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A theory for weakly nonlinear and dispersive wave propagation in an Abrikosov vortex lattice in a type-ll
superconductor of cylindrical symmetry is presented. A continuum treatment of the London equation with
vortex term is used, allowing nonlocal lattice elasticity. Vortex inertia is included, but pinning is ignored. A
dynamical regime is derived where the cylindrical Korteweg—de (@&#¢6dV) equation governs the evolution
of the first-order field corrections. Fundamental properties of the CKdV equation are briefly recalled and a
prototypical soliton solution is given and discussed. Dynamical system analogies are mentioned.

Recently the dynamics of Abrikosov vortidds an ultra- The CKdV equation seems to have been first written by
clean type-ll superconductor was examined in a certaitMaxon and Viecellt in the context of ion acoustic waves in
weakly dispersive and nonlinear regim®ith a single spa- a two-component plasma. The equation was derived for
tial rectangular coordinate dependence for the field variabledong-wavelength, small-amplitude waves, which is usual.
the Korteweg—de VriegKdV) equation was derived. This Cylindrical solitons of the CKdV type have been realized in
paper investigates a type-Il superconduttof cylindrical  double-plasma and other plasma experiments, and the agree-
symmetry in the mixed state. It is found that the cylindrical ment with theory is generally godd:* For a review of the

KdV (CKdV) equatiort CKdV equation in plasma physics, through the early 1980s,
see Ref. 14. The CKdV equation was investigated by Miles

v v v v for the classical water-wave problem with an incompressible

Gg T g2, 1, =0 (D irrotational fluid bounded above by a free surface and below

by a rigid horizontal surface.

governs the evolution of the first-order field corrections. The The inverse scattering transformatid8T) seems to have
CKdV equation is well known to be completely been first applied to the CKdV equation by Calogero and
integrable]® possessingN-soliton solutiong Before briefly  DegasperiS. They also found an infinite number of conser-
reviewing some of the properties and physical occurrences ofation laws by this techniqu®.Backlund transformations
this nonautonomous equation, the nature of an ultraclean strave been found for the equatibntogether with more
perconductor is described. straightforward means of deriving the conservation 1a%$.

In an ultraclean material, the quasiparticle mean free patiSimilarity solutions have been considered by many authors,
| exceeds the coherence lengittimes the ratio of Fermi and, consistent with the other properties, the CKdV equation
energy - to the magnitude of the order parametaf. In  passes the Painlevest®
these superconductors vortex drag is negligible and pinning The CKdV equation is mathematically important as a
can be very small; the Hall force dominates the dynartfics. nonautonomous generalization of the KdV equation which is
In the highT. superconductors, the ratig/|A(0)|~1/20 is itself completely integrable. This conclusion can be verified
small, making it rather easy to achieve the ultraclean regimeby Painleveanalysis’ the singularity exponent being=—2
Another way of characterizing an ultraclean material is thatand the resonances=—1,4,6, as for the KdV equation. In
w71, Wherefiw, is the low-level energy spacing for bound this regard the work of Grimshawshould be noted. The
vortex core states angis the lifetime of quasiparticles in the Painleveproperty compatibility constraints for a certain
core. In at least one highz superconductor, YB&u;0,_5,  variable-coefficient KdV equation appeared earlier in his ap-
the quasiparticle lifetime can be so long thatris estimated proach of finding an explicit, invertible mapping to the KdVv
as ~14 for temperature§ <15 K. Hall angle evidence equatior’
strongly indicates the ultraclean regime for this | consider an isotropic, isothermal type-ll superconductor
superconductot’ at or near absolute zero. In this instance a normal current

This paper concentrates on the limit of zero Hall force.density contribution is ignored; the total current dengitig
When the Hall coefficienty, is nonzero, the corresponding the supercurrent density. In this study the displacement cur-
derivation is considerably more complex, requiring resultsrent density is neglected for simplicity; frequencies well be-
through the third order of perturbation theory, where the noniow the superconducting gap frequency are assumed. Within
linear Schrdinger equation appeats.Therefore in either mesoscopic London theory a continuum description is em-
case a soliton equation is obtained. This paper presents tioyed using a vortex areal densityx,t).1® Nonlocal vortex
more tractable situation witlxy, =0, giving an exact result interaction is accounted for, and in fact is critical to the wave
for the coupled nonlinear electrodynamic equations. It is outpropagation of interest.
side the scope to go into the details of how the dispersion With these assumptions, the three basic vector equations
relation characterizes the rf response functithns. are vortex continuity, a vortex equation of motion, and the
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London equation. The conservation of flux lines, equivalent dv ¢o 9B
to Faraday’s law, is written &% N TP (5b)
Mo op
B, 2
=—-VX(B,XV), 2 AL 9 ( aB)
Jt v npg,=B— — — -—. 5¢
bo o ap \P ap (50)

whereB,, the local vortex-generated magnetic induction, is) perform the scalingt’=wot, p'=p/\_, B'=BIB,,

Qc()j)r?.a and ¢y is the flux quantume the local vortex direc- nN'=n/ng, v’ =vlweh,, Where wo=1boBo/ prop/\, and

The vortex equation of motion No=By/¢,. For a flux density 0B,=1 T, \(0)=1500 A, and
w(0)~10°m./cm, the characteristic time d§=4x10 = s.
These values are typical for YBCO at low temperature.

n d—\tl+ apvX a= poJX a, (3 For notational simplicity, | then drop the primes to write
Egs.(5) as
wherev is the vortex velocity andy, the Hall coefficient, an 14
. S ; pnv)
ignores pinning and drag forces. A maser unit length of —+ = =0, (63
vortexX?® has been assumddRecall thatu=w(T) is tempera- gt p dp
ture dependent, vanishing at the transition temperdttites
regime represents an ultraclean superconductor where the in- d_v __ E (6h)
ertia effect could predominate. It may well be very close to dt ap’
those considered in vortex tunnelifgin addition, a very
recent microscopic analysis of the Hall anomaly has found a 190 JB
large vortex mass coming from the core, specifically in the n=B- ; % (P 5) (6)

ultraclean limit?? The detection of CKdV solitons could pro- . _ o
vide a means of studying the vortex mass per unit lengttwhere d/dt=d/dt+vdldp is the convective derivative.
since the acoustic soliton speed varies as the square root Bfluations(6) can easily be combined to yield the fourth-

the ratio of the external magnetic inductiond As is typi-  order equation

cal for a soliton, the amplitude, speed, and width are related; ) )

soliton measurements on a variety of materials might be able d_": J 1d(pnv) 4”19 ( d_”) @
to discriminate between different vortex-mass mechanfsms. gtdt dpp dp atdp p dp Pat)

As a first approximation, the Hall force is also neglected_l_hiS is an exact equation, wheBehas been eliminated.

here, i.e., | consider simply the balance of inertia and the The dispersion relation for the linear propagation problem
Lorentz force. The inclusion of the vector Hall term signifi- can be found by perturbing E7) or the systen(6) about

cantly alters the dispersion relation of the linearized problem,””. : - h
and is considered elsewhéfeA small viscous force may be unit (scaled yortex density and magnetic induction and zero
yortex velocity. Let

included at the end of the treatment by the use of furthe

perturbation theory. Npt)=1+ dnda(kp)e it 8
The London equation may be written in the form (Pt o(kp) ’ ®3

_ —iwt
B, - B_)\EVZB. @ B(p,t)=1+6BJy(kp)e ', (8h)
and
where\, is the London penetration depth. In the Meissner A
state the densityr is absent and here the normal fluid or v(p,t)=6vdi(kp)e ', (80

guasiparticle component does not contribute. Equatin
takes into account nonlocal vortex interaction, over the cha
acteristic distance, . | ignore magnetic-field nonlinearity in
the penetration depth, which is well justified for a wide range
of field for high-T. superconductors owing to their very large
upper critical fields. The London equation is linear in this
approximation. Thus for small k the dispersion relation is cubic,

| assume a type-Il superconductor with cylindrical sym-(k)=k— (1/2)k3, and indicates, as usual, that for weak
metry with a static external magnetic field alomgapply  nonlinearity a KdV-type equation may arise for the first-
Ampere’s law, and use the above assumptions. The magnorder field corrections. This conclusion is an important con-
tude of the static applied inductidsy is assumed to satisfy sequence of the nature of the nonlocal vortex interaction,
Bo/ uo=2H,,, whereH, is the lower critical field. Employ-  traceable back ta, #0 in Eq.(5c). For if n=B, the resulting
ing cylindrical coordinates, | leB=B,, v=v,, andJ=J, dispersion relation is simply?=k>.
depend only on the radigl (spatia) coordinate, and write By making the change of independent variabfesw(p

fwhereJ, is the Bessel function of order Using the ordinary
differential equation satisfied byl, and the relation
(d/d2)z3,(2) =zJy(2), the dispersion relation is given by

w?(k)=k3(1+k?) 1. 9

Egs.(2)—(4) as —t), p=w’p, Egs.(6) become
an 1(9(pnv)_0 an 1[4 » 9 =0 10
F R e (53 o€ "y \aE e Gy (M=o (109
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v ((9 a)
- —+w?—|v=—
n—-B=——

ag 3
d 5 a)
€ o) ae T oy

w? [ d
( 2 B. (100
Using the perturbation expansions in even powers of

n(¢, 77):l+w2n(l)+w4n(2)+... ’ (11)
B(¢,7)=1+ 0BV +0*B@+--- | (12)
v(§,n)= Dy @4 .. (13)

in Egs. (10) gives recursion relations for the higher-order

corrections by equating coefficients of like powersaof

The lowest-order equations can be integrated with respect

to £ to yield

vW=nW+1(5), BP=n®, (14)

wheref is an arbitrary function. The next-order contributions

and hy and & are arbitrary constants. In accordance with
standard cylindrical KdV theory, as a cylindrical soliton
progresses inward, the amplitude grows somewhat faster
than Y2 while the width decreases somewhat faster than
7 The square root of the peak amplitude times the width
remalns constant, as for one-dimensional solitons.
The first three constants of the motion,

= nl’zf v (& n)dE, (209
C=7 f [v (&, 7)]2d¢, (20b)
Cc3= 7' f v (g, ) §+nv<1>(§ 7 |d¢é, (200

can easily be verified using the CKdV equation.

Analogous dynamical systems exist in plasma physics in
ion acoustic waves and in hydrodynamftdS.The correspon-
dences for the dependent variables of a two-component
plasma aren<n;, the volume density of iong;—wv;, the
ion velocity, andB«+ ¢+1, where¢ is the electrostatic po-
tential. The magneti€Lorentz force in the vortex lattice is
replaced with the electric force in the plasma. Therefore the
current density in the superconductor plays a role analogous
to the electric field in the plasma. In a simple fluids madel,
there is a correspondence between the cross-sectional area of
a cylinder with elastic walls and the vortex density, the fluid
velocity and the vortex velocity, and between the fluid pres-
sure and the magnetic induction.

These can be combined to give the cylindrical KdV equation When electron inertia is neglected in the plasma, an inte-

are
an@ 9 19
_ 4+ — n(l)v(l)+v(2) 4+ U(l) =0, (15
el I+ 7, [mw™1=0, (153
&U(Z) " av(l) &B(Z) 075(1)
— + ——
Py v % Py o (15b)
and
0728(1)
(2)_Rp2) = _
n B Pl (150
in the form
PV yt g™ o 't of
+ + + =—,
PR TR ) 2 =5,
(16)
The change of coordinates
! l i
§=§+§ffdn, =7 (17)

gration can be performed to give the electron number density
explicitly in terms of the electrostatic potential. This addi-
tional nonlinearity does not occur in the vortex dynamics
equations. The weak nonlinearities in the present model in-
clude bilinearity in the vortex continuity equatid®) and
convective differentiation in the equation of moti@). With

the stated assumptions, the equations are completed with the
London equation for the magnetic induction. The use of the
continuum densityn allows the modeling of tilt and com-
pression modes of the lattice but neglects shear. The nonlocal

can be used to eliminate the last term on the left-hand side ofortex interaction is critical in obtaining the long-wave cubic

Eq. (16).

The functionf(#) can be used to satisfy initial or bound-

dispersion relation, from Eq9).
The derivation here ignored pinning and drag, resulting in

ary conditions. For a bulk superconductor with zero bound-stringent conditions for the appearance of solitons. Limited

ary condition at infinity,f =0, and then multi-soliton solu-

viscosity can be included by treating a perturbed form of the

tions of Eq.(16) can be written in terms of the Airy function CKdV equation. However, it would be of interest to find

Bi.”® The single-soliton solution of the CKdV equation is

h(&n)=1+ hoJ;dé{(ﬁn)”‘g Bi[(67) Y(é— &)1}
(18
where

2

852 In h, (19

W m)=

solutions of an extended CKdV or other equation with a
damping tern(s) comparable in size with the nonlinear and
dispersive terms. Such equations will have a wider range of
applicability in type-Il superconductivity.
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