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The temperature-dependent thermal-difference reflectance~TDR! spectra of thin-film samples of
Tl2Ba2Ca2Cu3O10, ~BiPb!2Sr2Ca2Cu3O10, Tl2Ba2CaCu2O8, and YBa2Cu3O7 have been measured for photon
energies between 0.3 and 4.5 eV at temperatures above and below each material’s superconducting critical
temperature. The amplitude of the characteristic optical structure near the screened plasma frequency of each
sample in the normal-state TDR spectrum varies approximately linearly with temperature,T, indicating that the
temperature-dependent optical scattering rate in these materials scales with temperature asT2. From the TDR
spectra collected above and below the critical temperature of each sample, the superconducting to normal-state
reflectance ratio,RS/RN , has been obtained. In all of these spectra, there are significant deviations from unity
in RS/RN at photon energies on the order of 2.0 eV. This optical structure cannot be accounted for using the
conventional Mattis-Bardeen description of the optical properties of a superconductor or its strong-coupling
extension where electron-pairing interactions are limited to energies less than 0.1 eV. However, both the
temperature and energy dependence of the structure in theRS/RN spectra may be adequately described within
Eliashberg theory with an electron-boson coupling function which consists of both a low-energy component
~,0.1 eV! and a high-energy component located between 1.6 and 2.1 eV.

I. INTRODUCTION

Common to most theories of high-temperature supercon-
ductivity is the assumption of an underlying mechanism by
which the electrons pair at the superconducting critical tem-
perature,Tc . From this assumption, it follows that there is a
unique electron pairing potential,D, associated with each
mechanism and that the energy and momentum dependence
of this pairing potential,D~v,k!, will reflect the microscopic
origin of the pairing interaction. Historically, these ideas par-
allel Eliashberg’s extension1 of the BCS model of
superconductivity2 which took into account the retarded na-
ture of the electron-phonon interaction. In an isotropic
model, the Eliashberg electron-pairing potential, or super-
conducting gap function, is a complex energy and
temperature-dependent function,D~v,T!, whose structure re-
flects the underlying energy-dependent electron-phonon
interaction.3 Experimentally, D~v,T! may be obtained
through high precision measurements of the conductance
versus bias voltage of a normal/insulator/superconductor (N/
I /S) tunnel junction, and from these data, the energy-
dependent electron-boson coupling spectrum,G~v!, may be
calculated through an inversion of the Eliashberg integral
equations.4 In materials where the superconductivity is solely
mediated through the electron-phonon interaction,G~v! is
more precisely written asa2~v!F~v! where a2~v! is the
square of the electron-phonon matrix element andF~v! is the
phonon density of states. The spectral form ofG~v! obtained
from tunneling experiments, and its similarity to the mea-
sured phonon density of states in low-Tc superconductors,

provided incontrovertible proof that the effective attractive
interaction provided by the electron-phonon interaction was
both necessary and sufficient to account for the superconduc-
tivity in these materials.

In principle, once the underlying electron-boson coupling
function is determined with sufficient accuracy, any property
of the superconducting state may be calculated. Thus, inter-
nal consistency between experiments which probe different
properties of the superconducting state may be achieved by
interpreting these measurements using theG~v! obtained
from tunneling data. On the other hand, measurements of the
temperature dependence of the NMR relaxation rate,5 the
thermodynamic critical magnetic field,6 the London penetra-
tion depth,7 and the electronic specific heat8 in the supercon-
ducting state, for example, do not measure the energy depen-
dence ofD~v,T! and thus do not contain detailed information
about the microscopic nature of the underlying electron-
pairing interaction. Instead, these measurements represent
quantities which may be calculated through an integration
over energy, where the integral contains the energy depen-
dentD~v,T!. When an experiment does not involve the direct
measurement of the energy dependence ofD~v,T!, it is only
possible to interpret the results as beingconsistentwith an
assumed microscopic form of the pairing interaction.

Although the many different experiments which probe the
superconductivity in the high-Tc cuprate superconductors
give some insight into the mechanism of superconductivity,
it is only those experiments which probe the excitation spec-
trum of these materials in the superconducting state which
can provide detailed insight into the microscopic nature of

PHYSICAL REVIEW B 1 MARCH 1996-IIVOLUME 53, NUMBER 10

530163-1829/96/53~10!/6734~18!/$10.00 6734 © 1996 The American Physical Society



the electron-pairing interaction. Some of the more common
experimental methods which can, in principle, measure
D~v,k,T! areN/I /S tunneling, angle-resolved photoelectron
spectroscopy~ARPES!, Raman spectroscopy, and conven-
tional optical spectroscopy~i.e., reflectance and transmit-
tance!.

Tunneling measurements are, by far, the most common
means of determining the energy dependence of the pairing
potential in a superconductor. The conductance versus bias
voltage of anN/I /S junction at sufficiently low temperatures
is directly proportional to the superconducting density of
states,NS~v!, given by3,4,9

NS~v!5NN~v!ReS v

Av22D2~v!
D , ~1!

whereNN~v! is the normal-state density of states. From the
form of Eq.~1!, it is seen that the presence of a finiteD~v! at
temperatures less thanTc modifies the normal-state density
of states in the material. For energies less than the gap edge,
D0, defined as the magnitude of the real part ofD~v! evalu-
ated at energyv equal to the real part ofD~v! at energy
v;0,NS~v! is zero. At energies greater thanD0, the energy-
dependent structure ofD~v! manifests itself as small modu-
lations in the tunneling conductance at energies correspond-
ing to peaks in G~v!. Conductance data are usually
normalized by dividingNS~v! by NN~v!. D~v! may then be
obtained from the normalized conductance and from this, the
Eliashberg integral equations may be inverted to obtain
G~v!.4,10 Implicit to Eq. ~1! is an average over the Fermi
surface leaving an expression which is only a function of
energyv.

Unfortunately, there are significant problems involved in
making adequate tunneling junctions with the cuprate super-
conductors. Since the amplitude of the tunneling current var-
ies as exp$2d/j%, whered is the thickness of the tunneling
barrier, and since the cuprate superconductors have naturally
short coherence lengths,j;15 Å, the tunnel barrier must be
thin and of uniform thickness over the junction area. These
requirements are made more difficult to attain given the natu-
ral surface reactivity of these materials. In recent years, the
techniques for making good tunneling junctions with these
materials, particularly the bismuth-based cuprate supercon-
ductors, have improved dramatically and high-quality con-
ductance spectra have been obtained.11–14 In general, these
data have been inverted using the McMillan/Rowell inver-
sion procedure.4 The results of this inversion indicate that
there is significant electron-phonon coupling in these mate-
rials. Evidence for this is obtained from the similarity be-
tween the phonon density of states in the materials measured
by inelastic neutron scattering15–18 to the G~v! obtained
through the inversion of the conductance data. This is exactly
the line of reasoning which resulted in the determination that
superconductivity was the result of the electron-phonon in-
teraction in low-temperature superconductors. The calculated
G~v! is not, in general, sufficient to account for the high-Tc
of the materials with critical temperatures greater than ap-
proximately 50 K. The higher critical temperatures, on the
other hand, may result from a high density of electronic
states near the Fermi level, due to the presence of a Van
Hove singularity, for example, or an additional high-energy

component of the electron pairing interaction which is not
sampled by the tunneling spectrum.19 The latter represents a
fundamental limit of tunneling spectroscopy, that is, it is only
possible to extractG~v! from conductance data up to the
maximum bias voltage of the tunneling junction set by its
voltage breakdown limit. In typical tunneling junctions, this
maximum is of the order of 100 meV.

A potentially promising method of determining both the
energy and momentum dependence of the superconducting
gap function,D~v,k!, is angle-resolved photoelectron spec-
troscopy~ARPES!. This technique measures the energy and
momentum dependence of the one-particle spectral function,
A~v,k!.20 This quantity is related to the superconducting den-
sity of states as a function of both energy and crystal mo-
mentum, NS~v,k!, and thus is a direct measurement of
D~v,k!. A fundamental limitation of this method is that it
only probes the surface~;20 Å! of the material. Conse-
quently, the best data have been obtained on Bi2Sr2CaCu2O8
single crystals which are known to have one of the least
reactive surfaces of the cuprate superconductors and which
cleave easily in vacuum. Analogous to tunneling experi-
ments, information aboutD~v,k! is obtained from small
modulations inA~v,k! at energies well aboveD0. Typically
these modulations are of order$D~v!/v%2 which may only be
a fraction of a percent of the total measured quantity. This
places a restriction on the tolerable signal-to-noise ratio
~SNR! at;105 if G~v,k! is to be extracted from these mea-
surements. At present, this SNR cannot be achieved with
modern experimental techniques, thus no information on
G~v,k! can be obtained with ARPES.

Despite this, ARPES experiments have provided impor-
tant information concerning the symmetry of the supercon-
ducting gap edge,D0~k,T!. The magnitude ofD0~k,T! is ob-
tained in ARPES by fitting the energy distribution curves
measured along specific symmetry directions to a phenom-
enologically broadened BCS spectral function.21–23 The re-
sults indicate significant anisotropies exist in the magnitude
of the gap edge with momentum and thatD0~k,T! is large in
theG2M̄ direction, along the Cu-O bond, and close to zero
on either side of the~p,p! directions. Unfortunately, because
the technique measures onlyuD0~k,T!u, it is not possible to
determine ifD0~k,T! changes sign as a function ofk. These
measurements provide direct evidence that the superconduct-
ing gap function in these materials is highly anisotropic,
which is not surprising given their structural anisotropy.

Similarly, Raman spectroscopy has been used to probe the
symmetry of the superconducting gap edge.24–30 The polar-
ization dependence of the electronic Raman spectra of the
cuprate superconductors yields information about the under-
lying symmetry ofD0~k,T!. By fitting the measured spectra
with model systems based upon BCS-like superconducting
gaps of various symmetries, conclusions about the symmetry
of D0~k,T! can be drawn.31 Like ARPES, these measure-
ments suggest that there is significant anisotropy of the su-
perconducting gap in these materials, they cannot, however,
distinguish between a truedx22y2 superconducting gap and a

highly anisotropics-wave gap27,31–33as it is only possible to
extract the magnitude ofuD0~k,T!u, and not the sign of
D0~k,T!, from the spectrum. Even though electronic Raman
spectroscopy is a powerful technique for probing the sym-
metry of uD0~k,T!u, its use appears limited in the determina-
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tion of D~v,k,T! because of experimental problems associ-
ated with correcting for the energy-dependent optical
constants of the material, the removal of the phonon struc-
ture in the spectra, and the relatively low SNR as compared
to tunneling measurements.

A powerful, but perhaps underutilized experimental tech-
nique available for use in the determination of the energy and
momentum dependence ofD~v,k,T! is optical spectroscopy.
The transmittance or reflectance spectrum of a superconduc-
tor is a measure of both a superconducting joint density of
states and a joint case II coherence factor function.34,35Thus,
the reflectance or transmittance spectrum of a superconduc-
tor is, in principle, a direct measurement ofNS~v,k!, and
thus is a direct measurement ofD~v,k!. Unfortunately, this
measurement suffers all of SNR constraints imposed by the
small magnitude ofD~v,k! with respect to the excitation en-
ergy. In addition, the inversion of optical data is complicated
by the existence of case II coherence factors which enter into
the standard expressions describing the operative optical-
absorption process of a superconductor. LikeN/I /S tunnel-
ing, this approach has a long history in the study of conven-
tional low-temperature superconductors,36–42 but because of
the inferior signal-to-noise ratios in these measurements as
compared to tunneling measurements and the numerical
complexity of the inversion process, no rigorous inversion of
optical data has been attempted.

The optical properties of the cuprate superconductors
have been measured by many laboratories.43–59Often, these
measurements extend well into the superconducting state,
and in general, these measurements concentrate on the exist-
ence of the optical gap edge, 2D0(T), even though it is well
known that it is the small variations in the optical properties
of a superconductor at energies well above 2D0(T) that con-
tain information on the nature of the pairing interaction.

The important quantity measured in an optical experiment
performed on the high-Tc superconductors is the supercon-
ducting to normal-state reflectance ratio,RS/RN , or the ratio
of the real part of the optical conductivity in the supercon-
ducting state to that in the normal state, Re$sS~v!%/
Re$sN~v!%. Unlike RS/RN which can be measured directly,
the conductivity ratio is usually calculated with the help of
the Kramers-Kronig relations. Unfortunately, systematic un-
certainties in the Kramers-Kronig transformation limit the
precision of the measurement such that the minute structure
resulting from the energy dependence of the gap function is
lost at energies well above the optical gap edge.

Reflectance measurements, on the other hand, are ideally
suited as a means of obtaining information aboutG~v! op-
erative in the cuprate superconductors. Most importantly, the
reflectanceR is a quantity that is measured directly. Thus, the
precision of the measurement is only a function of the SNR
of the instrument used to collect the data. Further, because
the light penetrates the sample on the order of 1000 Å,54 the
reflectance measurement probes the bulk superconducting
properties of the material. In addition, since it is an optical
measurement, it is not limited to energies commonly avail-
able to tunnel junctions, thus the properties of the material
can be measured over a very wide energy range. Finally, by
measuring the reflectance ratio with polarized light, it is pos-
sible to obtain information on both the energy and momen-
tum dependence of the superconducting gap function.

In this paper, we report high precisionRS/RN measure-
ments obtained on a variety of high-temperature cuprate
superconductors.60 The reflectance ratio is obtained by mea-
suring each material’s temperature-dependent thermal differ-
ence reflectance spectra at temperatures above and below the
superconducting critical temperature. We analyze these data
using the strong-coupling extension of Mattis-Bardeen61

theory developed by Nam.34 We describe the numerical
methods employed to fit these data using an iterative proce-
dure which includes solving the finite temperature Eliashberg
equations and using the resultingD~v,T! to calculate the
scattering time in the superconducting statetS(v,T) based
upon a knowledge of the normal-state scattering time,
tN(v,T). We discuss the implications of these results and
their effect on the possible theories of high-temperature su-
perconductivity.

The paper is divided into four sections. In Sec. II we
describe the operation and performance characteristics of the
thermal-difference reflectance spectrometer designed to col-
lect these data. Section III develops a framework for the
thermal-difference reflectance spectra within the Drude
model and shows these data obtained with the spectrometer
on a variety of cuprate superconductors in the normal and
superconducting state. The formalism within which these
spectra are interpreted is described in Sec. IV. We then dis-
cuss the conclusions which can be drawn from these results
in Sec. V.

II. EXPERIMENTAL

The samples used in this study were high-quality,c-axis-
oriented, thin films of Tl2Ba2Ca2Cu3O10 ~Tl-2223!,62

Tl2Ba2CaCu2O8 ~Tl-2212!,63 ~BiPb!2Sr2Ca2Cu3O10
~BiPb-2223!,64 and YBa2Cu3O7 ~YBCO!.65 The Tc of each
sample was determined by the standard four-point probe
method, using a low-frequency~;20 Hz!, constant-current
amplitude, square wave excitation, and a lock-in amplifier.
The Tc of each sample was taken to be the temperature at
which the sample’s resistance fell to zero within the noise
limits of the measurement apparatus~;1029 V!. The critical
temperatures were measured to be;118 K for Tl-2223,
;106 K for BiPb-2223,;105 K for Tl-2212, and;91 K for
YBCO.

The optical data were collected with a thermal-difference
reflectance~TDR! spectrometer similar to the one described
previously.66 Briefly, a TDR spectrum is obtained by measur-
ing the reflectance spectrum,R~v!, of a sample at tempera-
tureT01DT, and atT02DT, then subtracting these quanti-
ties and dividing by their average value. Equivalently, the
TDR spectrum,DRT/R, is defined as

DRT

R
5

R~v,T01DT!2R~v,T02DT!

~@R~v,T01DT!1R~v,T02DT!/2

'
@]R~v,T0!/]T#

R~v,T0!
2DT, ~2!

where we note that if the changes in the reflectance of the
sample are linear within 2DT, then the TDR spectrum ap-
proximates the normalized thermoreflectance67 of the mate-
rial. Unless indicated otherwise, we setDT equal to 5 K in
all of these experiments.
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A schematic of the TDR spectrometer used in these stud-
ies is shown in Fig. 1. The present instrument has an added
77 K cryoshield which surrounds the sample and aids in the
collection of high-quality optical data at lower operating
temperatures. Each sample was mounted on the cold stage of
a small Joule-Thomson refrigerator68 installed in an
ultrahigh-vacuum optical chamber. The refrigerator can
maintain the sample temperature between 70 and 350 K with
620 mK stability over the course of a scan. The base pres-
sure of the turbo-pumped optical chamber, with the liquid-
nitrogen trap filled, was approximately 131029 torr. Unpo-
larized light was incident on the sample at an angle of 45°.
The signal from the detector was measured with a digital
lock-in amplifier69 tuned to the optical chopping frequency.
With the present optical system, TDR spectra can be col-
lected between photon energies of 0.3 and 5.0 eV.

For each sample, the TDR data were collected continu-
ously for a period of approximately nine days. Each TDR
spectrum from 0.3 to 4.5 eV consists of nine different scans.
In each scan, the appropriate optics and detectors are chosen
to maximize the magnitude of signal measured at the detec-
tor, and thus maintain the highest possible SNR over the
entire spectrum. Using digital averaging and thermal cycling
techniques,66 the baseline noise of the instrument has been
reduced to approximately the one part in 105 level. We illus-
trate this in Fig. 2 where the TDR spectrum of Tl-2212 at
300 K with a DT55 K is shown with the same spectrum
collected with aDT50 K. As can be seen, the noise level of
the instrument is much smaller than the optical features in
the DT55 K TDR spectrum. This extremely low baseline
noise allows for the detection of changes in the reflectance of
the sample to approximately 0.007%, at photon energies be-
tween 0.3 and 4.5 eV, and is thus ideally suited to measure

the small changes in the reflectance of a superconductor
which may occur upon entering the superconducting state.

III. RESULTS

In general, the TDR spectrum of a material is difficult to
interpret. Fortunately, however, there are instances in which
the derivative line shapes observed in the spectrum are char-
acteristic of a specific optical-absorption process. For ex-
ample, it is well known that optical absorptions in the deriva-
tive spectra of semiconductors display characteristic line
shapes which are unique to the nature of the critical points in
the joint density of states of the material.67,70 Also, metals
possess a unique derivative line shape whose location corre-
sponds to the energy of the screened plasma frequency of the
material.67 To illustrate typical TDR spectra for metallic ma-
terials, we first develop the formalism within Drude theory.
After the general features of this type of spectroscopy are
shown, we present our TDR spectra of the high-Tc cuprate
superconductors.

A. Thermal-difference reflectance spectroscopy in the Drude
model

The TDR spectrum of a metal provides information about
the temperature-dependent processes which affect the mate-
rial’s optical properties. In the simplest model of the optical
properties of a metal, the Drude model, the TDR spectrum
arises from the temperature-dependent changes in the mate-
rial’s plasma frequency and scattering rate.67,70 The optical
properties of a Drude metal are determined by three param-
eters; the bare plasma frequency, the optical scattering rate,
and the high-frequency dielectric constant. Given these pa-
rameters the reflectance spectrum,R, of a Drude metal at
normal incidence is given by70,71

R5
@« r

2~v!1« i
2~v!#0.52$2« r~v!12@« r

2~v!1« i
2~v!#0.5%0.511

@« r
2~v!1« i

2~v!#0.51$2« r~v!12@« r
2~v!1« i

2~v!#0.5%0.511
, ~3!

FIG. 1. Schematic diagram of the spectrometer used for thermal
difference reflectance measurements of the cuprate superconduct-
ors.

FIG. 2. The thermal-difference reflectance~TDR! spectra of
Tl2Ba2CaCu2O8 at 300 K withDT50 K andDT55 K. The data
collected withDT50 K establishes the baseline signal-to-noise ra-
tio of the TDR spectrometer at;731025. Thus, by using TDR
spectroscopy, it is possible to detect the temperature-dependent
changes in a sample’s reflectance to;0.007%.

53 6737THERMAL-DIFFERENCE REFLECTANCE SPECTROSCOPY OF . . .



with

« r~v!5«`2S vp
2

v21G2D , ~4!

and

« i~v!5
G

v S vp
2

v21G2D , ~5!

where «r~v! and «i~v! are the real and imaginary compo-
nents of the complex dielectric function,«` is the high-
frequency dielectric constant,G is the Drude scattering rate,
andvp is the bare plasma frequency given by,

vp5A4pNe2

m*
. ~6!

In Eq. ~6!, N is the electron density of the material,m* is the
optical effective mass, ande is the electronic charge. Figure
3~a! showsR for a Drude metal calculated by using Eq.~3!
and the Drude model parameters shown in Table I. In this
model, the plasma frequency is located at 3.0 eV, the high-
frequency dielectric constant is 4.0, and the model is heavily
damped withG50.3 eV. These parameters are similar to
those observed in the high-Tc cuprate superconductors. As
seen in Fig. 3~a!, R is relatively large at low energies and
falls abruptly at approximately 1.5 eV near the screened
plasma frequency,ṽp , whereṽp;(vp /A«`). Above ṽp , R
passes through a minimum and then increases slowly to a
constant magnitude at high energies.

The TDR spectrum of a Drude model is obtained by cal-
culating the partial derivatives of«r~v! and «i~v! with re-

spect to temperatureT, and the partial derivatives ofR with
respect to both«r~v! and«i~v!. The TDR spectrum may be
written as,

DRT

R
5

1

R~v,T! S ]R~v,T!

]« r~v,T!

]« r~v,T!

]T

1
]R~v,T!

]« i~v,T!

]« i~v,T!

]T D2DT, ~7!

where we now write the temperature and energy dependence
of R, «r , and«i explicitly. The partial derivatives ofR(v,T)
with respect to« r(v,T) and« i(v,T) may be calculated us-
ing Eq. ~3! and are independent of the model used to de-
scribe the optical properties of the material. The thermal de-
rivatives of the real and imaginary components of the
dielectric function, however, are model specific. Within the
Drude model, assuming that both the optical effective mass,
m* , and the high-frequency dielectric constant,e`, are inde-
pendent of temperature, these derivatives can be shown to
be,

]« r~v,T!

]T
5S vp

2

v21G2D F S 1V dV

dTD 1S 2G

v21G2D dG

dTG , ~8!

and

]« i~v,T!

]T
5

G

v S 2
]« r~v!

]T D 1S 1v D S vp
2

v21G2D dG

dT
, ~9!

whereV is the unit-cell volume,dV/dT is the derivative of
the unit-cell volume with respect to temperature, anddG/dT
is the derivative of the Drude scattering rate with respect to
temperature. The parametersV, dV/dT, andG are, in gen-
eral, temperature dependent. The Drude TDR spectrum may
then be calculated with Eq.~7! by inserting typical values of
V, dV/dT, anddG/dT into Eqs.~8! and~9!. In most metals,
the thermal-expansion coefficient, (1/V)dV/dT, is approxi-
mately 1025 K21, anddG/dT is approximately Boltzmann’s
constant,kB .

67 Using the Drude parameters in Table I, the
TDR spectrum of this model is shown in Fig. 3~b!. The spec-
trum shows a distinctive derivative response at energies close
to the screened plasma frequency. In Fig. 3~b!, ṽp is seen to
be located at an energy very close to the negative peak in the
TDR spectrum.

FIG. 3. Model calculations based on the Drude parameters in
Table I. ~a! The reflectance spectrum of the Drude model at near-
normal incidence.~b! The TDR spectrum of the Drude model with
a DT55 K. The structure in the TDR spectrum is a result of the
temperature-dependent changes in the material’s plasma frequency
and optical scattering rate. The location of the screened plasma
frequencyṽp is indicated by the arrow in the figure.

TABLE I. Drude and modified Drude optical parameters. Pa-
rameters used to model the reflectance and TDR spectra of a Drude
and a modified Drude metal shown in Figs. 3 and 4. The optical
properties of a Drude metal are determined by the bare plasma
frequency,vp , the high-frequency dielectric constant,e` , and the
optical scattering rate,G. The TDR spectrum of a Drude metal is
determined by the temperature dependence of both the unit-cell
volume and the scattering rate. The modified Drude metal is taken
to be one in which the scattering rate is linearly dependent on fre-
quency.

Model vp ~eV! «` G ~eV! 1

V

]V

]T
(K21)

]G

]T
(eV K21)

Drude 3.0 4.0 0.3 1025 kB
Modified Drude 3.0 4.0 0.6v 1025 kB
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It is well known that the optical response of the cuprate
superconductors is distinctively non-Drude.46,50,54,56 How-
ever, this response can be approximated phenomenologically
by a modified Drude model in which the optical scattering
rate is both temperature and energy dependent. Schlesinger
et al.,50 proposed that the optical scattering rate in the cu-
prates could be written as

G5max~kBT,Av!, ~10!

whereA is approximately 0.6, and max~•••! represents that
the larger of the two quantities is to be taken. A similar form
of optical scattering rate has been derived in the context of a
nested Fermi liquid72 and in marginal Fermi liquid
theory.73–75Although this form ofG implies a causal change
in the optical effective massm* , this change is small at the
energies of interest~;1.0 eV! and we neglect it. This form of
scattering rate directly affects the form of the reflectance
spectrum. TheR of this model, calculated using the modified
Drude parameters in Table I, is shown in Fig. 4~a!. Instead of
possessing an abrupt decrease inR at ṽp , the reflectance is
seen to decrease nearly linearly with increasing energy. This
energy-dependent behavior ofR makes it difficult to deter-
mine ṽp directly from the data. Instead, numerous tech-
niques involving the Kramers-Kronig transformation ofR,
and optical sum rule arguments,54 are utilized in an attempt
to determine the optical parameters.

The TDR spectrum of this modified Drude model is
shown in Fig. 4~b!. As in the conventional Drude model,
there is a large derivative structure located nearṽp which
allows for the direct determination ofṽp to within the ex-
perimental uncertainties obtained by other methods.54As can
be seen in Fig. 4~b!, ṽp lies close to the zero crossing in the

modified Drude TDR spectrum. This demonstrates a unique
feature of TDR spectra of metals. Though the location of the
screened plasma frequency is obscured in the conventional
reflectance measurement, its location is quite apparent in the
TDR spectrum. We find that, in general, asG increases,ṽp
tends to be closer to the zero crossing in the TDR spectrum.
Similarly, asG becomes smaller,ṽp tends towards the nega-
tive peak in the TDR spectrum. Thus, an approximateṽp
may be obtained directly by measuring the energies of the
negative peak and the zero crossing in the TDR spectrum of
Drude-like metals.

B. Normal-state thermal-difference reflectance spectra
of cuprate superconductors

The normal-state TDR spectra of Tl-2223, Tl-2212, BiPb-
2223, and YBCO are shown in Fig. 5. All of these spectra
were measured at 300 K and at a temperature just above each
sample’sTc between photon energies of 0.3 and 4.5 eV with
aDT55 K. The TDR spectra of all these materials are quali-
tatively similar. For example, they all possess a large deriva-
tive structure near 1.0 eV. This structure is known to arise
from the temperature-induced changes in both the scattering
rate and the volume of the material’s unit cell, as discussed
previously. From these TDR spectra, we have graphically
determined the location ofṽp for each material. These val-
ues are shown in Table II where we takeṽp to be the average
of the energies of the negative peak in the TDR spectrum and
the zero crossing. The plasma response of YBCO, Fig. 5~d!,
is unique in that it is the only orthorhombic material studied,
and thus is known to possess two distinct in-plane plasma
frequencies. These correspond to the so-called plane and
chain contributions to the optical properties of the
material.50,51 The existence of two in-plane plasma frequen-
cies, which is difficult to measure in unpolarized reflectance
spectroscopy, is clearly evident in the TDR spectrum of
YBCO.

In addition to the plasma response, there is significant
structure in the TDR spectra of these materials at photon
energies greater thanṽp . In particular, all of the materials
possess structure in their TDR spectrum between 3.0 and 4.0
eV. This structure most likely corresponds to the thermal
derivative of charge-transfer excitations in these materials.
The Tl-2212 spectrum shows a particularly strong effect.
This structure arises mainly from the temperature-induced
changes in the energy position of this transition, and, by the
nature of the transition, is most dramatically affected by the
changes in the volume of the unit cell with temperature. In
addition, the TDR spectra of both Tl-2212 and YBCO show
structure near 1.7 and 2.0 eV, respectively. This structure is
most likely the TDR response of ad92d10LI Cu-O charge-
transfer excitation which is known to exist in materials pos-
sessing Cu-O based planes.47,76–78This optical structure may
be obscured in the Tl-2223 and BiPb-2223 spectra because
of the location of the TDR screened plasma response.

The temperature dependence of the TDR spectra of these
materials in the normal state yields information on the tem-
perature dependence of both the coefficient of thermal ex-
pansion and the optical scattering rate. The optical scattering
rate in the cuprates is most commonly described by Eq.~10!.
The linear temperature dependence of this scattering rate is
consistent with the observed linear temperature-dependent

FIG. 4. Model calculations based on the modified Drude param-
eters in Table I.~a! The reflectance spectrum of the modified Drude
model at near-normal incidence. This reflectance spectrum is simi-
lar to the reflectance spectra of the cuprate superconductors.~b! The
TDR spectrum of the modified Drude model with aDT55 K. The
location of the screened plasma frequency,ṽp, is indicated by the
arrow in the figure. Unlike the TDR in the Drude model,ṽp lies
close to the zero crossing in the modified Drude model.
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resistivity of these materials, which is essentially a measure
of the scattering rate in the limit of zero frequency. Because
the optical scattering rate depends linearly on temperature in
the modified Drude model and is dominated by the
v-dependent contribution at the energies of interest, the con-
tribution of this term to the temperature dependence of the
TDR spectrum is negligible. Consequently, thetemperature
dependenceof the TDR spectrum in the modified Drude
model is dominated by the temperature-dependent changes in
the thermal-expansion coefficient. To illustrate these
temperature-dependent effects, we have calculated the TDR
spectrum of the modified Drude model shown in Fig. 4~b! at
300 and 100 K. The results of these calculations are shown in
Fig. 6 where we use Eq.~10! for the optical scattering rate
and the measured temperature-dependent lattice parameters
of YBCO for bothV anddV/dT.79 From Fig. 6 it is clearly
seen that the TDR spectrum in the modified Drude model is
nearly independent of temperature and that, in general, the
amplitude of the TDR spectrum at higher temperatures de-
creases due to the increase in the size of the unit cell.

This temperature-dependent behavior is in stark contrast
to that observed in the temperature-dependent TDR spectra

of the cuprate superconductors~Fig. 5!. We find that the
amplitude of the TDR spectra of these materials from 300 to
approximately 100 K varies approximatelylinearly with
temperature. This behavior is illustrated in Fig. 7 where the
amplitude of the positive maximum in the TDR spectrum of
Tl-2223 is plotted versus temperature. Because the changes
in the lattice with temperature cannot account for this behav-
ior, this result suggests that the temperature dependence of
the optical scattering ratescales asT2. We note that aT2

temperature dependence of the scattering ratedoes not agree
with the observedT dependence of the resistivity in the cu-
prates. This may arise because the resistivity is a measure of
the scattering rate near the Fermi surface, or essentially at
zero frequency, while the TDR spectrum probes the tempera-
ture dependence of the scattering rate at optical frequencies.
Thus, from this experimental observation, we propose that
the temperature-dependentoptical scattering rate in these
materials is of the form,

G5A~kBT!21Bv, ~11!

whereA andB are constants. We have retained a term in the
scattering rate that islinear with v because it well describes

FIG. 5. The normal-state TDR spectra of~a! Tl2Ba2Ca2Cu3O10 ~Tc;118 K!, ~b! Tl2Ba2CaCu2O8 ~Tc;105 K!, ~c! ~BiPb!2Sr2Ca2Cu3O10
~Tc;106 K!, and~d! YBa2Cu3O7 ~Tc;91 K!. For each sample, data are shown at 300 K and at a temperature just above the sample’sTc .
The amplitude of the TDR spectrum of each sample is observed to depend linearly on temperature, indicating that the optical scattering rate
scales atT2.

TABLE II. Screened plasma frequencies obtained graphically from the TDR spectra. Values of the
screened plasma frequencies,ṽp;(vp /A«`), obtained graphically from the TDR spectra of the cuprate
superconductors shown in Fig. 5. We take the magnitude ofṽp to be the average between the most negative
peak in the TDR plasma response and the zero crossing.

Sample TDR negative peak~eV! TDR zero crossing~eV! ṽp ~eV!

T1-2223 1.04 1.17 1.1160.07
T1-2212 0.79 1.03 0.9160.12
BiPb-2223 1.04 1.24 1.1460.10
YBCO 1.37 1.59 1.4860.11

0.88 1.18 1.0360.15
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the reflectance spectrum of the cuprate superconductors.80 In
Fig. 8 the TDR spectrum of the modified Drude model, using
the scattering rate shown in Eq.~11!, is plotted at 300 and
100 K. It is easily seen that, similar to the temperature-
dependent TDR response of the cuprate superconductors, the
amplitude of the TDR signal in this model is linearly depen-
dent onT.

C. Superconducting-state thermal-difference reflectance
spectra of cuprate superconductors

The low-temperature TDR spectra of T1-2223, T1-2212,
BiPb-2223, and YBCO are shown in Fig. 9. For each sample,
the TDR spectrum is shown at temperatures immediately
above the sample’sTc , and at temperatures well into the
superconducting state. Upon entering the superconducting
state, there is a significantincreasein the amplitude of the
structure in the TDR spectrum of each sample. This is in
stark contrast to the behavior of the spectra at temperatures

aboveTc , where the amplitude of the structure in the TDR
spectrum of each sample tends todecreasewith temperature.
Since this same effect is observed in all of the different ma-
terials, each with a differentTc , we associate this change in
the optical properties with the onset of superconductivity. In
principle, the change in the TDR spectrum atTc contains
information about the underlying superconducting gap func-
tion. To facilitate the interpretation of these spectra, we have
developed a normalization procedure from which it is pos-
sible to obtain the superconducting to normal-state reflec-
tance ratio directly from the raw TDR spectra.

D. Calculation of the superconducting to normal-state
reflectance ratio from TDR spectra

Since the TDR spectrum of each sample is proportional to
temperature for T1-2223 and YBCO, or virtually indepen-
dent of temperature for BiPb-2223 and T1-2212, at tempera-
tures just above the material’sTc , it is possible to remove the
normal-state TDR response from the TDR data collected be-
low Tc to show more clearly the structure in the spectra
which results from the onset of superconductivity. This nor-
malization procedure results in data that are proportional to
the superconducting to normal-state reflectance ratio,RS/RN ,
spectrum of the material at temperatures just below the ma-
terial’s Tc . It is analogous to the division of the supercon-
ducting state conductance spectra by the normal-state con-
ductance typically performed in N/I /S tunneling
measurements.4

To illustrate this normalization procedure, we concentrate
on the temperature-dependent TDR spectrum of T1-2223.
The critical temperature of this material was determined to
be approximately 118 K. We take the normal-state TDR
spectrum as the data collected at 135 K. Recalling Eq.~2!,
these data represent the normalized difference in the reflec-
tance of the material collected at 140 and 130 K~DT55 K!.
Thus, within the temperature range of the measurement, the
sample is completely in the normal state. The temperature
dependence of the amplitude of the TDR spectrum for T1-
2223 is observed to be proportional to temperature at tem-

FIG. 6. Calculated TDR spectrum at 300 and 100 K based upon
the temperature-dependent lattice parameters of YBa2Cu3O7 and an
optical scattering rateG equal to max~kBT,0.6v!. This model, un-
like the TDR response observed in the cuprate superconductors,
yields a TDR spectrum which is virtuallyindependentof tempera-
ture from 300 to 100 K.

FIG. 7. The amplitude of the positive maximum in the TDR
response of Tl2Ba2Ca2Cu3O10 as a function of temperature. The
linear dependence of the amplitude of the TDR structure is evident
in the figure.

FIG. 8. Calculated TDR spectrum at 300 and 100 K based upon
the temperature-dependent lattice parameters of YBa2Cu3O7 and an
optical scattering rateG equal to B(kBT)

210.6v, with B5100
eV21. This model, like the TDR response observed in the cuprate
superconductors, yields a TDR spectrum which islinearly depen-
denton temperature from 300 to 100 K.
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peratures aboveTc .
60 Thus, we assume the temperature de-

pendence of the material at any temperatureif it were in the
normal statecan be expressed as

DRT
N

R
5S T

135 KD DR135 K

R
, ~12!

where the superscriptN indicates that this represents strictly
the normal-state response of the material. With Eq.~12! we
may extrapolate the normal-state TDR response of the mate-
rial into the superconducting state. This procedure is justified
empirically because if we perform the same procedure for
temperatures greater than the normalization temperature~i.e.,
135 K for T1-2223! we find that the measured TDR spectra
and the extrapolated spectra are virtually identical.

TheRS/RN of the material can be obtained by subtracting
the extrapolated normal-state TDR spectrum from the mea-
sured TDR spectrum of the material collected at a tempera-
ture which cycles in and out of the superconducting state.
For T1-2223, the spectra collected at 115 K cycles between
the superconducting and normal state. The subtraction of the
extrapolated TDR spectrum from the measured TDR spec-
trum at 115 K yields

DR115 K

R
2

DR115 K
N

R
5
R120 K2R110 K

^R&
2
R120 K
N 2R110 K

N

^R&
,

~13!

which can easily be shown to be

DR115 K

R
2

DR115 K
N

R
512

R110 K
S

R110 K
N , ~14!

with the assumption that the normal-state reflectance of the
material at 110 K is approximately equal to the average value
of the reflectance,̂R&. Thus, the superconducting to normal-
state reflectance ratio of T1-2223 at 110 K can be written as

RS

RN
5
R110 K
S

R110 K
N 512H DR115 K

R
2

DR115 K
N

R J . ~15!

TheRS/RN of T1-2223 at 110 K obtained in this manner is
shown in Fig. 10~a!. ThisRS/RN is seen to possess a signifi-
cant amount of structure at photon energies as high as 2.0 eV.
TheRS/RN of T1-2212, BiPb-2223, and YBCO are shown as
~b!, ~c!, and ~d! in Fig. 10, respectively. The normalization
procedure for both T1-2223 and YBCO follow what is de-
scribed above. The normalization procedure for T1-2212 and
BiPb-2223, however, did not utilize the linear temperature-
dependent extrapolation because the TDR spectra of these
materials were observed to be virtually independent of tem-
perature for temperatures just aboveTc , although this ap-
proximate linear-T dependence is observed from 300 to
;120 K in these materials.

In each sample, there is considerable structure in the re-
flectance ratio at high photon energies. This structure is re-
lated to the onset of superconductivity and thus contains in-
formation about the energy dependence of the
superconducting gap function,D~v!. In the following sec-
tions, we extract information pertaining to the functional
form of D~v!, and the underlying electron-boson coupling
function,G~v!, based upon a generalized Eliashberg descrip-
tion of the superconducting state, and the associated strong-
coupling description of the optical properties of a supercon-
ductor.

FIG. 9. The TDR spectra of~a! Tl2Ba2Ca2Cu3O10 ~Tc;118 K!. ~b! Tl2Ba2CaCu2O8 ~Tc;105K!, ~c! ~BiPb!2Sr2Ca2Cu3O10 ~Tc;106 K!,
and ~d! YBa2Cu3O7 ~Tc;91 K! at the indicated temperatures. For each sample, data are shown at temperatures corresponding to both the
normal state and the superconducting state of the sample. We observe additional structure between 1.0 and 2.0 eV in the TDR spectra
collected at temperatures below each sample’s superconducting critical temperature.
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IV. DATA ANALYSIS

We analyze our results based upon the following model
assumptions. First, we assume an isotropic Eliashberg model
describing both the optical properties and the superconduct-
ing gap function. Even though the cuprate superconductors
are highly anisotropic, this assumption has some merit in that
we have measured the optical properties with unpolarized
light in the copper-oxygen plane of the material. In the end,
although we cannot measureG~v,k! from the unpolarized
TDR data, it is possible to obtain information aboutG~v! in
these materials. LikeN/I /S tunneling measurements, we are
essentially taking an average ofG~v,k! over the Fermi sur-
face. This simplifies dramatically the equations involved in
calculating the optical properties of an Eliashberg supercon-
ductor.

We also assume that the changes in the optical properties
which occur when the material passes into the superconduct-
ing state arise from the existence of a finiteD~v,T! at tem-
peratures belowTc , and neglect the minor changes in the
unit cell that are known to occur in the neighborhood ofTc
in these materials.79,81–85This assumption is justified by the
arguments, and theoretical TDR calculations, discussed in
Sec. II B. In the end, we find that the changes in the ampli-
tude of the TDR spectrum which may occur with an associ-
ated structural change atTc alter the amplitude of the TDR
spectrum only a fraction of a percent of the measured ampli-
tude. Further, a simple discontinuous change in the structure
of the unit cell cannot account for thedifferent spectral form
of the TDR structure which grows in atTc , as evidenced
most clearly in T1-2223@115 K spectrum in Fig. 9~a!#.

A. Formalism

In our model, we assume the Eliashberg theory of super-
conductivity is an appropriate formalism to describe the su-
perconducting state of these materials. The existence of a

complex, energy-dependent gap function will necessarily
modify the optical scattering time of the material. The scat-
tering time of the material in the superconducting state,
tS~v!, may be calculated by assuming a form for the scatter-
ing time of the material in the normal state,tN~v!.34,35From
this, the superconducting to normal-state reflectance ratio
may be calculated and compared to experiment.

The procedure we use to calculate a theoreticalRS/RN is
as follows. We first assume a functional form of the electron-
boson coupling function,G~v!, and a magnitude of the Cou-
lomb repulsion,m* , to match the experimentally measured
Tc . The theoreticalTc is the temperature at whichD~v,T!
equals zero. Thus, we can findTc for a modelG~v! andm*
by solving forD~v,T! at a variety of temperatures and find-
ing the temperature at whichD~v,T! collapses to zero. We
obtainD~v,T! based uponG~v!, T, andm* using the finite
temperature, real-energy axis formulation of the Eliashberg
integral equations. In an isotropic model, these equations can
be written as3

D~v,T!5
1

Z~v,T!
E
0

`

dv8 ReH D~v8,T!

Av822D2~v8,T!
J

3K1~v,v8,T!2
m*

Z~v,T!
E
0

`

dv8

3ReH D~v8,T!

Av822D2~v8,T!
J tanhS bv8

2 D , ~16!

with

Z~v,T!512
1

v E
0

`

dv8 ReH v8

Av822D2~v8,T!
J

3K2~v,v8,T!, ~17!

FIG. 10. The superconducting to normal-state reflectance ratio,RS/RN , of ~a! Tl2Ba2Ca2Cu3O10 at T5110 K, ~b! Tl2Ba2CaCu2O8 at
T590 K, ~c! ~BiPb!2Sr2Ca2Cu3O10 atT590 K, and~d! YBa2Cu3O7 atT580 K. For all samples,RS/RN deviates significantly from unity at
energies as high as 2.5 eV.
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K1~v,v8,T!5E
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1
f ~2v8!1n~V!
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2
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2
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`
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v81v1V

2
f ~2v8!1n~V!
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1
f ~v8!1n~V!

2v81v1V

2
f ~v8!1n~V!

2v82v1V G , ~19!

and

f ~v!5S 1

exp~bv!11D , n~v!5S 1

exp~bv!21D ,
where D~v,T! is the complex, energy- and temperature-
dependent superconducting gap function,Z(v,T) is the
complex, energy- and temperature-dependent renormaliza-
tion function, G~V! is the generalized energy-dependent
electron-boson coupling function averaged over the Fermi
surface,m* is the screened Coulomb repulsion,f ~v! and
n~v! are the Fermi and Bose occupation factors, respectively,
andb51/kBT. Together, these equations form a nonlinear set
of coupled integral equations which must be solved self-
consistently forD~v,T!.

A full description of the procedures used to solve the fi-
nite temperature real-energy axis Eliashberg equations has
been described previously.86 Briefly, an iterative procedure is
used to solve such integral equations. IfG~v!, m* , andT are
known, then the real and imaginary components of
K6(v,v8,T) are calculated and stored for all points$v,v8%.
Then, using the calculatedK6(v,v8,T) and a guess at the
initial form of D~v,T!. Eqs.~16! and ~17! are iterated until
the solution is self-consistent. Specifically, the first-order
guess forD~v,T! is usually taken as a constant, real quantity
with a magnitude approximately that of a typical BCS gap.
With this first-order guess ofD~v,T!, the renormalization
function Z(v,T) is calculated using Eq.~17!. Then a new
D~v,T! is calculated using Eq.~16!, the first-order guess at
D~v,T!, and the newly calculatedZ(v,T). This iteration pro-
cedure is repeated until the newly calculatedD~v,T! does not
differ significantly from the solution of the previous itera-
tion.

With a modelG~v! andm* that matches the observedTc ,
and theD~v,T! obtained from the solution of the Eliashberg
equations at the temperature at which the superconducting to
normal-state reflectance ratio is collected, we calculate the
reflectance in both the superconducting and normal states
according to the following method. With a knowledge of
D~v,T! it is possible to express the real part of the optical
conductivity in the superconducting state, Re$sS(v,T)%, in
terms of the real part of the optical conductivity in the nor-
mal state, Re$sN(v,T)%. It can be shown that the ratio of
Re$sS(v,T)% to Re$sN(v,T)% at low temperatures can be
written as35

Re$sS~v!%

Re$sN~v!%
5
2

v E
0

v/2

dṽ ReS ṽ

Aṽ22D2~ṽ !
D

3ReS v2ṽ

A~v2ṽ !22D2~v2ṽ !
D

2
2

v E
0

v/2

dṽ ReS D~ṽ!

Aṽ22D2~ṽ !
D

3ReS D~v2ṽ !

A~v2ṽ !22D2~v2ṽ !
D . ~20!

Equation~20! is valid in both the extreme anomalous~l and
j@l! and London~l andj!l! limits, wherel is the electron
mean free path,j is the superconducting coherence length,
andl is the optical penetration depth. At the photon energies
of interest, the cuprate superconductors are taken to be in the
London limit. If we assume a model forsN(v,T), it is pos-
sible to calculatesS(v,T) usingD~v,T! and Eq.~20!. In our
model, we assume a modified Drude description of the
normal-state optical properties of the materials and use a
normal-state scattering rate,G(v,T)51/tN(v,T), of the
form in Eq. ~11!. The complex optical conductivity in the
Drude model can be written as87

s~v,T!5
sdc

12 ivt
, ~21!

wheresdc is the zero-frequency conductivity of the material,
and t is the scattering time, which we take to be both fre-
quency and temperature dependent. Using Eqs.~20! and~21!
it can be shown that the scattering time in the superconduct-
ing statetS(v,T) can be expressed as,

ts~v,T!5
11v2tN

2 ~v,T!

2v2tN~v,T!u~v,T!
1

Av2tN
2 ~v,T!22vtN~v,T!u~v,T!11Av2tN

2 ~v,T!12vtN~v,T!u~v,T!11

2v2tN~v,T!u~v,T!
,

~22!
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with

u~v,T!5
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v E
0

v/2

dṽ ReS ṽ

Aṽ22D2~ṽ,T!
D

3ReS v2ṽ
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D 2

2

v E
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Aṽ22D2~ṽ,T!
D

3ReS D~v2ṽ,T!
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D . ~23!

With both tS(v,T) and tN(v,T), we calculate a model
RS/RN , vary the optical parameters,vp , e` , andG, within
the limits permitted by the 20% uncertainty of the literature
values,54 and attempt to obtain a match with the data. Both
the superconducting and normal-state reflectance spectra are
calculated fors- andp-polarized light at a 45° angle of in-
cidence. The calculated reflectance ratio is sensitive to the
spectral form ofG~v! used as input to the Eliashberg equa-
tions which yieldD~v,T!. If a givenG~v! does not lead to a
satisfactory fit of the measured data with reasonable optical
parameters, the shape ofG~v! is altered, and the entire pro-
cess is repeated.

We note that in order to calculateRS/RN with sufficient
accuracy to use the model as a means of fitting our experi-
mental data, it is necessary to both solve for a self-consistent
D~v,T! and changes int~v,T! at the one part in 105 level. If
this precision is not attained in the numerical calculations of
the optical properties of the superconductor, it is not possible
to describes changes in the superconducting to normal-state
reflectance ratio at the 0.01% level.

B. Comparison of theory and experiment

Having established the numerical procedures required to
interpret high precisionRS/RN data, we first present the re-
sults of calculations based upon an interaction that is strictly
electron-phonon based. We plot, along with these results, the
measuredRS/RN of the Tl-2223 sample at 110 K for com-
parison@Fig. 10~a!#. If the superconductivity in Tl-2223 is
mediated strictly by either phonons, or any other pairing in-

teraction whose associated electron-boson coupling function
is restricted to energies of less than;100 meV, the optical
properties of the material in the superconducting state will
reflect this energy dependence. As an example, we choose a
cutoff Lorentzian peak model interaction9 centered at 100
meV with a damping of 15.5 meV. Using a typicalm* value
of 0.1 eV, the amplitude ofG~v! was raised to a level at
which the critical temperature is about 118 K, as obtained
from the approximate analytic expression derived by Allen
and Dynes forTC .

19 The model parameters are shown in
Table III. These parameters are used as input to the Eliash-
berg equations to obtainD~v,T! at zero temperature. The
finite temperatureD~v,T! is then approximated by multiply-
ing the zero-temperature solution by the known temperature
dependence of the BCS gap.3 Then, using Eq.~22! and~23!,
and approximate optical parameters for Tl-2223,88 we calcu-
late the theoretical superconducting to normal-state reflec-
tance ratio.

In Fig. 11, we show the results of these calculations based
upon this low-energy coupling function. Figure 11~a! shows
the approximateD~v,T! at 110 K. It is seen in that there is
considerable structure inD~v! at low energies, but at ener-
gies above approximately 0.6 eV,D~v! is very near zero. The
RS/RN of this model, along with the measuredRS/RN of
Tl-2223, are shown in Fig. 11~b!. Clearly, this model repre-
sents a poor match to the measured data. The calculated
RS/RN shows a great deal of structure at energies where there
is a finite, largeD~v!. And, as anticipated, very little struc-
ture at high energies where the associated structure in the gap
function tends to zero.

Even though the calculatedRS/RN of this model does not
fit these data, this result is important because it indicates that,
within Eliashberg theory, if the pairing interaction is at ener-
gies below approximately 100 meV, like the electron-phonon
interaction, then,no matter how strong the coupling, the op-
tical properties of the material remain unchanged at energies
on the order of 2.0 eV. Since we have observed such changes
at these high energies in all of these samples, we conclude
that the electron-phonon interaction cannot solely account
for the superconductivity in the materials studied in this
work.

To illustrate the sensitivity of the calculatedRS/RN to the
form of the inputG~v!, we have calculated the theoretical
RS/RN based upon a variety of functional forms of the cou-

TABLE III. Example model systems used in an attempt to fit the experimentalRS/RN spectra. The parameters used to model the
experimentalRS/RN data. The electron-boson coupling function used as input to the Eliashberg equations consists of both an electron-
phonon and, in the midinfrared and near-infrared models, a higher energy electron-boson component. These components are cutoff Lorent-
zian peaks with amplitudes (A0 ,A1), energies~v0,v1!, and widths~G0,G1! shown. Using the indicated value of the screened Coulomb
repulsion,m* , the model critical temperature is calculated using the approximate analytic expression forTC derived by Allen and Dynes. The
strength ofG~v! is varied such that the calculatedTC equals the experimentalTC of each sample. The modelRS/RN is calculated by using
D~v,T! obtained by solving the zero-temperature Eliashberg equations and multiplying this solution by the known temperature dependence
of a BCS gap. We use the model parameters obtained for Tl2Ba2Ca2Cu3O10 ~Table IV! to calculate theRS/RN .

Model A0

v0
~eV!

G0
~meV! A1

v1
~eV!

G1
~meV!

m*
~eV! l

TC
a

~K!
D0

~meV!
vp

~eV! «`

1/tN
~eV!

Phonon 2.0 0.10 15.5 0.10 1.455 118.1 28.02 2.76 4.29 0.0310.41v
Phonon1midInfrared 1.9 0.05 7.0 0.795 0.5 100.0 0.15 1.733 118.4 32.80 2.76 4.29 0.0310.41v
Phonon1nearInfrared 1.9 0.05 7.0 1.15 1.0 100.0 0.15 1.526 118.1 28.04 2.76 4.29 0.0310.41v

aCalculated using the approximate analytic expression forTC derived by Allen and Dynes.

53 6745THERMAL-DIFFERENCE REFLECTANCE SPECTROSCOPY OF . . .



pling function. These forms include both a low-energy, pre-
sumably electron-phonon, and a higher-energy electron-
boson interaction. The low-energy electron-boson interaction
in all of these calculations is located at 50.0 meV with a
broadening of 7.0 meV. The complete model parameters are
shown in Table III. Figures 12 and 13 show theD~v,T5110
K!, andRS/RN , based upon model interactions which consist
of an electron-phonon componentplus an interaction cen-
tered at 0.5 and 1.0 eV, respectively. In each model, there is
considerable structure in the reflectance ratio at energies
whereD~v! possesses significant structure, but the calculated
RS/RN does not match the experimental spectrum.

The best fit of the Tl-2223RS/RN is obtained by includ-
ing, in addition to the electron-phonon interaction, a high-
energy interaction located at 1.6 eV. The model parameters
of this fit are shown in Table IV. In this fitting process we
have matched the theoreticalTC , calculated by solving the
Eliashberg equations at finite temperatures, to the experimen-
tal TC . Figure 14~a!, shows theD~v,T! obtained by solving
the finite-temperature Eliashberg equations at 110 K, andnot
the approximateD~v,T! calculated by multiplying the zero-
temperature solution by the temperature dependence of the
BCS gap. The calculatedRS/RN based upon thisG~v! is
shown in Fig. 14~b! along with the measuredRS/RN of Tl-
2223. We find very good agreement between the measured
and calculated results based upon this coupling model. The
zero-temperature solution of the Eliashberg equations based
upon this model is shown in Fig. 15, where it is clearly seen
that there is considerable structure in bothD~v! andZ~v! at
high energies.

Using the same fitting procedure, we show our best fits to
date of the Tl-2212 and BiPb-2223 superconducting to

FIG. 11. Calculation ofRS/RN based upon an electron-boson
coupling function which consists only of an electron-phonon inter-
action. The model parameters are shown in Table III.~a! The real
~solid line! and imaginary~dashed line! components ofD~v! at 110
K. ~b! The calculatedRS/RN ~dashed line! shown with the measured
RS/RN ~solid line! of Tl2Ba2Ca2Cu3O10 at 110 K. From the figure it
is easily seen that there only is significant structure in the calculated
RS/RN at energies where there is structure inD~v!, and that this
model interaction does not match the experimental spectrum.

FIG. 12. Calculation ofRS/RN based upon an electron-boson
coupling function which consists of an electron-phonon interaction
and a ‘‘midinfrared’’ interaction at 0.5 eV. The model parameters
are shown in Table III.~a! The real ~solid line! and imaginary
~dashed line! components ofD~v! at 110 K. ~b! The calculated
RS/RN ~dashed line! shown with the measuredRS/RN ~solid line! of
Tl2Ba2Ca2Cu3O10 at 110 K. From the figure it is easily seen that,
although there is additional structure inRS/RN at higher energies,
this model interaction does not match the experimental spectrum.

FIG. 13. Calculation ofRS/RN based upon an electron-boson
coupling function which consists of an electron-phonon interaction
and a ‘‘near-infrared’’ interaction at 1.0 eV. The model parameters
are shown in Table III.~a! The real ~solid line! and imaginary
~dashed line! components ofD~v! at 110 K. ~b! The calculated
RS/RN ~dashed line! shown with the measuredRS/RN ~solid line! of
Tl2Ba2Ca2Cu3O10 at 110 K. From the figure it is easily seen that,
although there is additional structure inRS/RN at higher energies,
this model interaction does not match the experimental spectrum.
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normal-state reflectance ratios. The parameters used in these
fits are shown in Table IV. The calculatedD~v,T! andRS/RN
of Tl-2212 and BiPb-2223 are shown in Figs. 16 and 17,
respectively. While excellent agreement is obtained with the
BiPb-2223 data, the Tl-2212 data has a less satisfactory fit.
This is not unexpected because of the crudeness of the model
used~i.e., the neglect of anisotropy and the modified Drude
description of the normal-state optical properties!. While it is
remarkable that theory and experiment match so well in the
Tl-2223 and BiPb-2223 samples, the poorer fit of the Tl-
2212RS/RN , particularly in the low-energy region, should
not be surprising given the simplicity of the theoretical
model. This disagreement could result, for example, from

inadequacies in our normalization procedure, an unusual
normal-state scattering rate not well described by our model,
or our neglect of the causal change in the optical effective

TABLE IV. Parameters used to fit the experimentalRS/RN spectra. The parameters used to fit the experimentalRS/RN data shown in
Figs. 15, 16, and 17. The electron-boson coupling function used as input to the Eliashberg equations consists of both an electron-phonon and
a high-energy electron-boson component. These components are cutoff Lorentzian peaks with amplitudes~APh,AX!, energies~vPh,vX!, and
widths ~GPh,GX! shown. Using the indicated value of the screened Coulomb repulsion,m* , the model critical temperature is calculated to
match the experimentalTC of each sample. The experimentalRS/RN is fit by usingD~v,T! obtained by solving the finite-temperature
Eliashberg equations at the temperature at which theRS/RN data are measured, and by varying the magnitude of the bare plasma frequency,
vp , the high-frequency dielectric constant,«` , and the Drude-like normal-state scattering rate, 1/tN , within the 20% uncertainty of the
literature values.

Sample
Tc

a

~K! APh

vPh
~eV!

GPh
~eV! AX

vX

~eV!
GX

~eV!
m*

~eV! l
TC

b

~K!
D0

~meV!
vP

~eV! «`

1/tN
~eV!

T1-2223 11861 1.9 0.05 0.007 0.84 1.6 0.20 0.15 1.49 11860.5 24.41 2.65 4.38 0.0310.43v
BiPb-2223 10661 1.9 0.05 0.007 1.05 2.1 0.18 0.15 1.43 10660.5 21.55 2.88 4.00 0.0410.43v
T1-2212 10561 1.8 0.05 0.007 1.21 2.0 0.15 0.15 1.37 10560.5 21.70 2.25 4.05 0.0110.51v

aMeasured using the conventional four-point probe technique.
bCalculated using the full finite-temperature Eliashberg equations.

FIG. 14. Calculation ofRS/RN based upon an electron-boson
coupling function which consists of an electron-phonon interaction
and an electronic interaction at 1.6 eV. The model parameters are
shown in Table IV.~a! The real~solid line! and imaginary~dashed
line! components ofD~v! at 110 K. ~b! The calculatedRS/RN

~dashed line! shown with the measuredRS/RN ~solid line! of
Tl2Ba2Ca2Cu3O10 at 110 K. From the figure it is easily seen that
there is very good agreement between experiment and theory based
upon this model interaction.

FIG. 15. The Eliashberg model which results in the best fit of
the Tl2Ba2Ca2Cu3O10 RS/RN data at 110 K. The model parameters
are shown in Table IV.~a! A generalized electron-boson coupling
function G~v! consisting of an electron-phonon interaction at 50
meV and an electronic interaction centered at 1.6 eV. Using this
coupling function and the isotropic Eliashberg integral equations,
the complex, energy-dependent gap function,D~v!, and the mass
renormalization function,Z~v!, are calculated. The real~solid line!
and imaginary~dashed line! components of bothD~v! andZ~v! are
shown in ~b! and ~c!, respectively. Note the change in the energy
scale atv50.5 eV.
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mass,m* , which may not be negligible at the lower photon
energies. In addition, we have not yet been able to obtain a
satisfactory fit of the YBCORS/RN @Fig. 10~d!#. This is pre-
sumably because of the complications due to the existence of
the two plasma frequencies in the material.50,51

The temperature-dependentRS/RN spectra of these mate-
rials may be obtained from the raw TDR spectra by integrat-
ing the normalized TDR response of each sample over tem-
perature forT less thanTC . This procedure is a simple
extension of the normalization procedure described previ-
ously ~Sec. III D! to successively lower temperatures below
TC . The temperature dependence of theRS/RN based upon
the model parameters shown in Table IV is easily calculated
by solving for D~v,T! at temperatures below the sample’s
TC , and using the normal-state optical parameters obtained
from the initial fits~Figs. 15–17!. In Figs. 18, 19, and 20 we
plot the temperature dependence of the experimental and cal-
culated RS/RN of Tl-2223, Tl-2212, and BiPb-2223,
respectively.89 In Tl-2223 and BiPb-2223, there is good
agreement between the experimental and theoretical spectra
based solely upon the temperature-dependent change in
D~v,T! which arises naturally from Eliashberg theory. The
Tl-2212 spectra, as before, does not agree well with this
model description, particularly at low energies.

In making these theoretical fits of theRS/RN spectra, no
effort was made to improve the agreement by invoking

FIG. 16. Calculation ofRS/RN based upon an electron-boson
coupling function which consists of an electron-phonon interaction
and an electronic interaction at 2.0 eV. The model parameters are
shown in Table IV.~a! The real~solid line! and imaginary~dashed
line! components ofD~v! at 90 K. ~b! The calculatedRS/RN

~dashed line! shown with the measuredRS/RN ~solid line! of
Tl2Ba2CaCu2O8 at 90 K. From the figure it is seen that, although the
match is not as impressive as theRS/RN of Tl2Ba2Ca2Cu3O10, there
is reasonable agreement between experiment and theory based upon
this model interaction.

FIG. 17. Calculation ofRS/RN based upon an electron-boson
coupling function which consists of an electron-phonon interaction
and an electronic interaction at 2.1 eV. The model parameters are
shown in Table IV.~a! The real~solid line! and imaginary~dashed
line! components ofD~v! at 90 K. ~b! The calculatedRS/RN

~dashed line! shown with the measuredRS/RN ~solid line! of
~BiPb!2Sr2Ca2Cu3O10 at 90 K. From the figure it is seen that there is
very good agreement between experiment and theory based upon
this model interaction.

FIG. 18. The experimental~solid line! and calculated~dashed
line! superconducting to normal-state reflectance ratio,RS/RN , of
Tl2Ba2Ca2Cu3O10 at ~a! T5110 K, ~b! T5100 K, and~c! T590 K.
The spectra are obtained by using the model parameters of Table IV
and the calculated temperature dependence ofD~v,T! at the indi-
cated temperatures.
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changes in the normal-state density of states, the effects of
anisotropy, the breakdown of particle-hole symmetry or more
complex structure in the electron-boson coupling function,
all of which could produce a better fit but would have in-
creased the number of adjustable parameters.

V. CONCLUSIONS

We have shown that the technique of thermal-difference
reflectance spectroscopy can provide unique information on
temperature-dependent phenomena in the cuprate supercon-
ductors. In the normal state of these materials, the
temperature-dependent TDR spectra clearly indicate that the
optical scattering rate scales asT2. This is in contrast to the
predictions of both nested Fermi liquid theory72 and marginal
Fermi liquid theory,73–75and the well-known linear-T depen-
dence of the transport properties of these materials, none of
which actually predicts the temperature dependence of the
scattering rate atoptical frequencies. The TDR response of
these materials, based upon a Drude-like model, however, is
a direct measurement of the temperature dependence of the
optical scattering rate. We find that the form ofG described
by Eq. ~11! is necessary to account for these experimental
results and suggest that an accurate description of the scat-
tering rate in these materials should describe both theT de-
pendence of the scattering rate at zero frequency, and the
~T21v! dependence of the scattering rate at optical frequen-
cies.

The common, and most important feature in theRS/RN
spectra of Tl-2223, BiPb -2223, Tl-2212, and YBCO is that
there is significant deviation from unity at very high photon
energies~;2.0 eV!. In order to account for this deviation
within Eliashberg theory, the electron-boson coupling func-
tionG~v! must contain a high-energy component in addition
to the known electron-phonon interaction. Only with the ex-
istence of this high-energy component of the pairing interac-
tion can we account for the change in the optical properties
of these materials atTC at photon energies of the order of 2.0
eV. Further, because the measuredRS/RN of these materials
cannot be accounted for with aG~v! which is only nonzero
at low energies~;100 meV!, these results rule out mecha-
nisms of high-temperature superconductivity which involve
pairing interactions which are restricted to these low ener-
gies. Specifically, these TDR data indicate that an electron-
phonon based interaction cannot be solely responsible for the
superconductivity in these materials.

Because of the proximity of known charge-transfer
excitations47,76–78to the energies of the excitations which we
require to fit our experimental data for Tl-2223, we had ar-
gued that the microscopic origin of this high-energy electron-
boson interaction is most likely ad9-d10L Cu-O charge
transfer.60 The present data provide further support for that
conjecture and suggest that the charge-transfer excitation
contribution to the pairing interaction is a universal feature
of the high-temperature~TC.40 K! cuprate superconductors.
We have now shown that this effect occurs in both two~Tl-
2212! and three-layer~Tl-2223 and BiPb-2223! Cu-O2 super-
conductors and is not tied to the presence of thallium, nor to
the existence of planes and chains in the crystal structure
~YBCO!. We predict that all cuprate superconductors with
critical temperatures greater than approximately 40 K will
show an analogous optical signature at these high energies.
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