.3460.23 2.5760.28 24.7260.23 24.5960.23

24.80 24.80 24.80 24.80

3d-2p

5.2 4.6760.05 4.4660.05 4.9160.05 4.6160.05

4.68 4.68 4.68 4.68

9.0 14.5660.15 14.5160.15 14.7660.15 14.5560.15

14.40 14.40 14.40 14.40

3p-2s

5.2 2.5960.03 2.4760.04 2.7960.03 2.6360.03

2.63 2.63 2.63 2.63

9.0 8.1460.09 7.9260.08 8.0160.08 8.0160.09

8.20 8.20 8.20 8.20
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