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The rate of loss of energy of the nonequilibrium electrons to the acoustic mode lattice vibrations is obtained
here under conditions when the lattice temperature is low, so that the approximations of the well-known
traditional theory are not valid. Evaluating the loss rates in Si and Ge we find that there have been significant
changes in the rates which exceed the traditional values at lower energies, the lower the lattice temperature.

In the studies of the avalanche multiplication due to band-
to-band transitions in some semiconducting materials such as
Ge and Si it has been a rather arbitrary custom to assume that
just below the threshold for ionization, the dominant energy-
loss process for the free carriers is through emissions of op-
tical phonons. The rate of energy loss to the optical mode
lattice vibrations has been taken to exceed that to the acous-
tic mode over a low range of the heating electric field. For
higher fields, however, loss to acoustic modes seems to
dominate for electron energies of the order of the band gap
and larger.1–5

It is well known that there is a range of low lattice tem-
peratures~TL<20 K! when the free carriers in a high-purity
covalent semiconductor interact dominantly with intravalley
acoustic phonons. At such low temperatures the electrons
become hot in relatively weak fields, and under favorable
circumstances they may even lead to the onset of the revers-
ible, and as such, nondestructive impurity breakdown due to
impact ionization of the donor levels at a field of only a few
volts per centimeter. The electron transport under these con-
ditions is limited by the acoustic phonon scattering of the
nonequilibrium carriers.4,6–13 The optical phonon scattering
in Ge is also known to limit the transport under high-field
conditions when the carriers deviate significantly from the
state of thermodynamic equilibrium even at low lattice
temperatures.14

In the light of the traditional theory the rate of loss of
energy of the hot electrons to the deformation acoustic mode
lattice vibrations has already been obtained.4 However, the
traditional theory is based on a number of simplifying ap-
proximations that are hardly valid at the low lattice tempera-
tures of the order of a few tens of degrees or less. First, the
theory neglects the acoustic phonon energy«ph in relation to
the carrier energy« k̄ . But the ratio«ph/« k̄ is of the order of
2ul /v th . v th is the average thermal velocity of an electron
and ul is the velocity of longitudinal acoustic mode in the
material.4 At higher lattice temperatures whenTL.20 K this
ratio being very small, the phonon energy is indeed only a
negligible fraction of the electron energy. On lowering the
temperature this ratio increases and the phonon energy tends
to be more and more comparable with the electron energy. In
fact it is this small amount of energy exchanged in the col-
lision between the free carriers and the phonons that ensures
stationarity of the electron-phonon system in the presence of
any electric field under the condition when no other dissipa-

tive mechanism except the emission of acoustic phonons is
effective.7 Second, whenTL.20 K since the average thermal
energy of the free carriers tends to be much greater than the
phonon energy, the energy distribution of the phonon is ap-
proximated in the traditional theory by the simple equiparti-
tion law. Obviously at the low lattice temperatures, the equi-
partition approximation for the phonon distribution is not
valid. Hence a wrong balance of energy of the electron-
phonon system may result unless the true phonon population
and the finite energy of the acoustic phonons are taken into
account with sufficient precision at the low lattice tempera-
tures.

The calculation of the acoustic scattering rate of the free
electrons made without using the traditional approximations
shows that except for an intermediate range of the carrier
energy there have been significant changes in both the quali-
tative and quantitative aspects of the energy and temperature
dependence of the scattering rates at low lattice temperatures
in comparison to what follows from the traditional theory.
The theoretical calculation of the transport characteristics of
the materials when made using the new scattering rates under
the condition of low lattice temperature leads to encouraging
features.7,15,16Hence it would be interesting to study the ef-
fect of finite energy carried by the acoustic phonons on the
energy loss of the nonequilibrium electrons to the acoustic
modes at low temperatures since the possibility of obtaining
materials of desired purity is already within the scope of the
present stage of semiconductor technology. The purpose of
this paper is to calculate the average rate of energy loss of
the nonequilibrium electrons to acoustic mode lattice vibra-
tions under the condition of low lattice temperature when the
phonon energy can neither be neglected in comparison with
the carrier energy nor the phonon distribution be represented
by the equipartition law. The theory is then used to obtain the
energy-loss rate in Ge and Si. The results are compared with
~i! that obtained from the traditional approximations for the
identical interactions of the free carriers and~ii ! that obtained
for the interaction with optical mode lattice vibrations so as
to assess the effect of finite energy of acoustic phonons on
the energy loss for different values of the lattice temperature.

We shall consider a volumeV of a model isotropic semi-
conductor with a single, parabolic, spherically symmetric
conduction band. Let there be any electronic state with wave
vector k̄ and transitions between this state and another hav-
ing wave vectork̄8 ~5k̄1q̄! involving either emission or
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absorption of a phonon of wave vectorq̄, resulting in an
increase inNq̄ , the number of phonons. The rate of increase

in the number of phonons may be written using the pertur-
bation theory as4
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where the square of the matrix element between the initial
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Here\5h/2p, h being Planck’s constant,f 0( k̄) is the distri-
bution function for the nonequilibrium electrons,E1 is the
deformation potential constant, andr is the density of the
material. The upper or lower sign~andNq̄11 orNq̄! stands
for the processes of emission and absorption, respectively.

The summation overk̄ may be converted to an integration
over spherical coordinatesk, u, andf with the q̄ direction
taken as thez axis. Considering the electrons of both spins
the integration over the polar and azimuthal angles yields
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Under the conditions of low temperature since the phonon
energy cannot be neglected, the limits for the integration
over k, as ascertained from the energy and momentum bal-
ance equations may be taken to be (q/22m* ul /\) and}. If
f 0( k̄1q̄) is now expanded in a Taylor’s series aroundk̄ and
f 0( k̄) be a Maxwellian distribution at an effective electron
temperatureTe and the average energy^«&53kBTe/2, one
can obtain
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wheren0 is the free carrier concentration,l ac the mean free
path for deformation potential scattering by acoustic phonons
obeying the equipartition law.Nc(Te), the effective density
of states, is given by 2(2pm* kBTe)

3/2/8p3\3, kB is Boltz-
mann’s constant, andm* is the effective mass of free carri-
ers, x5\ulq/kBTL , b52m* u l

2/kBTL , Tn5Te/TL , and
a5kBTL/8m* u l

2Tn . Under the condition of high lattice tem-
perature when the phonon energy can indeed be neglected
and the equipartition law holds good, from~4! one can
readily recover the traditional expression4 for the rate of in-
crease of the phonon number.

Thus under the low-temperature condition when the pho-
non energy is taken into account in the energy balance equa-
tion with sufficient precision the phonon number increases at

a slower rate compared to what is predicted from the tradi-
tional theory. (]Nq̄ /]t) now depends uponq and Tn in a
rather complex manner, decreasing withq at a faster rate
with the lowering ofTn . The effect of the significant phonon
energy can be felt more and more with lower lattice tempera-
ture and higher acoustic velocity in the material. When nu-
merical calculations are done considering the samples of Si
and Ge with the material parameters given in Table I, one
can obtain Figs. 1 and 2.

The figures show how significantly the finite value of the
phonon energy changes the rate of increase of the phonon
number at anyTn for different values of the lattice tempera-
ture in comparison to what follows from the traditional
theory. It is also apparent that the finite phonon energy brings
in only little changes in the phonon population ifTL is higher
than 20 K. This is obviously moreso in Ge than in Si because
it is the significance of the phonon energy relative to the
thermal energy of the carriers that actually brings in the
changes. All these observations make it interesting to see
how the same effect influences the subsequent calculations of
the energy loss of the nonequilibrium carriers under the con-
ditions of low lattice temperatures.

The average rate of energy loss of a carrier to the acoustic
mode lattice vibrations is given by

K d«

dt L
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Now in order to carry out the integration inq̄ space, expres-
sions forNq̄ and the limits for the magnitude ofq must be
ascertained under the conditions of low temperature of inter-

TABLE I. Material parameters of Si and Ge~Ref. 17!. m0 is the
free electron mass.

Physical parameters Si Ge

Acoustic deformation 9.0 20.29
Potential constantE1 ~eV!

Longitudinal acoustic 9.037 5.4
Velocity ul ~3105 cm s21!

Effective massm* 0.32m0 0.12m0

Densityr ~g cm23! 2.329 5.32
Debye temperatureuD ~K! 730 430
Optical deformation 5.5
Potential constant
D ~3108 eV cm21!
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est here. A good approximation of the trueNq̄ in the low-
temperature region is given by the truncated Laurent’s ex-
pansion of the form7

Nq̄~x!5H 1x2
1
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12
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x3 for x, x̄

exp~2x! for x> x̄,

~6!

wherex̄53.5. Since (]Nq̄ /]t) given by ~3! falls off rapidly
for largeq the upper limit may be taken to be}. Hence one
obtains
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G125G12G2, G~a,b! is incomplete G function,18 and
d5(1/2Tn21).

It is easy to see that under the condition when the lattice
temperature is high so that bothx andb are small and the
phonons carrying negligibly small energy obey equipartition
law, the expression~7! reduces to its traditional form ob-
tained elsewhere.4

The average rates of energy loss of the nonequilibrium
electrons in Si and Ge to the acoustic mode lattice vibration
for any value of the average energy are calculated from~7! at
different lattice temperatures. The same rates are obtained
from the traditional results4 for a comparison. Again in order
to compare these results and the results for the rate of energy
loss to optical modeŝd«/dt&op in Ge the latter has been
calculated from the expression that may also be obtained
from ~1! for energies exceeding the optical phonon energy.
We repeat here the expression for a ready reference:4

K d«

dt L
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52
~m* !3/2D2~2kBTe!

1/2

p3/2\2r
B~x0 ,xe!, ~8!

where

FIG. 2. Rate of increase of phonon number in Ge due to inter-
action of nonequilibrium electrons with the intravalley acoustic
phonons. Curves 1 and 2, 3, and 4 are for lattice temperatures of 1
and 4 K, respectively, of which the solid curves 1 and 3 are obtained
from the theory developed here and, the dashed ones 2 and 4 are
obtained from traditional theory. The curves markeda are for
Tn52.5 whereas those markedb are forTn510.

FIG. 1. Rate of increase of phonon number in Si due to interac-
tion of nonequilibrium electrons with the intravalley acoustic
phonons. Curves 1 and 2, 3 and 4, 5 and 6 are for lattice tempera-
tures of 2, 4, and 20 K, respectively, of which the solid curves 1, 3,
and 5 are obtained from the theory developed here and, the dashed
ones 2, 4, and 6 are obtained from the traditional theory. The curves
markeda are forTn52.5 whereas those markedb are forTn510.
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B~x0 ,xe!5
exp~x02xe!21

exp~x0!21

xe
2
expS xe2 DK1S xe2 D ;

xe5\v0/kBTe , x05\v0/kBTL . K1 is Bessel function of the
second kind.v0 is the optical phonon frequency,D is the
interaction constant for nonpolar optical modes.

It may be noted here that the traditional result for
^d«/dt&ac as well as the result for̂d«/dt&op do not much
depend upon the lattice temperature ifTe@TL . However, for
acoustic interaction the change in energy-loss rate relative to
the traditional value indeed depends upon the lattice tem-
perature, making it lower for the higher temperatures. The
results of the calculation of the normalized loss rates in Si
and Ge are plotted in Figs. 3 and 4, respectively. It may be
seen how the finite phonon energy of the acoustic phonons
brings in distinct changes in the energy-loss rates of the non-
equilibrium electrons at low lattice temperatures. For lower
values of̂ «& the absolute rates are now greater than what can

be predicted from the traditional theory. The significant dis-
crepancy of our results from those of the traditional theory
increases with the decrease of the lattice temperature. More-
over, it is again the significant value of the relative energy of
the acoustic phonons that makes the corresponding loss rate
exceed the traditional values at lower energies the lower the
lattice temperature, and in Ge it exceeds that due to optical
modes for higher values of the energy compared to what
follows from the traditional theory.
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FIG. 3. Rates of energy loss of nonequilibrium electrons, nor-
malized to their traditional values, in Si due to interaction with
intravalley acoustic mode lattice vibrations. Curves 1, 2, and 3 are
for lattice temperatures of 2, 4, and 20 K, respectively.

FIG. 4. Normalized rates of energy loss of nonequilibrium elec-
trons in Ge due to interaction with intravalley acoustic and optical
mode lattice vibrations. Curves 1 and 2 are for acoustic interaction
at 1 and 4 K, respectively, and when the rates are normalized to
their traditional values. Curves 3 and 4 are for optical interaction at
4 K and when the rates are normalized, respectively, to what fol-
lows from the theory developed here, and the traditional values due
to acoustic interaction.
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