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Resonant macroscopic quantum tunneling in small Josephson junctions: Effect of temperature
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Within the well-established quantum picture of Josephson junctions, we study the possibility of resonant
macroscopic quantum tunneling. Expressions for the lifetime of metastable states are obtained and the effects
of temperature on the main features of the phenomenon are discussed. A “saturation temperature” for the
process, below which any temperature effect is negligible, is identified. Quantitative considerations are also
given on the actual experimental accessibility to these measurements.

The quantum behavior of the Josephson phase results inedfect of temperature. This is obtained by solving the master
host of interesting phenomena including macroscopic quanequation for the level occupancy probability, proposed by
tum tunneling (MQT)," energy-level quantizatiofELQ),”  Larkin and Ovchinniko? In the following we briefly discuss
macroscopic quantum coherence of two stafeand many  the theoretical approach and the main results. In particular,
states(Bloch oscillation$,” and the Coulomb blockade of we find a sort of “crossover temperature” for the process,

Cooper pair tunneling.Macroscopic quantum tunneling has pq|ou which any temperature effect is negligible. This tem-

peen t.he phenomenaon which has_attracted the attention Of.t ferature is related to the guantum temperature of the junction
investigators, both from a theoretical and experimental poin

of view. Experiments on current-biased Josephson tunné nd it can provide an indication of the temperature range of

junctions with microwave irradiation support the idea of thegxpenmental interest in choosing the actual working condi-
existence of both MQTRefs. 6 and Yand ELQ’ and the tions. . . . .
data are in good agreement with the thedh¥.Manifesta- The'macroscoplc quanFum yarlgble which de.scrlbes the
tions of new Coulomb and microscopic effects in tunneldynamics of a Josephson junction is the phase differeice 2
junctions of low capacitance have also attracted considerabfdf the order parameters of the two superconductors forming
interest, both for the physics involved and in view of the Josephson junction. The dissipation of the system is typi-
app"cationévsvgln this paper we wish to diSCUSS, within the Ca”y described in terms of an effective resistafc®f the
well established quantum picture of the junction, the effect ofunction (resistively shunted junction modef
the temperature on the resonant macroscopic quantum tun- Within this model the junction dynamics can be described
neling (RMQT) between levels with the same energy inin terms of a mechanical analog, namely a particle perform-
neighboring wells of the potential shape describing the juncing its motion in a washboard potentibl(¢) = —Ey(2a¢
tion. This process produces sharp voltage peaks in the-cos 2p) with a viscosity coefficient »=1/RC. Here
current-voltage I(-V) characteristics at given current values, Eo=71./2e is the Josephson coupling energyis the bias
which can be measured in junctions with suitable parametergurrentl normalized to the critical onk., a@=I/1.. The sys-
and characteristic peaks in the switching current distributiontem is initially trapped in a relative minimum of the wash-
The phenomenon has been already analyzed by differeftoard potentiall(¢) shown in Fig. 1, but it can escape from
authorst®~3|n Ref. 10, in particular, a detailed analysis of the well via either MQT or thermal activation. As is well
the resonant tunnel dynamics is presented forTtk® case, known, two stable solutions are possible. In one solution the
with a complete description of the experimental conditionsparticle is trapped in a potential well with exponentially
for a check of the phenomenon. From this 0 analysis, itis small voltage(V =0 state, in the other it is running down the
clear that the lifetime of the voltage peaks has a relevant rolpotential with a certain nonzero mean veloci$+#0). In a
for the observability of such steps. In fact the lifetime de-quantum picture we must consider the presence of energy
creases as the voltage amplitude increases; therefore thevels in a potential well of the washboard potential associ-
junction parameters must be chosen in order to “balanceted with a Josephson tunnel junctfofin the weak friction
between measuring an extremely small signal of lengthy dulimit, there are, in fact, sharp and well separated energy lev-
ration and a larger signal of extremely short duratidhThe els inside each potential well, and we must consider the
lifetime is also related to the escape rate out to the free runprobabilitiesw; \ for transitions from thekth into jth level
ning state producing characteristic peaks in the switchingnd the probabilityy, of tunneling through the barrier, prob-
current distribution. This appears, at the moment, the mostbility which strongly depends on the energy-level position
readily observable effect arising from RMQT. In Ref. 12, E;. For values of the normalized curreat smaller than
general expressions for the main features of the phenomenag~0.2 the ground state in the first well will lie on an energy
are given, but no systematic study of the effect of temperasmaller than the upper level of the second ws#e Fig. 1
ture is presented. In the following we restrict our analysis to the case of the
The present work extends tfie=0 analysis of Schmidt ground state of one well lying on energy close to the first
et al. studying the lifetime and the escape rate including theexcited level in the subsequent well. In this case the particle
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resonant state can be assumed as the reveilderefl 1. As
usual, in quasistationary conditidhis defined as

I'=—(1/p)dplat. 2

Summing the system of Eq1) over all j, the following
expression fop/ dt is obtained:

apldt=—(W,+ yn) PN 3

wherew,, is the transition probability to the continuum.

In quasistationary conditiongy can be related t@ by
finding the steady-state solution of Ed). By simple calcu-
lations we obtain

FIG. 1. PotentialU(¢) describing the junction dynamics. A p=(1+XA)pn, ]=0..N-1 @
sharp voltage peak in the-V characteristics appears when the where
ground state lies on an energy level very close to one of the first
excited states in the next well; this is shown in the inset for the Ai=II Wy s 1/ (Wi 15+ v0], k=j,...N=1. (5
following junction parametersEy/fiw;=2.5, T=50 mK, |,=200
nA, andR/Ro=100, whereRqy= 7/i/26°=6.45 K. By definition[Eqg. (2)] we obtain
coming via MQT from the ground state will go into the first =W+ y)/(1+2A), j=0,.N-1 (6)

level and after can either decay or perform a successive tun- , ,

neling (see Fig. 1 These competitive processes lead to dif- !N this way we have a general expressionfoas a func-
ferent results. For each current value we must, in fact, definon of w; , and y,, which strongly depends on temperature
two possible junction states which produce different observ? and Juant'O” pgr%rzneters. At low temperatfi€T <fw;, -
able solutions: one is the “free running state” where theWherewj=(1—«a%)"<2el/AC], we can neglect the transi-
system after a series of successive tunneling is freely runninfion ~ probability w,.,k toward higher levels, being
down the potential slope with enerdg larger than barrier  Wik+1/ Wit 1x~€XH(E+ 1~ E)/KT]>1, and we also ex-
energyUo(E>U,). This state is characterized by junction PECt Wik+1> 7k (except very close to the resonant condi-
voltage corresponding to the quasiparticle branch ofithe  tions). In this case Eq(6) reduces tol'~ yn/I(Wy+1/
curve. In the other state, which we call “resonant state,” the¥x) and thereford” strongly decreases with increasing the
system performs a sequence of tunneling and decay pr(ggnowk_,kﬂlyk. Th|s corresponds to the tr|V|_aI physical con-
cesses, being trapped in one of the wells at a certain energyderation that is small when the competing decay prob-
level (E=E;<U,). The resonant state is characterized byab|l|ty is 'much Iarggr than tunnel probability, the alternance
junction voltage corresponding to the phase mobility due tdf tunneling to the first level and decay down to the ground
the tunneling across the barrfdr*3Assuming that tunneling Staté being the most likely process. o
from the ground state to the first excited state is the most N order to plotI" at various temperatures and junction
relevant process, the average voltage willehé~ i y,. The parameters, we now calculate the positions of the Ieﬁg!g
tunnel probabilityy, has the resonant behavior for current the transitions between levelg , and the tunnel probabili-
values for which the ground state corresponds to one of thE€S  With the aid of the expressions reported in Ref. 2. The
excited states of the next wéfi-3 This produces a fast in- cubic approximation for the Josephson potential has been
crease of the voltage at certain current values and voltag%sed-

steps on thé-V curve. The probability of finding the sys- F(_)r v Close to the relgonance we actually use the formula
tem in the resonant state is obviougly=3p; , wherep; is ~ Obtained by Larkiret al. calculated folK T<fw; -

the occupancy probability of thgh level. The junction dy- B
namics is well described by the following kinetic equation: Yo=Awj exp2S+1){w;/e[1+coth(e/2KT)]
+B/wj(wj/8)2}. (7)

Here A= (3)Y%:%/8R€?, B=e?/27*C (R and C are the re-
wherek=0,...N (N+1 is the number of levels inside the sistance and the capacitance of the jungti®is an action in
well, referring O to the ground stateandy; is the tunnel rate  the classically forbidden region, ardis the energy differ-
probability from thejth level. Only transitionsw; ;., be-  ence referring to resonant energy levels in different wells.
tween close levels are relevant. The last term in @g.in- Equation (7) is valid only for large enough values &
dicates that the particle tunneling from tlig—1)th level  namely Whem>h2wj/(Re2).16As it is easy to see, the tran-
goes into thejth level in the next well. Following a rather sition probability is an asymmetric function of the energy
standard procedure for quasistationary processes, we califferencees. The first term in Eq(7) is connected with the
now obtain a general expression for the lifetime of the resoemission(or absorption of phonon at small energy and, for
nant state. Assuming initially the junction in the resonantlow-temperature values, is strongly asymmetric. The second
state,p(t=0)=1, p(t) tends to reduce with time due to an term is connected with the emission of excitation with en-
escape raté' to the free running state. The lifetimeof the  ergy equal to the energy difference between neighboring lev-

ap; 19t =2 (W) kpk— Wi ;) — ¥+ ¥j-1Pj-1, (1)
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els in one potential well® The results of the calculations at
different temperatures are reported in Figs. 2-5.

We consider different values of the ratiy/% w;, typi-
cally referred to as in literature’® This parameter can be

also defined in terms of the ratio of the Josephson energy and

the charging energf.=e?/C, v=(2E,/E.)¥2 It is con-

nected with the number of levels inside the well and it in-
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creases with increasing the capacitance. This adimensional FIG. 4. Lifetime of the resonant state as a function of tempera-
quantity is of the most importance to account for the effect ofture, for different values of, at fixed voltage of the resonant state:
the junction parameters. The values considered refer to jun¢d V=10 nV and two levels in the potential we(b) V=1 nV and
tion capacitance ranging between 7—22 fF, and critical curthree levels in the potential well.

rent1,=200 nA. The resistance value, which also strongly

affects the results, has been fixedRe-645 K in order to
well satisfy the condition of validity for Eq(7). Junctions
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with these parameters can be built by standard fabrication
technique, although to obtain an effective impedaReeR,

in any real experimental configuration great care in insulat-
ing the junction from the external electronics and environ-
ment is required and it may present a difficulty.

In Fig. 2 we plot the escape rate as a function of the
current for v ranging between 2.3 and 3, and at different
temperaturegT=50 and 200 mK As a general consider-
ation, we note that the escape rate presents, for current close
to the resonance, a peak whose sharpness increases with in-
creasingv and with decreasing temperatufé.ranges be-
tween 10-10 sec! for »=3 and T=50 mK, whereas is
almost flat(10° sec 1) for »=2.3 andT =200 mK. The effect
of temperature is larger for largervalues, mostly because of
different “quantum temperatures”To=7%w;/K, being
To=1.51 K for =3 andTo=1.97 K for v=2.3. Thesel'
values could be quite accessible in measurements of the cur-
rent switching distributions using the existing technigfiés.

In order to discuss the possibility of observing the RMQT
voltage peaks on the supercurrent branch oflthé charac-
teristics, we consider the lifetime of the resonant state
which can be defined as the reversdofr=I""1.

In Fig. 3 we plot the lifetimer as a function of the voltage

FIG. 3. Lifetime of the resonant state as a function of the volt-along the step fow=3 and at various temperatures. Finally

age along the step, at different temperatures and$.

1/2

considering a figure of merjg=V 7~ we find thaty is rang-
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tively easy to find the system in excited levels, and the es-

T(sec) cape rate is therefore dominated by the tunnel probability
10'} from the upper level, which strongly depends on its energy.
The upper energy level is very close to the barrier energy
1wl when one more level can stay in the well.
T=100mK In conclusion, we have investigated the phenomenon of
i resonant tunneling which occurs in small current-biased Jo-
10 - _ Tk 300 mK sephson junctions. This produces voltage spikes orl tWe
- : - dumk curve as well as typical peaks in the escape rate to the free
wt - running state. Our approach, allows us to include the tem-
_.soomK . .
- soomK perature in the calculations, both for what concerns the reso-
Wtk g nant tunnel probabilityy,, and the escape rate to the free
running state. Our results, extrapolatedlts0, are in good
. agreement with those obtained in Ref. 10 with a different
10 [ L ) L approach, confirming the great difficulties one would find in

22 24 26 28 30 32, 34 trying to detect the voltage steps. This is due to the small
- ) lifetime (7~0.1-1 mseg for voltages large enough to be
FIG. 5. Llfe_tlme of the resonant state as 'a function 0fmeasurec[V~l nV) in the low-temperature rangd <200
y= Eolhwj, for different values of temperature, at _flxed _voIFage of mK). The effect of RMQT on the switching current distribu-
the resonant stat¥/=3 nV. The curves present a discontinuitylat ¢ seems at the moment the most readily observable effect
KELUS'; :grﬂ‘:‘;z:(z;ng :ﬁ]":s;s inside the well change from twashed "\ rrent-biased Josephson junctions. For what concerns the
) temperature behavior of lifetime, we found an exponential

_ 11 410 _1 . _ dependence with a saturation at low temperatures
ing between 10--10 ** VHz ™~ making a direct observa- (T<Tg/10).

tion of the voltage peaks on theV curve a hard goal. Very recently we become aware of an important experi-
In Fig. 4, we showr vs T, at a fixed step voltage on the mental result’ which, though referring to a superconducting
I-V curve and different values of V=10 nV for v=2.3— " o antum interference devidSQUID) rather than a single

2.5 (two levels in the well and V=1 nV for »=2.6-3.2 jynction structure, clearly show the occurrence of RMQT in

(three levels in the well This temperature dependencey macroscopic system. The dynamic of the SQUID may be
shows an exponential behavior with saturation at low temgimpler since after each tunneling event a different observ-
peratures. For the whole family of curves a saturation temgpje state is reached, while in a single current-biased junction
peratureT g can be identified, which is related to the quantumynis is obtained only after a sequence of tunneling events.
temperature, roughly aBs=Tq/10. Although this tempera- The experimental peaks appear wider than the extremely
ture cannot be defined by a precise value, due to its slightayh ones predicted by the theory for a single junction. Such
dependence on other junction parameters and voltage ampli-|arge broadening could be hardly ascribed only to intrinsic
tude, it can provide an indication of the temperature range Oaissipation. Any quantitative comparison would require a

experimental interest in choosing the actual working condit,rther detailed analysis specific of the SQUID system.
tions.

Finally in Fig. 5 we report the dependencerads function The authors wish to thank Antonio Esposito and A. .
of v at different temperatures. Here the step voltage has bedrarkin for useful discussions and suggestions. This work was
fixed atV=3 nV. We note an exponential dependence with gpartially supported by the Consiglio Nazionale delle
strong discontinuity while changing the levels in the well Ricerche under the Progetto Finalizzato “Superconductive
from two to three. In fact, close to the resonance, it is relaand Cryogenic Technologies.”
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