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Resonant-mode conversion and transmission of phonons in superlattices
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We study the transmission and reflection of phonons incident on a superlattice at an oblique angle. For
frequencies in the vicinity of an anticrossing frequency in the superlattice phonon-dispersion relation we find
that the wave energy oscillates back and forth between the different polarizations as the wave propagates
through the superlattice. These oscillations are analogous to the Pendglleffect for electrons and x rays.

I. INTRODUCTION that theL and T phonons propagate independently. Within
this approximation, however, the dispersion curves for the
Since the first demonstration of phonon filtering by peri-L andT phonons intersect at various points within the mini-
odic semiconductor superlatticé3L’s),! there have been ex- zone due to their different sound velocities. The inclusion of
tensive studies of the propagation of high-frequency acousticoupling between waves of different polarizations leads to
phonons in multilayered structures composed of crystallindevel repulsion, and “anticrossing” behavior at these points.
or amorphous thin films of nanometer thicknéséThe ba-  These anticrossings occur in two different mannépsThe
sic transmission and reflection characteristics of phonons ifirst type of anticrossing occurs in a region where one of the
periodic SL's can be understood in terms of the dispersiorlispersion curves comes up from the zone center and the
relations for phonons propagating within the structure. Fig-other from the zone edge, i.e., at places where the dispersion
ure 1(a) illustrates the dispersion curves for phonons propacurves make a “head-on” collisior(ii) The second type oc-
gating normal to the layers in @01) GaAs/AlAs superlat- curs where thé. branch of the dispersion curves attempts to
tice. These calculations are based on an isotropic continuuriovertake” the T branch because of the larger velocity of
model in which the sound velocities are taken to belongitudinal sound.
5.03x10° and 5.9 10° cms ! (L mode and 3.0 10° The first type of anticrossing is associated with the inter-
and 3.60< 10° cm s~ ! (T mode for GaAs and AlAs, respec- mode Bragg reflection of phonons in a SL. Let the repeat
tively. The mass densities are 5.32 and 3.76 g énrespec-  distance of the structure li2,g. An incidentL phonon will
tively, and the thickness of each layer is 40 A. The phonorgenerate & -polarized reflection in each unit cell. These re-
modes have either purely longitudindl)( or purely trans- flections will add up constructively and lead to anticrossing
verse () polarization. The artificially imposed periodicity of if
a SL induces the folding of the dispersion curves into a mini-
Brillouin zone whose size is determined by the length of the AL+ ar=mGy, @
SL period. The branches of the dispersion relation corre:
sponding to different polarizations cross at a number o
points. For each polarization there are gaps at the zone cen
and zone boundary arising from the intramode phonon Bra
reflections characteristic of a periodic structlire’ For the
GaAs/AlAs system the difference between the elastic prop

erties of the two materials is fairly small, and so the gaps are The second type of anticrossing comes from transmission
not large. These gaps mean that there are ranges of frequer\%h mode conversion. An incidertt wave generates &

over which there are no propagating modes in the superla 'Flve propagating in the forward direction at each unit cell in

tice. These f_requency ranges act as phonon s_top b?‘”ds' -€.1ie structure. These seconddryvaves will add up construc-
a phonon with a frequency in these ranges is incident on ﬁvely if

superlattice made up of a large number of periods, the pho-
non will be reflected and there will be no transmission. q =
: : S . gr—gdL=mGy, (2

For phonon propagation at oblique incidence the disper-
sion relation exhibits some different features, as shown irwhere agairm is an integer.
Fig. 1(b). These results are based on the same model as Fig. The coupling betweeh andT arises because at oblique
1(a). The calculations are for a phonon wave vector with aincidence a phonon of one polarization will generate a small
component parallel to the superlattice layers such that theeflected or transmitted wave of the other polarization at each
L andT phonons propagate at 45° and 25.2° to the normal innterface. In previous work, the intermode Bragg reflection
the GaAs layers, and at 56.9° and 30.4° in the AlAs layers(the first type of anticrossingn SL's has been studied ex-
respectively. As a first approximation one can still considettensively by several groups both theoretically and

hereq, andgy are thez components of the wave vectors of
he envelope functions of the and T phonons in the ex-
tFernded zone scheme@ is an integer, andsy=2#/D g is
9the magnitude of the smallest reciprocal SL vedtbiNatu-
rally, one could obtain the same condition by considering an
incidentT phonon.
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FIG. 2. The geometry of the superlattice structure considered.
The A layers are AlAs, and th8 layers GaAs. The substrat&)(
and detector@) are assumed to have the elastic properties of GaAs
and AlAs, respectively.

mode-converted wave. In addition, the transmitted acoustic
energy of a given polarization is an oscillatory function of
the number of periods in a given SL. These oscillations are to
some extent analogous to the Pendallug effect that occurs
when electrons or x rays are diffracted in a highly perfect
crystalt~13

As a specific model, we discuss all these features by con-
sidering a multilayered structurgig. 2) in which an alter-
nating sequence of elastic layers of different materatnd
B, is sandwiched between a substra® (vhere the waves
are excited and a lay® where the waves are detected. The
substrate is taken to have the same elastic properties as layer

Frequency (THz)

0'2:_ E B. LayerD is assumed to have the properties of lafeland
r L ] all waves enterind are absorbed so that they do not return
- T ] into the superlattice. We take tlzeaxis to be perpendicular
0.0 ] to the interfaces between layers, and choosethglane as
00 02 04 06 08 1.0 the saggital plane. For simplicity, elastic anisitropy is not
gD/ considered, and only the two phonon branches polarized in

the saggital plane are treated.
FIG. 1. Phonon-dispersion relations in a GaAs/AlAs superlattice

in the isotropic, continuum approximation. The thicknesBgsof
the AlAs (A) andDg of GaAs B) layers are both 40 A, and the Il. PERTURBATION RESULTS

sound velocities and densities of the materials are listed in the text. . . . .
(a) Propagation at normal incidenod) Propagation at oblique in- In this section we consider the reflected and transmitted

cidence. The propagation direction is such that the direction of thénede-converted waves based on a perturbation treatment. To
L (T) mode is 45°25.2°) in the GaAs layers, and 56.680.4°) in calculate the reflection the approach is to restrict attention to
the AlAs layers, respectively. The numbered frequency gaps ar&/aves that have been reflected at no more than one interface.
those related ta phonons. Note that the intrazone gdpsmbered ~ Moreover, the depletion of the incident wave is ignored. We
1, 3, and 4 are due to intermode phonon Bragg reflections. For thecall the sum of phonon amplitudes the SL-structure factor.
definition of v;, see the text. For an incidenL wave the reflected wave is given by the

. 48-10 . reflection structure factoBg given by
experimentally**8-1°However, the second type of anticross-

ing has not been studied, and is the subject of the present

. . . O . ) ) 1_ein®
paper. We find the interesting result that within certain ranges Somront (Fastlane i?®)el® 3
of frequency this process can lead to a large amplitude of the R=TBat (FeatTas A ©
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where 1.0 oo o NI
60=(k!"+k{)D; (i=AB), (@) osl
O=0"+6®), ©) e |
< L
. .. .. . =4 o
rij is the coefficient giving the amplitude of the wave 5 0.61
reflected when ar. wave is incident on the interface be- 2 b L
tween a layer of typeé and typej, n is the number of double 5 0.4§_
Iayers,k](" is thez component of the phonon wave vector of E E
modeJ in the layeri, andD; is the thickness of the sublayer g
of typei. For definiteness, we will suppose that are re- 0'2;' —T5
flection coefficients for displacements. 3 !
It is clear from Eq.(3) that the reflected amplitude will be 0.0 bacracinrasnli: Ny
very large when 0.0 0.2 0.4 0.6
Frequency (THz)
O0=2m7 (m=12,...) (6)
or FIG. 3. Frequency dependence of the transmission rate in a
GaAs/AlAs SL orL phonons incident from substrate side. The solid
(k<LA>+ k<TA))DA+(k(LB)+ k(TB))DB: 2mar. (7) line is the fraction of energy transmitted with polarization, and

the dashed line is that transmitted withpolarization. The number
If we identify kJ(A)DA-i- k{®Dg with q;Dag, EQ. (7) is an  of periods of the SL is 19 an®,=Dg=40 A. The propagation
alternative expression for the first conditiogn+gr=mG,  directions chosen are the same as in Fi{).IThe dips in transmis-
given in Sec. . sion labeled correspond to the frequency gaps in the dispersion
For transmission with mode conversion from larmode  curves shown in Fig. (b).
to aT polarization, the relevant structure factorSs given
by In this regard, one can consider the approach to be analogous
to the so-called kinematic theory of x-ray scattering from
1-e crystals. For x rays, the reflection occurring at a single
1—e (@7 atomic layer is very small, and so the kinematic theory can
(8) hold for crystals composed of a very large number of atomic
planes. The range of validity of the perturbation approach for

(6B _ (B)) (D — D7) In(®L=%n
Sr=tgat(tgattage P ~4 )P Pr

where acoustic waves in a superlattice is strongly dependent on the
() angle of incidence, since at normal incidence mode conver-
¢J =kJ Di, (9) i
sion does not occur.
O;=p™W+ P, (10
RIS IIl. NUMERICAL CALCULATIONS
andt;; is the coefficient giving the amplitude of thiewave OF THE TRANSMISSION RATE

transmitted when ah wave is incident on the interface be- ) ]
tween a layer of typé and typej. The condition for a large To go beyond the perturbation approach we first present

transmittedT wave is then some numerical results for particular cases. To do this we use
the transfer matrix methddo calculate the transmission and
Or—d =2mmr (M=12,...) (11  reflection.
Figure 3 shows the frequency dependence of the transmis-
or sion rate, i.e., the fraction of energy transmitted, calculated

A A B B . numerically for a GaAs/AlAs superlattice. An wave inci-
(ke =k")Dat (ki ~k{*)Dg=2m. (12 dent from the substrate is assumed and the rates of energy
Again, this is essentially equivalent to the equationflux transmitted as. and T modes are both plotted. The
gr—q.=mG, given in Sec. I. repeat distance of the superlattice is chosen to be 80 A, and
Of course, results similar to Eq&3) and(8) hold for an  the number of bilayers is 19. The direction of propagation is
incident T wave. In particular, one notes that the condition45°, i.e., the same as in Fig(k). The transmission rate of
for a large transmittedl wave given an incident wave is L phonons drops sharply in the frequency ranges correspond-
the same condition that gives a large transmiffegtave for  ing to the gaps 1-4 indicated in Fig. 1. Over most of the
an incident. wave. The terms in parentheses in E@.and  frequency range away from these gaps the transmitted energy
(8) can be viewed as the structure factor faimgleunit cell  is carried predominantly by the mode. However, at fre-
of the superlattice. guencies around 800 GHz, a strong transmission of acoustic
This perturbation approach can be valid only for a superenergy of T polarization can be seen. The frequency pre-
lattice with a small number of periods. At resonance thedicted by Eq.(2) for strong mode-converted transmission
transmitted or reflected mode-converted wave has an ampl{for m=1) is v;=816 GHz, and this coincides well with the
tude which is proportional to the number of layersClearly, ~ location of the peaki; =812 GH2 of the T-wave transmis-
the theory must break down when the energy in the modesion. It should be noted that the energy transmissionTvia
converged wave becomes comparable to the incident energghonons is also prohibited at frequencies inside the gaps due
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IV. PHYSICAL ORIGIN OF THE OSCILLATIONS

One can understand the physical origin of the oscillations
in the energy of the mode converted wave in a number of
different ways. At the qualitative level one can simply con-
sider that when ah wave is introduced into the superlattice
at oblique incidence a small amountDfolarization is gen-
erated at each interface. If the interference condifiggs.

(2) or (12)] is satisfied, the energy in tAHewave will steadily
grow. However, at some point all of the energy will be in the
T wave, and then energy begins to be transferred back to the
L wave. It is clear that the number of perioggrequired for

the energy to completely return to thewave will be larger

the smaller the value of the mode-conversion transmission
coefficient at each interface.

An alternative view is to consider the process in terms of
the normal modes of the superlattice as shown in Fig),1
for example. An incident wave of frequeneywill couple to
superlattice modes of this frequency. We can therefore con-
sider the following three cases:

(1) Whenv lies within the range that corresponds to one
of the frequency gaps, there will be no propagating modes to

0.65 P i which the incident wave can couple. Then the transmission

] ' 1 of energy through the structure is exponentially small.

(2) For most values of the frequeney there will be two
L propagating superlattice modes whose frequency matches
S S O that of the incident wave. Let us denote the wave numbers of
these modes by, andq,. Provided that these two wave
iy numbers are far removed from points at which anticrossing
occurs, one of these modes will have essentially the character
of anL wave and the other & wave. Then the incident wave
will excite theL wave with a large amplitude and tiewave
with a much smaller amplitude. Because of the difference in
the wave numbers of the two superlattice modes that are
excited, there will be beating between these two waves as
?hey propagate through the structure. However, because the

Transmission Rate
T

Number of Periods

FIG. 4. Transmission rate vs number of periods for a longitudi-
nal phonon incident obliquely on a GaAs/AlAs superlattice. The
direction of propagation and the properties of the superlattice ar

the same as in Figs.(l) and 3.(a) Transmission at the frequency amplitude of thel -like wave is much larger than the ampli-

* i i .
v} =812 GHz, for which the strongest mode mixing occurs; énd . . .
at 760 GHz, for which the mode mixing is incomplete. Dots with tlﬂg:”mc theT wave, the amplitude of the beating will be very

solid lines and crosses with dashed lines are the rates of the trans! o ) L .
(3) For an incident frequency in the vicinity of an anti-

mitted L and T phonons, respectively. ) ]
crossing the difference between the wave numlggrand
q g, is small. Because both of these modes lie near to an
anticrossing each is a mixture of longitudinal and transverse.

The transmission rates plotted in Fig. 3 are obtained fo;rhe two modes have different wave numbers and conse-

. : : . guently an orthogonality relation does not hold between their
t1r9nb|::iyeris.nlrr1t?restt|ng fzisgltfsr are (;btalr?edr by ?Aof[t'tnhg th%wo polarization vectors. Thus an incident longitudinal wave
a sb szo .? €a da feth gql_u? cg. (? aga ISt h € will excite both of the modes with comparable amplitudes.
number of unit periods ot the SL. In Figla& We pIot e oy the waves propagate through the structure, beats will

transmission rate for frequenay versus the number of pe-

iods for th ¢ i Fig. 3. Wi that th occur. Initially, the two waves will interfere in a way such
rods for the same systém as in Fig. 5. We see that In€ Cofp i e components of their displacements add andThe
version of the transmitted energy into tfemode for an

o Lo ., components cancglThis is, of course, necessary in order for
incident L polarization increases as the number of period P o y

. hen th ber of periods | Il Feb th She sum of the two waves to match with the incident
Incréases when the number of periods 1S small.i+e € wave) After the waves have propagated a number of layers
transmitted energy is nearly 100%, and appears almost e

I such that
tirely as transverse polarization. As the number of layers is

increased, the transmission rates foand T each oscillate
with a period of about 11 bilayers, while their sum remains
nearly constant at a value close to unity. In Figh)4a similar
plot is presented for a frequency slightly different fram.  the waves will combine so the components cancel and the
At this frequency the behavior is similar, but the maximumT components add. This corresponds to the distance for com-
fraction of the energy being transmitted @asphonons is plete transfer tor polarization. Therefore the energy returns
approximately 66%. to theL wave afterng bilayers, where

to the intermode Bragg reflectiofithe dips labeled 1, 3, an
4).

|g1—0z|NDag=, (13
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2 vors. An additional effect can occur when neutrinos propa-
m- (14 gate through matter, rather than through free space. The in-
teraction of the neutrinos with the electron density via the
It follows from these considerations that the energy of thechargeq current. _mte_ractlor\/\(-boson eX(_:hangdeads to-an
T component of the wave varies as mt.erestmg qu|f|cat|on of the. propagation, referred to as the
Mikheyev-Smirnov-Wolfenstein(MSW) effect*'® When

) there is a gradient in the electron density as occurs within the
sin?(rn/ng), (19  sun, for example, the effective masses of the different neu-

trino flavors vary in space. If the neutrino oscillations take

wheren is the number of layers travelled into the superlat-place sufficiently rapidly on the length scale over which the
tice. The energy in th& component varies as cgsn/ng). electron density varies, it is possible to have an almost com-

One can also express these results directly in terms of thelete conversion of one neutrino flavor into the other. It ap-
transmission coefficients introduced in Sec. Il. Consider th¢pears that there should be an analogous effect for waves
predictions of the perturbation theory approximatidsg. propagating in a superlattice in which the period slowly in-
(8)], when the interference conditiqiil) is satisfied. Then creasegor decreasgswith distance. Suppose, for example,
the energy in the transverse wave builds up as thatL waves are incident on a superlattice that has a repeat
distanceD 55 such that condition&2) or (11) for buildup of a
T wave arenot satisfied at the front of the structure. If the
repeat distance slowly increases with distance into the super-
lattice, a region will eventually be reached in which the con-
We assume thah>1 so that the first termtg,) on the  version condition is satisfied. In this region the energy in the
right-hand side of E¢(8) can be neglected. The perturbation wave will oscillate back and forth between theand T po-
theory holds provided that the fraction of energy converted idarizations. If the period of the superlattice continues to in-
much less than 1. Now let us compare Ed$) and(16). It  crease, the wave will eventually reach a region where the
follows that conditions(2) and(11) are no longer satisfied. At this point
the energy will have been almost completely converted to
T polarization, and the energy will then remain as transverse
0= — 5 - 17 until another region of the superlattice is reached in which

|teattage Pt L] resonant conversion can occur. Of course, these effects will

all be more complicated in real anisotropic SL's when the

We checked both results for the peripHgs. (14) and ~ Propagation is in an arbitrary crystallographic directis.,
(17)] against the numerical results, and found agreement. ROt lying in a symmetry plane so that coupling to both
should, of course, be emphasized that these results rely dfaRnsverse modes is also possible.
the assumption that the amount of mode conversion occur-
ring in each layer of the superlattice is very small. This will
certainly be true W_hen the incident wave is propagating at V. SUMMARY
close to normal incidence.

Finally, we mention the analogy between the effect we We have studied the transmission of elastic waves
have studied and two other wave phenomena which are mof@honong through a superlattice in a direction oblique to the
familiar. It is clear that the oscillations between the two po-interfaces. We find that for certain frequencies an incident
larizations are, to some extent, analogous to the Pendelldongitudinal (transversg wave will be strongly converted
sung effect that occurs when x rays or electrons scatter at thsto a transverséongitudina) wave. When this happens the
Bragg angle from very perfect crystals, i.e., under conditiongraction converted to the other polarization oscillates as the
such that the dynamical theory of scattering must be usedlistance of propagation increases. We note that a wave
rather than the kinematical thedry:*® This analogy to the packet propagating in a superlattice may exhibit a number of
Pendelleung effect raises some interesting questions. Unddnteresting effects which depend on the range of wave vec-
conditions such that the Pendallmg effect is observed, itis tors contained in the packet. Finally, propagation in a super-
necessary to consider very carefully the nature of the wavéattice with a slowly varying repeat distance is considered.
packet(x ray or electropthat is incident on the crystal. The Experimentally, the predicted enhancement in the mode-
same concern clearly must arise for an elastic wave packe&onverted transmissions of phonons in SL's should be ob-
incident on a superlattice. Such a wave packet could contaiservable by phonon spectroscopy experiments utilizing the
a spread of frequencies either larger or smaller than the chaphonon-imaging techniqué which is particularly useful for
acteristic frequency range over which the level repulsion ocanisotropic media exhibiting the phonon-focusing efféct.
curs. We have not investigated this in detail, but it appeardultilayered heterostructures grown by molecular-beam ep-
likely that the spatial directions in which the energy flows initaxy (MBE) techniques can be used as phonon optics de-
these two cases are quite different. vices for high-frequency phonof.The resonant mode-

The second analogy is to the oscillations predicted to oceonversion effect that we have discussed in this paper could
cur between different neutrino flavors if neutrinos have massbe used as the basis for a frequency or mode-selective reflec-
When only two flavors are considered, a fraction of the probtor or transmitter of phonons. The characteristics of such a
ability oscillates back and forth between the flavors over alevice could be modified over a wide range through the
length scale determined by the difference in mass of the flachoice of the superlattice repeat distance, the mismatch of

nO:

|ST|2“n2|tBA+tABei(¢(TB)_¢(LB>)|2- (16)

™

n
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