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Structural and dynamical properties of liquid Si~l -Si! have been investigated by molecular-dynamics cal-
culations using the Tersoff potential. The pair-correlation functiong(r ), bond-angle distribution functiong~u!,
and velocity autocorrelation functionZ(t) were calculated and compared with those ofl -Si generated by the
Stillinger-Weber~SW! potential andab initio calculations reported previously. The Tersoff liquid reproduces
g(r ) obtained by the SW potential andab initio calculations except for a slight quantitative difference. On the
other hand,g~u! of the Tersoff liquid is entirely different from that of the SW liquid, but it is similar to the
result of theab initio approach. These results suggest that the Tersoff potential describes the features of static
structures ofl -Si, though this potential overestimates greatly the melting point. The Tersoff potential yields a
similar tendency to the dynamical properties obtained byab initio simulation, but some discrepancies exist,
e.g., the period of oscillation inZ(t).

I. INTRODUCTION

The Czochralski growth of single-crystal Si~c-Si! from
liquid Si ~l -Si! is a key technology in semiconductor process-
ing. It is well known that defect formation in the obtained
crystals depends sensitively on the growth conditions such as
crystal growth rates and temperature gradients at thec-Si and
l -Si interface. Therefore, optimization of these processing
parameters is required for the production of high-quality
c-Si, and extensive experimental investigations are
continued.1,2 However, the optimum conditions are generally
determined empirically, since the high melting temperature
makes it difficult to analyze the growth mechanism. In order
to obtain information on the behavior of the liquid phase
during the crystal growth, the application of computer simu-
lations to this field is very useful. Although great progress
has been achieved inab initio simulation methods for
atomic-scale studies,3 these methods are still difficult to ap-
ply for large-scale systems. Therefore, various empirical in-
teratomic potentials for Si have been proposed for the last
decade.4–8

An empirical potential constructed by Stillinger and
Weber4 ~SW! includes two- and three-body interaction terms
and it was parametrized on the basis of crystalline and
liquid-phase data for Si. The SW potential has been widely
used in molecular-dynamics~MD! studies of the liquid
phase.4,9–13 The calculated pair-correlation function and its
Fourier transform are in good agreement with experiments.14

Therefore, this potential has been considered to well repro-
duce the structural features ofl -Si. However, Sˇ tich, Car, and
Parrinello15 recently carried out anab initio MD simulation
of l -Si and pointed out that a higher-order correlation func-
tion such as the bond-angle distribution function is different
from that of the SW liquid. The result suggests that the SW
potential is not enough for the structural analysis ofl -Si.

Tersoff5,16 has developed a different type of empirical in-
teratomic potential for covalent solids. This potential is writ-
ten as a Morse pairwise potential, but its attractive term de-
pends on the local environment of a specific atomic pair
which effectively includes many-body interactions. The ad-
justable parameters were determined by fitting to a database

containing the cohesive energy, lattice constant, and bulk
modulus of the diamond structure and the cohesive energy of
Si2 and bulk polytypes of Si. It should be noted that the
Tersoff potential is not adjusted to fit to any liquid-phase
data. The Tersoff liquid has not been fully explored, since the
solid-liquid transition in this case occurs at about 3000 K,
almost twice the experimental value. In addition, only the
pair-correlation function of the atomic configuration is exam-
ined in l -Si with the Tersoff model,5,11 and no further inves-
tigations have been conducted for the analysis of the higher-
order correlation and dynamical properties.

In the present study, we applied the Tersoff potential to
l -Si in order to examine the features of the liquid, using MD
simulations. The physical properties of generatedl -Si were
compared withab initioMD results and the results using the
SW potential, and the validity of both empirical potentials
was discussed.

II. SIMULATION PROCEDURE

The MD calculations were performed under constantvol-
umeand temperatureconditions. We consideredN5512 at-
oms in a cubic cell with periodic boundary conditions. The
volume of the cell was fixed at 9261 Å3 so that the density is
2.57 g/cm3, which agrees with the density ofl -Si. The atoms
were at first placed on the diamond lattice sites and then
initial velocities were randomly given. Then the system was
heated up by rescaling the velocities of the particles. In the
present study, we used the SW and Tersoff potentials with
the parameters described in Refs. 17 and 16, respectively.
The equations of motion were integrated using a velocity-
Verlet algorithm18 with a time stepDt5231023 ps. The MD
simulations were carried out for 30 000Dt ~60 ps!, and the
system was found to reach equilibrium during this period as
judged by the total energies. The static and dynamic proper-
ties obtained forl -Si were compared with the results of ex-
periments andab initio calculations previously reported.

III. RESULTS

A. Structural properties of liquid Si

In our MD simulations using the SW and Tersoff poten-
tials, the solid-liquid phase transition occurred at about 1400
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and 2750 K, respectively. The melting temperature of the SW
model in this work is lower than that originally reported by
SW,4 since the density of the present system is larger than
that used in the previous study. The calculated value of latent
heat was 45.4 kJ/mol for the Tersoff potential. This value is
close to the experimental value of 50.6 kJ/mol.19 We chose
the simulated temperatures of 1700 and 3000 K in our MD
calculations of the SW and Tersoff liquids, respectively, to
ensure complete melting states. The discrepancy in the melt-
ing point between the simulations and experiments may not
be important for our primary purpose to examine the liquid
structures.

Figures 1~a! and 1~b! show the pair-correlation functions
g(r ) of atomic configurations obtained at 1700 and 3000 K,
respectively. These functions were obtained by averaging
over 200 configurations during 200Dt ~0.4 ps!. This averag-
ing time is considered long enough, because the correlation
of atomic motion vanishes beyond 0.2 ps, as mentioned in
Sec. III B. The positions of first and second peaks are almost

the same in both cases, but a quantitative difference exists.
The depth of first minimum in Fig. 1~b! is appreciably deep,
as compared with that of the experimentally obtainedg(r )
shown in Fig. 1~c!.14 The appearance of the deep first mini-
mum can be attributed to the short cutoff distance of the
potential, as Tersoff has previously reported.5

To compare with the available data of x-ray-diffraction
experiments,14 the static structure factorsS(k) are calculated
by Fourier transformingg(r ),

S~k!5114pr0E
0

`

r 2$g~r !21%
sin~kr !

kr
dr. ~1!

Here,r0 is the average number density of atoms andk is the
wave number of the diffracted wave. Figures 2~a! and 2~b!
demonstrateS(k) corresponding to theg(r ) of Figs. 1~a! and
1~b!, respectively. Again, the peak positions in Figs. 2~a! and
2~b! are in good agreement with the experimental data shown
in Fig. 2~c!.14 It is clearly seen that the first peak is asym-
metric, and this has been known to be a characteristic

FIG. 1. Pair-correlation functionsg(r ) for l -Si obtained from
MD simulations using~a! SW and~b! Tersoff potentials. The ex-
perimental data from Ref. 11 are also indicated in~c!. The simu-
lated temperatures of~a! and~b! are 1700 and 3300 K, respectively.
Theg(r ) of SW liquid is in good agreement with the one obtained
experimentally. Tersoff liquid, on the other hand, has a deep first
minimum in ~b!.

FIG. 2. Static structure factorsS(k) of l -Si resulting from~a!
SW and~b! Tersoff potentials. Note the appearance of the asymmet-
ric first peak. The shoulders are the high- and low-angle sides for
~a! and ~b!, respectively. The former coincides with x-ray-
diffraction experiments~c! of Ref. 11, but the latter is similar to the
S(k) obtained from a supercooledl -Si.
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of molten semiconductors.14,15,20,21The shoulder appears in
the large-k region of the main peak in~a!, in accordance with
the experiment.14 On the other hand, the shoulder appears in
the small-k region in~b!. This difference is due to the quan-
titative difference ofg(r ) described in Fig. 1. It should be
noted that the peak shape shown in Fig. 2~b! is similar to that
of S(k) for a supercooled liquid.15

The average coordination number, which is estimated by
integrating 4pr 2r0g(r ) up to the first minimum in theg(r ),
is 5.9 for the SW liquid and 5.2 for the Tersoff liquid. The
former is close to the experimental value of 6.4,14 while the
latter is appreciably small. The first minimum ing(r ) of the
Tersoff liquid appears at 2.94 Å, which is shorter than that of
ab initio MD simulation ~3.1 Å!.15 When the value 3.1 Å is
applied, the coordination number of the Tersoff liquid be-
comes 6.0. Therefore, we use this cutoff distance for the
following structural analyses of the Tersoff liquid, including
the distribution of coordination numbers and bond-angle dis-
tribution function.

Figure 3 displays the distribution of coordination numbers
in the l -Si. It can be seen that the coordination distributions
are broad and centered around 6. The distribution is almost
symmetric around the sixfold coordination in Fig. 3~b!, while
the fraction of the higher coordination numbers sharply de-
crease in Fig. 3~a!. The coordination distribution of the Ter-
soff liquid resembles that reported by Sˇtich, Car, and
Parrinello.15

The bond-angle distribution functionsg~u! are shown in
Fig. 4. The distribution is an average over 500 configurations
during 500Dt ~1 ps!. A significant qualitative difference ex-
ists between~a! and ~b!. The SW liquid has a peak around
90°, while the Tersoff one has two peaks around 60° and 90°.

Although the Tersoff potential parameters do not fit to any
liquid-phase data, the feature ofg~u! is in good agreement
with that obtained byab initio MD calculations.15 We must
pay attention to the effects of simulation temperature onl -Si
structure, because the Tersoff potential produces a melting
point that is high by a factor of 2. However, even if the SW
liquid is generated at 3000 K, the 60° peak does not appear
~not shown!. Therefore, it is concluded that the difference
between Figs. 4~a! and 4~b! does not originate from the tem-
perature. The discrepancy of the SW liquid can be attributed
to the inadequacy of its three-body interaction term. Whenu
deviates from the ideal tetrahedral angle~109.47°!, the three-
body term, which is zero in the diamond structure, increases
monotonically in the SW potential. Especially, the increase is
remarkable at lowu. Thus, the distorted structure with lowu
cannot exist stably in the SW liquid.

The dashed line in Fig. 4~b! indicates theg~u! obtained by
assuming the cutoff distance to be the bond length of crys-
talline Si. It is obvious that the bond angles associated with
shorter bonds broadly distribute around the tetrahedral angle,
while longer bonds form angle distributions aroundu560°
and 90°. The result is consistent with Sˇ tich’s one correspond-
ing to the bond length of 2.49 Å,15 indicating the validity of
the Tersoff liquid. In the Tersoff potential, the bonding en-
ergy becomes weaker as the coordination number increases.
Therefore, the bond angle around 60° can be considered to
originate from the atoms with large coordination numbers.

Our simulated results obtained in this section support that
the empirical interatomic potential established by Tersoff can
qualitatively reproduce the static features ofl -Si, though

FIG. 3. Distribution of local coordination numbers inl -Si. ~a!
SW potential and~b! Tersoff potential. The coordination shells of
~a! and ~b! are defined by the first minimum ofg(r ) and 3.1 Å,
respectively.

FIG. 4. Bond-angle distribution functionsg~u! in the atomic
arrangements of~a! SW and ~b! Tersoff liquid. In ~b!, solid and
dashed lines are obtained by taking the bond lengths of 3.1 and 2.35
Å, respectively. It should be noted that the SW liquid has only one
peak around 90°, while the Tersoff one has two peaks around 60°
and 90°.

7178 53MANABU ISHIMARU, KOU YOSHIDA, AND TERUAKI MOTOOKA



there is a slight quantitative difference. The quantitative dif-
ference may be improved by modifying the cutoff distance of
this potential.

B. Dynamical properties of liquid Si

Figure 5 displays the velocity autocorrelation functions
defined by

Z~ t !5
^v~ t !•v~0!&

^v~0!•v~0!&
. ~2!

Here,v(t) is the velocity vector of a particle at timet. The
average in Eq.~2! was taken over all particles and over dif-
ferent starting times along the equilibrium MD trajecto-
ries. Z(t) becomes zero beyond 0.2 ps. An oscillation with
a period of about 0.07 and 0.06 ps exists in the SW and
Tersoff models, respectively, and the period is shorter than
that of ab initio calculations~;0.1 ps!.15,22 It should be
noted that theZ(t) of the solid line has a negative tail, but
the first peak of the broken line becomes positive. For close-
packed liquids such as Ar and Na,Z(t) becomes negative
already at the first oscillation.23 The result of the Tersoff
liquid is entirely different from the behavior of the simple
liquids, but it is similar toZ(t) of the l -Si generated byab
initio MD methods.15,22

The Fourier transform ofZ(t) defines the power spectrum
of the autocorrelation function,

Z~v!5E
0

`

Z~ t ! cos~vt !dt. ~3!

Figure 6 showsZ~v! corresponding to Fig. 5. According to
the previousab initio MD simulation,15 Z~v! monotonically
decreases with an increase ofv. However, two broad peaks
appear in Fig. 6. The peaks inZ~v! of the SW liquid corre-
spond to the acoustic and optical vibrational modes ofc-Si.15

On the other hand,Z~v! of the Tersoff liquid possesses an
intermediate nature between thel -Si generated by the SW
potential andab initio approach.

We have found that the Tersoff empirical potential yields
the similar dynamical properties to those obtained by the

ab initio approaches, though some slight differences exist,
e.g., the period of oscillation inZ(t). This suggests that the
interatomic forces obtained from this empirical potential are
stronger than those ofab initio calculation.

IV. DISCUSSION

As mentioned in Sec. III A, a weak point of the Tersoff
potential seems to be in its short-cutoff distance. We try to
modify this potential through changing the cutoff distance.
The parameters of the cutoff function were set to beR53.0
Å andS53.3 Å. @The original parameters areR52.7 Å and
S53.0 Å ~Ref. 16!.# Unfortunately, the melting temperature
in this case was 3500 K, which is higher than that of the
original parameters~2750 K!. Figure 7~a! shows g(r ) of
atomic configurations obtained at 3700 K. As compared with
Fig. 1~b!, the first minimum ofg(r ) in Fig. 7~a! is shallow,
and its position appears at 3.12 Å. The average coordination
number, as obtained by integrating 4pr 2r0g(r ) up to the
first minimum, is 6.6. We can reproduce close value to the
experiments14 without using the distance of the first mini-
mum obtained byab initio MD simulations.15 It should be
noted that the value of the second peak maximum is almost 1
and it is smaller than that of the third peak maximum. This
feature is in excellent agreement with the experimental data
@Fig. 1~c!#.

S(k) corresponding to theg(r ) of Fig. 7~a! is given in
Fig. 7~b!. The first peak is asymmetric with a shoulder on the
small-k region for the original parameters, as was shown in
Fig. 2~b!. However, such shoulder disappears inS(k) of Fig.
7~b!. This is considered to correspond to the intermediate
state in which the shoulder moves from the small-k to
large-k side of the main first peak. That is,S(k) in Fig. 7~b!
seems to be better than that obtained by the original cutoff
distance. The distribution of coordination numbers andg~u!
obtained by new parameters are almost the same as Figs.
3~b! and 4~b!, respectively~not shown!. We could get better
results for the static properties ofl -Si through changing only
the cutoff distance of the Tersoff potential.

Figure 8~a! demonstratesZ(t) of l -Si generated by the
modified Tersoff potential. For reference,Z(t) of the original
parameters is also indicated. Note that both simulated tem-
peratures are the same~3700 K!. An oscillation of a period

FIG. 5. Velocity autocorrelation functionsZ(t) for SW ~solid
line! and Tersoff liquids~broken line!. For the SW liquid theZ(t)
becomes negative already at the first oscillation. On the other hand,
it oscillates between positive and negative in the case of the Tersoff
liquid.

FIG. 6. Power spectraZ~v! corresponding to Fig. 5. SW~solid
line! and Tersoff liquids~broken line!. The value ofZ~v! beyond
v5100 meV remains finite due to the short periodicity ofZ(t).
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for the modified potential~solid line! is 0.075 ps. This value
is larger than that for the original potential~broken line!, but
becomes close to theab initio result.15,22The result suggests
that the longer cutoff distance weakens the forces acting on
each particle in liquid. CorrespondingZ~v! is given in Fig.
8~b!. The modifiedZ~v! monotonically decreases with an
increase inv, and the humps appearing in the originalZ~v!
disappear. Such a tendency inZ~v! is in good agreement
with that obtained byab initio simulations.15 These results
suggest that the change of cutoff distance is useful not only
for the improvement of static properties, but also for a better
description of the dynamic behavior.

Our improvement does not change the ground-state struc-
ture, and may not have bad effects on the elastic properties of
c-Si which are determined by the curvature around the po-
tential energy minimum. It should be necessary to find effec-
tive parameters to reduce the melting temperature in the Ter-
soff potential. The Tersoff potential has many adjustable
parameters; thus we cannot say which parameter dominates
the melting point at present. More extensive study is cur-
rently underway.

V. CONCLUSIONS

The empirical interatomic potentials constructed by SW
and Tersoff were applied to the analyses ofl -Si in order to
examine the validity of both potentials. The findings of this
investigation are as follows:

~1! The liquid obtained using the SW potential well repro-
duces the experimentalg(r ) andS(k). However, an impor-
tant disagreement between the atomic arrangements resulting
from the SW potential and theab initio calculation method
was found in the bond-angle distribution. The inadequate
formula of the three-body interaction term gives rise to the
discrepancy.

~2! Although the Tersoff potential does not fit any liquid-
phase data, the qualitative features of static properties in the
Tersoff liquid are in good agreement with those obtained by
the experiments andab initioMD simulations. Thus applica-
tions of this potential are promising for the analysis ofl -Si.

~3! From the analyses ofZ(t) andZ~v!, it has been found
that the SW empirical potential is not good enough for the
description ofl -Si. On the other hand, theZ(t) andZ~v! of
the Tersoff liquid are similar to those ofab initio MD simu-
lations, but some slight discrepancies exist.

~4! Our simulations suggested that successful results for
the static structure and dynamical properties ofl -Si are ob-
tained through changing the cutoff distance of the Tersoff
potential. More investigation must be carried out in order to
reduce the melting temperature.
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FIG. 7. ~a! g(r ) and ~b! S(k) for l -Si resulting from the modi-
fied potential. Note that the second peak maximum ing(r ) is
smaller than the third peak one.

FIG. 8. ~a! Z(t) and~b! Z~v! for l -Si generated by the original
~broken line! and modified potential~solid line!. The simulated tem-
perature is 3700 K. In~a!, it should be noted that the periodicity of
the improved potential is longer than that of the original potential.
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