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Monte Carlo simulation of hard-core bosons on a three-dimensional lattice
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A model of hard-core bosons on a three-dimensidal) lattice has been studied using both quantum
Monte Carlo and classical Monte Carlo techniques. We have calculated the transition temperature for Bose-
Einstein condensation, the zero-temperature penetration depth and the specific-heat critical amplitude, and have
explored the hyperuniversal scaling relationship between these quantities pertaining to the expextéd 3D
critical point. As a conclusion we draw a phenomenological analogy between the model studied and extreme
type-ll superconductors.

I. INTRODUCTION [bi,bl,1=0, {b;,bl}=1,

In recent years, model systems with strong electron cor- [b;,b;]=0 [b_’r b_T]:O @)
relations have been extensively studied with the aim of deep- S ’
ening our understanding of cuprate superconductors. A paigvhere the anticommutator on equal sites inhibits double oc-
ticularly prominent model system is the Hubbard model,cupancy.
with its conceptual simplicity but rather nontrivial physical ~ The mapping from the attractive Hubbard model formally
properties. In this paper we concentrate on the threeyieldst=U, but an obvious extension is to soften this con-
dimensional3D) attractive Hubbard model which exhibits a dition, allowing U/t to vary. In this paper we will consider
crossover from a BCS-type superconductivity to Bose-only U=0 andU=t, because these choices prevent the oc-
Einstein condensation as coupling strength increases. In theurrence of mixed phases. Indeed, for largeithe model
strong coupling regime it can be mapped to a model of inwill exhibit charge density wave phases as well as metal-
teracting local pairs undergoing Bose-Einstein condensationinsulator transitions, which will complicate matters. Previ-
In this coupling regime the attractive electron interactionously, the phase diagram of the 2D and 3D model has been
leads to preformed local pairs moving by dissociafid@e-  studied for various values d in terms of a mapping to a
cause the pairs undergo Bose-Einstein condensation to a sgtassical spin modéI.QMC simulations have been per-
perfluid state, it is of interest to investigate the phase transiformed by Onogi and Murayaman the 2D model to inves-
tion, including the critical-point behavior and the tigate the Kosterlitz-Thouless transition in the presence of
dependence of these properties on pair concentration.  disorder. Finally, Schneideetal. * investigated the 3D

We present and discuss the following results of quantuniodel using the random-phase approximatigiA), BCS,
Monte Carlo(QMC) simulations: the transition temperature and exact diagonalization.
and zero-temperature superfluid density as a function of pair
density. Using the classical Monte Carlo technique we esti-
mate the critical amplitude of the specific heat. Then, using
the universal scaling relations for the 30Y critical point, For our QMC simulations we used a worldline algorithm
we assess the consistency of our estimates of the transiticand checkerboard decomposition with the Suzuki-Trotter for-
temperature with those of the superfluid density and the critimula having periodic boundary conditions and winding num-
cal amplitude of the specific heat. ber updates.For a detailed description of the path-integral

Motivated by the experimental observation of critical be-decomposition we refer to the paper by Blaer and Fian.
havior analogous to that of a neutral superfluid in extreme In accordance with the Suzuki-Trotter decomposition
type-ll superconductors, we conclude by discussing certaive write the partition function as Z=Tre A"
similarities between the results presented here and the prop-Tr(e~2™1e=27H2)A/A74 7(A7?), where the Hamiltonian
erties of the cuprate superconductors. is decomposed into two nonoverlapping patts H,;+H,.

In the limit of strong attraction, second-order degeneraten the following we have set 7=1/4 and performed 50 000
perturbation theory maps the attractive Hubbard model to ghermalization updates followed by 100 000 measurements.
model of hard-core bosons We have studied lattice sizes ofx#4x4 and 6X6X6;

2X2X2 was found to be too small to yield useful results.
o + The transition temperature has been estimated as a func-
= _02” tijbi by + UUE’D n‘ni_'“BZi i @ tion of filling for the two case4)=0 andU=t. To find the
transition temperature we computed the specific heat as a
where the sums are taken over nearest neighbprshb; is  function of temperature. The specific heat has a well-defined
the number operatot;; is the hopping matrix, antd is the  peak at the phase transition, which is broadened for our sys-
nearest-neighbor interaction. The terimsand b are hard- tem sizes but still allows reliable estimatesTof. According
core boson operators to scaling theor{ the transition temperature in the thermo-

II. MONTE CARLO RESULTS
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where e, is the boson dispersion. One sdeslid line) that
the RPA appears to overestimate the transition temperature
somewhat.

In the limit n— 0 we expect the system to behave like that
of a dilute Bose gas, whefk.ocn?3. Although this is indeed
compatible with the data, we observe for higher fillings that
we can fit the overall behavior quite well with two phenom-
enological formulas:T,<[n(1—n)]*® for U=0 and T,
«[n(1—n)]Y? for U=t (dashed curves

At half-filling, the two casesU=0 and U=t can be
mapped to th&XY model and the Heisenberg model, respec-
tively. Here analytical estimates for, exists from high-
temperature series expansi@iTSE). For U=0, the HTSE
result is T,=1.0%+0.018 and forU=t it is T,=0.84,°
compared with 0.97and 0.82, respectively. This is well
within the error bars of the results of our simulations.

In Eq. (1) we presume that the pairs are heavily screened,
so long-range Coulomb forces can be neglected. However,
the presence of charge will still lead to electrodynamic ef-

FIG. 1. The transition temperature after finite size scaling vsfects. In a magnetic field the hopping term will be changed to
carrier density fold=0. The dashed line is the phenomenological contain the usual Peierls phase factor[d)ar/(ﬁo)ﬂAd” It

formula T,<[n(1—n)]Y2

dynamic limit is related to the peak positioh, , for a finite
system of linear siz& by T,=T.+a/L"". To estimate the
thermodynamic T, we have used the scaling relation

has been shown by Schafrdttthat, for a condensed ideal

Bose gas, this leads to the London expression for the pen-
etration depth, which is again related to the superfluid den-
sity.
Here we find the helicity modulud;,! by using a wind-

v=2/3. This provides an estimate at best, because our mfﬁg number algorithm. The helicity modulus is related to the

merics allowed us to obtain reliable data for only two syste

™ ondon penetration depth

sizes.
Figures 1 and 2 show our estimates for the transition tem- )
peratures obtained from finite size scaling as a function of 1 —4 2e
F_ v % . (4)

pair filling. The points for 0.5:n<1 have been obtained

from the data for 82n<<0.5 by using particle-hole symme-
try. For comparison we included the result of the RPA treat-Another quantity is the muon-spin relaxation rate which is

ment by Schneideet al* and Micnaset al,! given by

€0~ €k
2kgT,

1
(2n—1)"1==>" cot
N“%

(2n—1)),

n

related to the zero-temperature London penetration depth by

2
oY (5)

2758
“(0):( X (0)

where B=0.813 in sintered materials arB=1 in single
crystals.

The temperature dependence of the superfluid density
(proportional toY) was calculated by QMC and the zero-
temperature superfluid density estimated by extrapolating to
zero temperature. In Fig. 3 we have shomgi0) vs filling
for U=0. The error bars in the figure result from the extrapo-
lation to zero temperature. We have shown results only for
U =0, because results ft4 =t are identical within the error
bars. The resulting curve is seen to be fitted quite well with
the mean-field resulhg(0)=n(1—n) (solid line). We re-
mark that similar results have been obtained by Onogi and
Murayamd for the 2D model.

In the critical region around . the heat capacity peak is
thought to be dominated by thermal fluctuations, and quan-
tum effects are considered negligible except for their influ-
ence on the location of ;. Thus, to study the critical ampli-
tude of the heat capacity peak we made a classical Monte

FIG. 2. The transition temperature after finite size scaling vsCarlo simulation to be able to obtain larger systems than with
carrier density folU=t. The dashed line is the phenomenological QMC in order to better resolve the heat capacity peak.

formula T.<[n(1—n)]Y3 The solid line shows the RPA result of

Schneiderret al. (Ref. 4.

The Bose-Hubbard model can be mapped to a spin model
with the transformation
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FIG. 3. The zero-temperature superfluid density vs boson den- FIG. 4. The critical amplitude of the heat capacity scaled as a
sity. The solid line shows the mean-field resulg(0)=n(1—n). function of the critical temperature scaled. Squares denote MC data
(U=0), triangles experimental data from YBC®ef. 12. The

f_ X iqY solid line isT¢, the dashed ling?.
bj=S/+is]/, (6) c c
b =S sy 7) For a 3DXY critical point, the three quantities, penetra-
= I tion depth, transition temperature, and specific heat critical
1 1 amplitude are not independent of one another, but related by
n= §+ NE (S, (8)  the hyperuniversal scaling relatidfis
where the spin variables are spin 1/2 %o £
pin v Spi . kgT.= 16,3 32" (11)
The Hamiltonian then becomes Ao
R=A(£D)", (12)

H=—12, (SS+Y+UY SST-m> &, (9
(.0 (g ' where R;=0.3, ®, is the flux quantum,\, is the
where the sum is taken over nearest neighbors. Here tHenetration-depth-critical amplitude, andl is the heat-
external magnetic fieldh has the role of a chemical poten- capacity-critical amplitude. If we now assume that the zero-
tial. Thus, to keep the pair density fixed in a grand canonicalfemperature penetration depth is proportional to the critical
simulation, we must vary the magnetic field such that wedmplitude,\o>A(0), the hyperuniversal relations together
have a fixed magnetization. We emphasize that in the predvith the QMC results predichoT¢ and A=T; for U=0,
ence of a field, fluctuations in the direction are massive, respectively. A fit to this law is shown in Fig. 4, and is seen
and the model is in the 3XY universality class and not in to be in reasonable agreement with the simulation results and
the Heisenberg universality clagd8D XY 2) as one might experimental data. The assumption thaf is related to
naively think. N(0) is further corroborated by recent experiments on
All simulations were performed with classical spins on aLa;_SrCu0,.*
16X 16X 16 lattice having 5000 thermalization sweeps and Thus, it is seen that the Bose-Hubbard model, &9,
10 000 averaging sweeps using the metropolis algorithm andgrees qualitatively rather well with the predictions of the 3D
restricted tdJ = 0. The resulting specific heats display a very XY hyperuniversal scaling relation concerning its depen-
well-defined lambda-shaped peak, as expected for a neutrdence on filling.
superfluid.
Following Ghiron et al'? the resulting curves fo(C) IIl. RELATION WITH CUPRATE SUPERCONDUCTORS

vs T were fitted with the function
tr
1—-tanh~]+D, (10 high-T, superconductor¥ it is of interest to investigate to
0 what extent the properties of the hard pair model treated here
where the reduced temperaturetis (T—T,)/T, to models agree with the experimental findings on cuprate supercon-
the fact that the heat capacity peak is not divergent for auctors. First we note that th€. vs filling curve we ob-
finite system and the tanh term models the mean-field-likg¢ained in Figs. 1 and 2 behaves similarly to the bell-shaped
step behavior. In Fig. 4 the resulting estimates for the criticaturves found in experiments, assuming a linear relation be-
amplitudes A, are shown as a function df, together with  tween boson filling and electron concentration. Here one
the experimental data from Ghiraet al1? must keep in mind that the relation between the boson filling

As there is a growing number of experiments showing the
importance of fluctuations and a 3RY critical point in

C_ [ 2 2
?——A n(ty+tg) +B
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fraction and the electron doping is nontrivial.

Another issue is the relation between the zero-temperature
penetration depth and the critical amplitude of the penetra-
tion depth. Experiments on La,Sr,CuQ, have shown that
the ratio of these quantities is nearly const4rifhis is con-
sistent with the findings in this paper owing to the hyperuni-
versal scaling relation, Eql1). The dependence of the mea-
sured zero-temperature penetration depth on ddpisglso
in agreement with our estimates shown in Fig. 3. Third, the
behavior of the specific-heat critical amplitude depicted in
Fig. 4 is in qualitative agreement with experimental data of
YBCO.*? Finally we find T.=[n(1—n)]¥3x¢(0)3 where
a(0)Y3x1/\ (0)?%ny(0)/M andM is the boson mass. Thus,

in the underdoped regimd,. increases with doping and, in
the overdoped regimé,. shows reverse evolution. In Fig. 5 oL~ 02 04 o6 0B ]
this behavior is compared with the experimental data of a ) ) : )

large number of cuprate superconductors. For most materials 5(0)

the data collapses more or less on a curve in accordance with

the QMC prediction_ However, some materials follow more FIG. 5. Transition temperature VS ZerO'temperatUre Superfluid
closely the outline of a fly's wing, as observed for density._ Dotted line fo_r the case of particle-hol_e symmetry
TIZBa2CuOG+5.16'17 This effect might be attributed to the and solid and dashed Ilnes. for broken §ymmetry in the under-
breaking of particle-hole symmetry. One way to breakdOped and overdoped regime as obtained from QMC. Data
particle-hole symmetry is to imagine bosons of finite exten-2ken from Ref. 130, Tl,Ba,CaCus0s0, TlosP 55 CECU0,;
sions, occupying more than one site. This will introduce asgéxgh‘grzcsctb:m’sr Cu%. . \B(ilgrpé‘Bazi%Coﬁ<g‘ é
topological difference between particles and holes, thus, 82 g?’uoxﬁ ,’( e?]t*; Oxm c 4 YS? TI2 g&)xcx (u)z 8+
breaking particle-hole symmetry, as well as make supercon- 2= 2 +3: (PEMAGOR L2 —x Y3 Tos™ sty
ductivity vanish at a filling smaller than 1, like in cuprates
where superconductivity vanishes at a filling around LT L
n=0.27 electrons per unit cell. Phenomenologically Wetemperature superconductivity in its full complexity is much

study this result by exploring the effect of using a nonsym-beyond. th's. m_odel system, we find Intriguing 3|m|Iar|t|es._
. 1 ; This might indicate that the phase transition in cuprates is
metrical interpolation formula foll; vs n, such as

closer to Bose-Einstein condensation of preformed or fluctu-
ating pairs than to a BCS-type of Fermi-surface instability.

Hubbard model. Although the theoretical problem of high-

5 13

2
Tcxn2’3(1——n :
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