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The elemental metals Zn, Cd, and Hg are studied under pressure in a diamond-anvil cell by energy-
dispersive x-ray diffraction. While Zn and Cd remain in thehP2 structure up to the highest pressures achieved,
several phase transitions are observed in Hg with ahP2 structure for the high-pressured-Hg phase. Different
equation of state~EOS! forms are fitted to these experimental data and, for comparison, also to literature data
of Be and Mg. A detailed analysis of the data shows that a simple one parameter EOS form describes the
isothermal behavior of almost all the phases. Only the intermediateg-Hg phase shows slight deviations from
this ‘‘simple’’ EOS behavior.

I. INTRODUCTION

Progress in pressure generation with diamond-anvil cells
and suitable x-ray-diffraction techniques1 resulted in the
unique opportunity to study not only equations of state
~EOS’s! but also structural parameters of crystalline solids in
a pressure range previously accessible only to shock-wave
experiments. A comparison of EOS data with different EOS
forms allows us to discriminate between more or less suit-
able forms when accurate low-pressure data are used to-
gether with data for these new extendedp-V regions, and
some specific forms2,3 allow us to distinguish between ideal,
simple, and more complex compressional behavior by com-
parison with asymptotic laws.4–10This type of analysis illus-
trates with the present data of Zn, Cd, and Hg, together with
previous data for Be and Mg, some systematic trends that
give some hints for special contributions from inner filled
and outer unfilledd-electron shells for some of these ele-
ments.

II. EXPERIMENTAL TECHNIQUE

Diffraction patterns of Zn, Cd, and Hg were obtained by
energy-dispersive x-ray diffraction~EDXD! using either a
conventional x-ray tube with a W anode and the conical slit
system in the laboratory11 or synchrotron radiation at the
energy dispersive scattering~EDS! station F3 at HASYLAB,
DESY.12,13High pressure was generated by a diamond-anvil
cell14,15with an Inconel X750 gasket, and beveled diamonds
with culet diameters of 300mm were used for pressures
above 50 GPa. Pressures were measured with the ruby lumi-
nescence technique16 on the basis of the nonlinear pressure
scale.17 Liquid nitrogen or mineral oil were used as pressure
transmitting medium with no notable differences.

III. EDXD RESULTS

A. Zinc

Powder-diffraction patterns of Zn were measured up to 74
GPa. No phase transition was observed in this pressure
range, and five lattice spacingsdhkl could be used up to the
highest pressures for the evaluation of the hexagonal lattice
parametersa and c. Since the ratioc/a51.8561 ~Ref. 18!

deviates at ambient pressure significantly from the value
1.633 of an ideal close packing~of hard spheres!, usually
referred to as hcp, it seems to be more appropriate to use the
strongly recommended Pearson nomenclature19 hP2 for this
hexagonal cell with two atoms in its primitive unit. Different
slopes in the variations ofa andc with pressure, illustrated
in Fig. 1, already indicate thatc/a must also vary signifi-
cantly, as shown in Fig. 2. However, in contrast to earlier
results from x-ray diffraction at lower pressures,20 only a
monotonous decrease is substantiated by the present mea-
surements. As pointed out previously,21 deviatoric stresses
could be responsible for the unusual variation inc/a in the
former experiments. The present results also support a simi-
lar observation in a theoretical study.22 On the other hand, a
slight anomaly inc/a nearc/a5) has been observed very
recently in an angle-dispersive x-ray-diffraction study23 be-
cause of the higher precision of this method, and this
anomaly has been related to an electronic topological transi-
tion also noticed in Mo¨ssbauer studies at low temperature
and high pressure.24With increasing pressure above 23 GPa,
c/a falls below the ideal hcp value~as shown in Fig. 2! at the
compression ofV/V050.74, wherebyV0 stands for the
atomic volume at ambient conditions„V0~Zn!50.015 22
nm3,18…. The change of volume with pressure is shown in

FIG. 1. Lattice parameters of zinc to 74 GPa. Full symbols refer
to pressure increasing cycles and open symbols to pressure decreas-
ing cycles, respectively. Diamonds represent the lattice parameters
at ambient conditions~Ref. 18!. The lines result from a polynomial
fit through the data.

PHYSICAL REVIEW B 1 JANUARY 1996-IIVOLUME 53, NUMBER 2

530163-1829/96/53~2!/569~12!/$06.00 569 © 1996 The American Physical Society



Fig. 3 together with data from the literature. In this represen-
tation, only minor differences are seen between the results
from volumetric high pressure experiments,25,26 shock wave
experiments,27 and x-ray diffraction.20

B. Cadmium

Cadmium shows similar properties like Zn, also at high
pressure. ThehP2 structure remains stable up to the present
maximum pressure of 67 GPa, and, as in the case of Zn, the
axial ratio decreases fromc/a51.8855~Ref. 18! at ambient
conditions to the ideal value of 1.633 at about 50 GPa and
finally to c/a51.604 at 68 GPa. For the evaluation of the
lattice parameters, only four lattice spacingsdhkl could be
used over the whole pressure range because of the overlap-
ping of diffraction and fluorescence lines. This effect was
partly avoided by additional EDS spectra taken at different
diffraction angles. The data for the lattice parametersa andc
are shown in Fig. 4, andc/a is plotted in Fig. 5, wherebyV0
stands for the volume at ambient conditions
„V0~Cd!50.021 58 nm~Refs. 3 and 18…. Whereas the earlier
x-ray studies20 resulted in an unusual decrease inc/a, only a
monotonous decrease is seen in the present data, and the
crossover to values below the value of ideal close packing is
similar to the variation in Zn. The variation of the atomic
volume for Cd with pressure is shown in Fig. 6 together with
data from the literature. Again, only minor differences can be
noticed between the volumetric data,25,26 the shock-wave
data,27 the early x-ray diffraction data,20 and the present re-
sults in this type of representation.

C. Mercury

Diffraction patterns of mercury were measured up to 67
GPa. As reported recently,28 several phase transitions already
occur in the lower part of this pressure range~Fig. 7!. Be-
sides the well-known rhombohedral~hR3, a-Hg! and tetrag-
onal body-centered~tI2, b-Hg! phases, an orthorhombic
~oP4, g-Hg! and a hexagonal-close-packed~hP2, d-Hg!
phase were recently discovered.28,29

For clarity, the present representation of the phase dia-
gram for Hg does not include the regions of metastability as
discussed in a previous paper, but shows instead best esti-
mates of the triple points and the corresponding equilibrium
transition lines. Best values for the slopes of the different
boundaries are given in Ref. 28.

The observed lattice spacings, up to 12dhkl values in the
orthorhombic phase, result in the variations of the lattice
parameters under pressure as shown in Fig. 8. The variations
of the axial ratios are given in Fig. 9. It can be noticed that
c/a for d-Hg starts with a value of 1.7 at theg-d phase
transition and shows a similar decrease as discussed before
for Zn and Cd. A rough estimate indicates that the idealhP2
value forc/a may be reached at a pressure of around 90 GPa
corresponding toV/V050.693. Also this value is similar to
the corresponding crossover values for Zn and Cd. The varia-
tion of the atomic volume for mercury under pressure is plot-
ted in Fig. 10. The volume difference for thea-b phase
transition at ambient pressure and low temperatures~77 K! is
2%,18 which compares favorably also with the very small

FIG. 2. c/a variation of zinc under pressure. The full line results
from the polynomial fit of the single lattice parameters.

FIG. 3. Pressure-volume data of zinc.

FIG. 4. Lattice parameters of cadmium to 67 GPa. The symbols
have the same meaning as in Fig. 1.

FIG. 5. c/a variation of cadmium under pressure.
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change observed in the present measurements at room tem-
perature and higher pressures of about 1%.

IV. THE EQUATIONS OF STATE

A. Theoretical background

On the basis of different assumptions, various second- and
higher-order forms have been derived over the years to rep-
resent EOS data for solids under strong compression, as dis-
cussed in detail in Ref. 2. For instance, Murnaghan30 used
the assumptionK(p)5K01pK08 with all higher-order pres-
sure derivativesK09 , K0- , . . . equal to 0, which results upon
integration in the second-order form

MU2: p5
K0

K08
F S V
V0

D 2K08

21G .
Birch,31 on the other hand, expanded the Gibb’s free en-

ergyF in terms of Eulerian strain

e5X2n21

with X5(V/V0)
1/3 andn52, which results in second order in

the form

BE2: p5
3

2
K0@X

272X25#H 12
3

4
~42K08!@X2221#J .

The first-order expansion corresponds in this case to
K0854, which is a good average value for all kinds of solids.2

The use of an effective Rydberg-type potential has been
promoted more recently,32 leading to another second-order
form labeled in the later discussion just

MV2: p53K0X
22~12X!expF32 ~K0823!~12X!G .

Since all these forms diverge at very strong compression
with respect to the well-established Thomas-Fermi limiting
behavior,33,34 more reasonable forms were introduced in re-
cent years2–4,6,35–37in the form

H02: p53K0X
25~12X!exp@c02~12X!#

with c025(3/2)(K0823), which deviates at ultimate com-
pression only by a constant factor from the Fermi-gas limit

pFG5aFG~Z/V!~5/3!,

whereZ represents the nuclear charge,V the atomic volume,
and aFG523.37 MPa nm5 is a universal constant. With the
additional condition c02→c052ln~3K0/pFG0! using
pFG05pFG~V0!, H02 retains onlyK0 as a free parameter with
K085312c0/3 fixed byK0, V0, andZ. The corresponding
first-order form is therefore labeled H11 since it is also re-
lated to another second-order form,

FIG. 6. Pressure-volume data of cadmium.

FIG. 7. Pressure-temperature phase diagram of mercury. Details
of the diagram are explained in the text.

FIG. 8. Lattice parameters of the different high-pressure phases
of mercury. The solid lines result from polynomial fits through the
data; the dotted lines represent the estimated transition pressures at
ambient temperature.

FIG. 9. c/a andb/a variations for the different phases of mer-
cury up to 68 GPa.
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H12: p53K0X
25~12X!exp@c0~12X!1c12X~12X!#,

which approaches the correct Fermi-gas limit at ultimate
compression and retains one more free parameterc12
5(3/2)(K0823)2c0 to represent EOS data as well, which
deviate significantly from the simpler H11 form.

In fact, it has been noticed5,9,10,37 that c1250 is a very
good approximation for many ‘‘simple’’ solids. The addi-
tional condition3 c05bs0 with b55.67 nm21 and
s05~3ZV0/4p!1/3 is related to the universal Thomas-Fermi
scaling at ultimate compression and represents very reason-
ably the average or ‘‘ideal’’ behavior of all kinds of solids
even at moderate pressures. Therefore, it is considered as a
good zeroth-order approximation with the label H10.

Due to the strong correlations between the parametersK0

andK08 in least-squares-fitting procedures generally used to
represent the experimentalp-V data by one of these second-
order forms, more accurate values forK0 are commonly de-
duced from ultrasonic measurements taking into account the
small correctionKS/KT511agT between adiabatic (S) and
isothermal (T) values, wherea, g, andT stand for the cubic
thermal expansion coefficient, the thermodynamic Gru¨neisen
parameter, and the temperature, respectively. For noncubic
aggregated ~polycrystalline! materials special deviatoric
stresses are produced under pressure at the grain boundaries,
and only upper38 and lower39 limits, known as Voigt and
Reuss limits, respectively, can be derived from ultrasonic
single-crystal data in these cases forK0 of the aggregated
material.

Thus, a comparison of ultrasonic values with the values
for K0 andK08 obtained by least-squares fits of any second-
order EOS form to experimentalp-V data gives usually
more rigorous constraints in the attempt to determine the true
thermodynamic values of these parameters. In the compari-
son of ultrasonic values forK0 with experimentalp-V data
from various sources covering very differentp-V regions, it
is very convenient to ‘‘linearize’’ thep-V data in such a way
that high accuracies at low pressures and strong variations at
high pressures are represented on an equal footing.

For the interpolation of experimental EOS data towards
the Fermi-gas limit at ultimate compression, a special linear-
ization scheme had been introduced,3 which uses the scaled
pressure coefficient

h5 ln
p

pFG
2 ln~12X!

in h2X representations of the experimental data with
X5(V/V0)

1/3. In this representation of the experimental
data, the approach to the asymptotic Fermi-gas behavior at
ultimate compression~X→0! impliesp→pFG andh→0, and
the use of the previously introduced Thomas-Fermi length
scales0 results withs5Xs0 in one common straight line for
all the ideal solids inh2s plots. Straight lines with slightly
different slopes represent thereby the simple solids.3 There-
fore, h2X and h2s plots will be used in the following
discussion of the present experimental data to gain some
deeper insight into the significance of specific EOS forms.

B. Equation of state of Zn

An h2X representation of all the previous EOS data for
Zn,20,25–27together with the present results, is shown in Fig.
11 to illustrate some obvious facts.

~I! The ultrasonic value forKT0 ~Ref. 40! together with its
upper and lower bounds according to the Voigt and Reuss
limit 41,42 shows much smaller uncertainties than the experi-
mental EOS data extrapolated toX51.

~II ! Bridgman’s data25 deviate systematically at higher
compression from all the other data.

~III ! The reduced shock-wave data27 agree perfectly with
the present data at the upper end of the present experimental
range, however, near ambient pressure, significant deviations
from the ultrasonic results can be noticed. The smooth varia-
tion of these data comes from the mathematical procedures
used in the evaluation of the original shock-wave data and
does not represent the true uncertainty of these results.

~IV ! The first-order EOS form H11 with the best ultra-
sonic value forK0 is represented in this plot by the solid line,
which appears to give the best average representation of all
the data, including the present results.

Least-squares fits of the different EOS forms to the indi-
vidual data sets lead to the values for the parametersK0 and
K08 shown in Table I with standard deviations, which corre-
spond to the condition that the other parameter is fixed at its

FIG. 10. Pressure-volume data of mercury.

FIG. 11. Comparison of the EOS data of zinc in ah2X repre-
sentation. The vertical size of the diamond represents the scatter of
K0 values from different ultrasonic measurements~Refs. 40–42!.
VO5volumetric data, XD5x-ray-diffraction data, SW5shock-
wave data, and US5ultrasonic data.
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best value. Strong anticorrelation of these parameters are in-
dicated by the values for the correlation parametere'21.
This anticorrelation is usually much reduced for data cover-
ing larger ranges in pressure (pm) as seen for the present
data; however, for the smooth shock-wave results, a large
anticorrelation together with small standard deviations is
typical, and, in this case, the standard deviations are much
smaller than any reasonable uncertainty of the individual pa-
rameters as discussed with the more reasonable error ellip-
soids presented in Fig. 12. The standard deviations of the
volume data with respect to the fitted curve are represented
by sV . Naturally, very small values forsV are noticed for the
smooth American Institute of Physics data,27 whereassV for
the present results represents the true experimental precision.

In the first block of Table I only the form H12 was used
together with the different sets of data, whereas the second
block of Table II shows a comparison of fits with different
EOS forms using all the available data. Thereby, MU2 shows
the largest value forsV , the largest anticorrelation, and a
rather poor agreement in the parameter values forK0 and
K08 in comparison with all the other two parameter fits. BE2,
typically, gives slightly larger values forK0 and smaller val-

ues forK08 than MV2, and both H02 and H12 give values
that fall just in between. This observation is typical for EOS
data withK08.4 and has been noted previously.6

The one parameter fit with the form H11 results in the
present case in a slight increase ofsV and in numerical val-
ues forK0 andK08 closer to the values of MU2 but still in a
perfect agreement with the other sets if one considers just the
statistical uncertainties. This situation is also illustrated in
Fig. 12, which shows the ultrasonic values forK0,

40–42 to-
gether with the results of fits for the AIP data27 and for the
present data using the form H12. The error ellipsoids, which
represent more realistic~correlated! error estimates than the
standard deviations, show a common region of overlap for
both data sets, and it is interesting to note that the correlation
between K0 and K08 given by the form K0853
2(2/3)ln(3K0 /pFG0) implied by H11 intersects this common
region close to the value indicated by the circle, which rep-
resents the best fitting result of H11 with respect to the
present data.

The comparison with the ultrasonic values, given by hori-
zontal lines in Fig. 12, indicates that the average valueA
~Ref. 40! appears to be rather large compared with the
present and previous EOS data; however, if one takes into
account that polycrystalline bulk materials may show in their
EOS behavior any value between the Voigt (V) and Reuss
(R) limits, depending on the amount of deviatoric stresses at
the grain boundaries, it is only somewhat surprising that the
EOS data for strong compression do not approach the hydro-
static Voigt limit of stress continuity (V) but seem to fall
closer to the Reuss limit, which corresponds to the strain
continuity at the grain boundaries.

The differences between the individual EOS forms are
most clearly illustrated in an extendedh2X plot, as shown
in Fig. 13, where the best-fitting parameters from Table I~all
data! were used for the individual extrapolations. Obviously,
MU2 diverges most rapidly to very large values ofh, and
BE2 diverges more slowly in the same direction, whereas
MV2 diverges in the opposite direction. The differences be-
tween H11 and H12 are marginal, and all the differences

FIG. 12. Error ellipsoids for the parameters obtained by fitting
the EOS form H12 to differentp-V data sets of zinc. For details see
text.

TABLE I. Parameters for different EOS forms and different EOS data sets of zinc together with values
derived from ultrasonic measurements~US!.

K0 ~GPa! K08 pm ~GPa! sV ~%! 2e EOS Ref.

57~4! 3~1! 10 0.05 0.98 25
68~3! 4.8~7! 25 0.03 0.98 20
60~2! 5~1! 5 0.01 0.97 H12 26
56~1! 6.3~1! 250 0.02 0.99 27
63~2! 5.2~7! 74 0.68 0.52 This work

63~7! 4.6~5! 0.79 0.95 MU2
57~6! 5.9~9! 0.69 0.89 BE2
56~6! 6.3~8!

250
0.67 0.89 MV2

All data
56~7! 6.1~8! 0.68 0.99 H02
56~2! 6.2~8! 0.68 0.53 H12
61~8! 5.5~1! 0.73 H11

71 41,V
59 US 42,R
68.3 40
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between H02, H12, and H11 just give a measure for the
uncertainties in the intermediate region. Finally, it can be
noticed also for later discussion that Zn is softer than the
ideal solid behavior, which is represented by the dotted
straight line in Fig. 13.

C. Equation of state of Cd

The h2X plot of the different literature data for
Cd,20,25–27 together with the present data in Fig. 14 shows
slightly lower values for the present results in comparison
with the shock-wave data.27 Bridgman’s data25 are signifi-
cantly lower, but with the correct slope, and the data from
Lynch and Drickamer20 display an unusual change in slope
together with an apparent divergence atX51. This variation
is typical forV/V0 data, which were reduced by an inconsis-
tantly small value forV0 in comparison with other data. If,
therefore, one rescales these data with aVR50.021 45 nm3

instead of the trueV0, one obtains the results shown in Fig.
14 as solid squares, which agree more reasonably with all the
other more recent data.

Table II first presents the results of fitting the form H12 to
the individual data sets. The differences in the values forK0

andK08 remain within the statistical errors for all the data sets
except for the data of Bridgman.25

The error ellipsoids of these fits are illustrated in Fig. 15
for the different data sets from the literature20,26,27and for the
present data. It can be noticed that the data for smaller pres-
sure ranges result in larger values ofK08 . The error ellipsoids
of the different data sets overlap significantly only in the
region that is also intersected by the correlation of the H11
form.

The middle part of Table II compiles the results of fits
with different EOS forms using all thep-V data of cadmium.

FIG. 13. h2X representation of different EOS forms for zinc.
The diamond gives the best value ofK0 derived from ultrasonic
measurements~Ref. 40!. The bars indicate only the present data.

FIG. 14. Comparison of the EOS data of cadmium in ah2X
representation. The vertical size of the diamond represents the scat-
ter of theK0 values from different ultrasonic measurements~Refs.
43–45!. The star denotes rescaled data as discussed in the text and
footnote of Table II.

TABLE II. Parameters for different EOS forms and different EOS data sets of cadmium together with
values derived from ultrasonic measurements~US!.

K0 ~GPa! K08 pm ~GPa! sV ~%! 2e EOS Ref.

39~2! 5.7~9! 10 0.06 0.98 25
46~3! 7.2~7! 24 0.21 0.96 20
45~3! 7.3~8! 24 0.19 0.95

H12
20a

45~2! 8.0~9! 5 0.03 0.96 26
49~2! 6.0~2! 120 0.08 0.94 27
46~4! 6.0~7! 68 0.86 0.98 This work

48~6! 5.0~5! 0.99 0.98 MU2
44~5! 6.0~9! 0.86 0.89 BE2
43~5! 6.6~9! 120 0.84 0.94 MV2 All data
44~6! 6.4~9! 0.85 0.95 H02
43~5! 7.0~9! 0.84 0.93 H12
48~8! 5.7~1! 0.87 H11

54.4 43,V
44.4 43,R
62.2 US 45,V
44.5 45,R
52.9 44

aRescaled data, as discussed in the text.
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Obviously, the forms BE2, MV2, H02, and H12 give almost
the same results; however, the form MU2 leads to a signifi-
cant difference for the value ofK08 and also to a larger value
of sV . A fit of the one parameter form H11 to the data shows
no significant deviation, as illustrated also in Fig. 15 by the
circle, which fits very close to the region of overlap for the
different EOS data right in the middle between the most
recent values forK0 derived from ultrasonic~US! data.43,44

The differences in the individual best-fit EOS curves are
shown in theh2X plots of Fig. 16. Again, the divergence of
the forms MU2, BE2, and MV2 at very strong compression
is obvious. In comparison with the curve of an ideal solid, a
softer behavior of Cd can be noticed, represented by its
lower values ofh.

In summary, the high-pressure behavior of both zinc and
cadmium is well described with the one parameter form H11.
The use of two parameter forms H12 or H02 does not lead to
a significant improvement of the fit. The more commonly
used forms MU2, BE2, and MV2 show no advantage but
only their common divergences at strong compression. Both
elements show thus the behavior of simple solids within the
accuracy of all the available results. However, in contrast to
the good agreement between shock-wave data and static
measurements found for indium5 and aluminum,9 marginal

differences are observed for both these more strongly aniso-
tropic elements, as illustrated by the data in Figs. 11 and 14,
as well as by the corresponding parameter values27 in Table I
for Zn in comparison with the ‘‘best’’ values derived with
H11.

For comparison with the elements zinc and cadmium, lit-
erature data for magnesium and beryllium are evaluated in
the same way in the next sections. Both these metals show
the samehP2 structure and strong similarities in their elec-
tronic configuration in comparison with Zn, Cd, and Hg~un-
der high pressure!. Therefore, these five elements are often
considered together as group-II elements.46

D. Equation of state of Mg

High-pressure studies on Mg have been performed up to
58 GPa by x-ray diffraction,47 up to 10 GPa by volumetric
measurements48,49 and up to 55 GPa by shock-wave
experiments.27 At 50 GPa, a phase transition from thehP2
structure to thecI2 structure was observed47 and attributed
to s-d transfer. The possible volume discontinuity at the
transition is smaller than the scatter in the data and can there-
fore be neglected in the following discussion. Pseudopoten-
tial calculations confirmed the transition50 and also its con-
nection withs-d transfer.

Theh2X plot of the different data sets for magnesium is
given in Fig. 17, which shows large differences between the
data. While good agreement is observed between the shock-
wave data,27 the later x-ray data,47 and some of the volumet-
ric data,49 significant discrepancies are noticed with respect
to the earlier volumetric data48 and less drastically with re-
spect to the earlier x-ray-diffraction data,51 which also show
some low-pressure anomalies similar to the data of
cadmium20 because of the use of an erroneous value forV0.
Rescaling of the data with a smaller valueVR50.022 75 nm3

insteadV050.023 24 nm3 minimizes these deviations. Fur-
thermore, it can be seen from Fig. 17 that the calculated
curve using the H11 form and the best value ofK0 from
ultrasonic data52–55 agrees only with these earlier x-ray
data,51 while the shock-wave data,27 the more recent x-ray
data,47 and some of the volumetric data49 show much smaller
slopes.

These differences can also be seen in the results of fitting
the form H12 to these differentp-V data sets, as shown in

FIG. 15. Error ellipsoids for the parameters obtained by fitting
the EOS form H12 to differentp-V data sets of cadmium. For
details see the text. The star on Ref. 20 denotes rescaled data as
discussed in the text and footnote of Table II.

FIG. 16. h2X representation of different EOS forms for cad-
mium. The diamond gives the best value ofK0 derived from ultra-
sonic measurements~Ref. 44!. The bars indicate only the present
data.

FIG. 17. Comparison of EOS data of magnesium inh2X rep-
resentation. The diamond represents theK0 value from ultrasonic
measurements~Ref. 52!. The star denotes rescaled data as discussed
in the text.
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the upper block of Table III. While reasonable agreement of
the values forK0 is found in all the cases except for the
uncorrected earliest x-ray data,51 only the first set of volu-
metric data48 results in a significantly larger value forK08 ,
whereas the differences for the corrected earliest x-ray data,
denoted by the footnote in Table III, and for the later volu-
metric data49 with respect to the shock-wave27 and later x-ray
results are marginal. In the plot of the error ellipsoids shown
in Fig. 18, only these later data are therefore used. Obvi-
ously, these ellipsoids overlap near the best value forK0
from ultrasonic measurements,52 and larger deviations of
K08 are related to the larger uncertainties for all the data from
limited ranges in pressure.49,51

Since there are good reasons to admit that the earliest
x-ray-diffraction measurements,51 as well as the earliest

volumetric data,48 were less accurate than the later measure-
ments, only the later data27,47,49were used in the fits of the
different EOS forms, which resulted in the data represented
in the middle block of Table III. Again, the largest deviations
from the best average values forK0 andK08 are obtained with
the form MU2, which also gives the largest value ofsV for
any of the two-parameter forms. On the other hand, the fit of
the one-parameter form H11 results in this case in a much
smaller value forK0 and significantly larger values forK08
andsV .

These differences in the parameters of the form H11 can
also be seen in Fig. 18, where the circle for its best-fitting
values falls outside the region of overlap of the H12 fits for
the different data sets. This observation must be considered
as a strong hint that thep-V data of magnesium cannot be

FIG. 18. Error ellipsoids for the parameters obtained by fitting
the EOS form H12 to differentp-V data sets of magnesium. For
details see the text. The star denotes rescaled data as discussed in
the text and footnote of Table III.

FIG. 19. h2X representation of different EOS forms for mag-
nesium. The diamond gives the best value ofK0 from ultrasonic
measurements~Ref. 52!. The bars indicate the data of magnesium
from shock-wave experiments~Ref. 27!.

TABLE III. Parameters for different EOS forms and different EOS data sets of magnesium together with
values derived from ultrasonic measurements~US!.

K0 ~GPa! K08 pm ~GPa! sV ~%! 2e EOS Ref.

35~2! 6.3~9! 10 0.08 0.97 48
28~2! 5.9~7! 26 0.42 0.94 51
36~2! 4.6~5! 26 0.18 0.96

H12
51a

34~1! 5.0~9! 5 0.04 0.96 49
35.1~7! 3.8~1! 55 0.06 0.96 27
36~2! 3.6~3! 59 1.00 0.89 47

37~2! 3.1~2! 0.58 0.92 MU2
35~2! 3.8~2! 0.44 0.96 BE2
35~2! 4.1~3!

55
0.40 0.96 MV2

27, 47, 49
35~2! 3.8~3! 0.44 0.94 H02
36~2! 3.7~3! 0.47 0.95 H12
32~2! 4.39~4! 0.75 H11

32.3 41
35.3 53
35.6

US
55,V

35.5 55,R
34.4 54
35.4 3.9 52

aRescaled data, as discussed in the text.
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described with the one-parameter form H11.
The extrapolations of the different fitted EOS forms in the

h2X representation of Fig. 19 shows even more clearly the
large difference between the first-order form H11 on the one
hand and all the other second-order EOS forms on the other
hand. Obviously, all these other curves approach the ideal
solid behavior rather rapidly; however, the large overshoot-
ing of the forms MV2, H02, and finally also BE2 mark the
limits for unreasonable extrapolations. The comparison with
the ideal solid shows, in the case of magnesium, a positive
deviation at low pressures in contrast to the opposite behav-
ior of zinc and cadmium. This means that Mg shows a spe-
cial hardness at low pressures in comparison with the behav-
ior of an ideal solid.

In summary one can notice that the behavior of Mg under
high pressure is very well described by the second-order
form H12. The use of the first-order form H11 leads to sig-
nificant deviations, which may be attributed to the special
s-p-type character of this element at lower pressures before
somes-d transfer starts to contribute just in the upper range
of the available experimental studies.

E. Equation of state of Be

Investigations of the structural behavior of beryllium un-
der strong compression are rather sparse. For EOS data, there
are some volumetric measurements56 up to 10 GPa, x-ray-
diffraction measurements57 up to about 28 GPa, and shock-
wave results27 for the higher-pressure region. ThehP2 struc-
ture at ambient pressure has been reported to transform into a
distorted hexagonal structure (hP8) at around 11 GPa.57

From theoretical total-energy calculations, a further transfor-
mation to the high-temperaturecI2 structure is only ex-
pected above 100 GPa.58

Thep-V data for beryllium are represented in the form of
an h2X plot in Fig. 20, which shows large deviations be-
tween the volumetric data56 and the shock-wave results,27

especially in the upper range of the volumetric data, while
the x-ray data57 are primarily effected by a large scattering.
Close agreement is observed, however, between the ultra-
sonic data42,59–61 with their first-order extrapolation with
H11 on the one hand and the shock-wave data27 on the other
hand.

Results of unbiased fitting of the form H12 to the data are
shown in the upper block of Table IV.K08 for the volumetric

FIG. 20. Comparison of EOS data of beryllium inh2X repre-
sentation. The vertical size of the diamond represents the scatter of
theK0 values from ultrasonic measurements~Refs. 42 and 59–61!.

FIG. 21. Error ellipsoids for the parameters obtained by fitting
the EOS form H12 to differentp-V data sets of beryllium. For
details see the text.

TABLE IV. Parameters for different EOS forms and different EOS data sets of beryllium together with
values derived from ultrasonic measurements~US!.

K0 ~GPa! K08 pm ~GPa! sV ~%! 2e EOS Ref.

89~13! 21~7! 10 0.07 0.99 H12 56
91~8! 9~2! 28 0.56 0.50 H12 57
121~3! 3.4~2! 80 0.04 0.96 H12 27

123~3! 3.1~2! 0.07 0.95 MU2
120~2! 3.5~1! 0.03 0.94 BE2
120~2! 3.6~2!

80
0.03 0.95 MV2

27
121~3! 3.4~2! 0.03 0.95 H02
121~3! 3.4~2! 0.03 0.96 H12
120~3! 3.47~2! 0.04 H11

134 42,V
120 42,R
111 4.6 US 60
110 59
121 61
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data56 is unusually large, but theK0 value for the shock-wave
results27 compares very well with the best value ofK0 from
ultrasonic measurements.61

The error ellipsoids in Fig. 21 for these fits show almost
no common region of overlap. The shock-wave results show
excellent agreement with the best value ofK0 from ultra-
sonic measurements,61 represented as horizontal heavier line
in Fig. 21. The shock-wave ellipsoid27 is also intersected by
the correlation of the H11 form, which is represented by the
dotted line. Because of the large uncertainties of the other
data, only the shock-wave results are used in the later dis-
cussion.

The fit of the different EOS forms to the data results in the
values, which are presented in the second block of Table IV
where large deviations of the parameter values for the form
MU2 are noticed with respect to the other data. The one
parameter form H11 gives the same results as all the other
two parameter forms with a value for the bulk modulus very
close to the best value derived from the ultrasonic data.

Extrapolations of the different best-fit EOS forms are
shown in Fig. 22, again in the form of anh2X plot together
with theoretical data,62 which cover an extremely wide range
in pressure. While all the forms, H02, H11, and H12, show
only minor differences, the forms BE2, MU2, and MV2 di-
verge rather rapidly into regions of unreasonable values.
Compared with an ideal solid, Be shows even larger special
hardness than Mg. However, the theoretical data of Be show
no special offset and only small variations around the
straight line representing the behavior of an ideal solid. The
large differences between the theoretical and the experimen-

tal data may be attributed to a different value forV0 used in
the theoretical calculations. Furthermore, no x-ray data are
available for the region of extremely high pressures to con-
firm an expectedcI2 phase. From this point of view, it may
be possible that Be in this phase behaves as indicated by the
theoretical data, and thep-V data indeed approach the curve
of an ideal solid after the predicted phase transition into the
cI2 structure. In contrast to magnesium, the available high-
pressure data of Be are therefore very well described by the
first-order form H11 with no advantage of any second-order
form.

F. Equation of state of Hg

The behavior of mercury under pressure is dominated by
the phase transitions mentioned in Sec. III C of this paper.
These phase transitions are all accompanied by special dis-
continuities of thep-V behavior, as illustrated in Fig. 23,
which shows thep-V data of Hg in anh2s representation.

Because of the small regions of stability for the low-
pressure phasestI2 andoP4, and because of the rather large
scatter of the experimental data for these regions, Fig. 23
shows immediately that it is difficult to determine precise
values for the parametersV0, K0, andK08 , which are com-
monly used to fit a given EOS form to the experimental data.
The strong correlations between these parameters in the
usual fitting procedures thus call for a reduction of the num-
ber of free parameters by some reasonable assumption.
Therefore, it is tempting to try at first a fit with the first-order
form H11, which implies for a high-pressure phase, in addi-
tion to the free parameterK0, alsoV0 as free parameter and

FIG. 22. h2X representation of different EOS forms for beryl-
lium. The diamond gives the best value ofK0 from ultrasonic mea-
surements~Ref. 61!. The bars indicate the data of beryllium from
shock-wave experiments~Ref. 27! and the circles represent theo-
retical data~Ref. 62!.

FIG. 23. EOS data of mercury inh2s representation. The dif-
ferent symbols refer to the different phases of mercury; the curves
represent the corresponding fits to the forms H11 and H12, respec-
tively. Diamond: estimated value ofK0 ~Ref. 63!.

TABLE V. EOS Parameter for the different phases of mercury.

V0 ~1023 nm3! K0 ~GPa! K08 sV ~%! EOS Phase

24.0~5! 36~5! 6.4~1! 1.80 b-Hg
23.9~5! 45~6! 6.2~1! 2.40 H11 g-Hg
22.5~5! 61~7! 6.1~1! 0.87 d-Hg

24.0~5! 35~2! 7.0~1! 1.80 b-Hg
23.9~5! 22~3! 13.5~3! 1.47 H12 g-Hg
22.5~5! 78~3! 4.2~6! 0.83 d-Hg
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K08 only as a correlated parameter due to the implicit condi-
tion K08532(2/3)ln(3K0 /pFG0) for H11.

The results for the fits of the form H11 to the data for the
different phases of mercury are given in the upper block of
Table V. From this table one can see that the fitted values for
V0 decrease from one phase to the other, whereas the values
for K0 increase. A relatively small value forsV is obtained in
this case for thed-Hg phase; however, the corresponding
values for the other two phases are rather large. The next
attempt using the second-order form H12 results in the val-
ues forV0, K0, andK08 given in the lower block of Table V.
The most significant changes are noticed thereby for the
orthorhombicg-Hg phase. The value of the bulk modulus
decreases from 45 to 22 GPa, and the anticorrelated pressure
derivativeK08 increases to 13.5. The standard deviationsV
shows a significant decrease by nearly a factor of 2 for this
~oP4! g-Hg phase, but all the values for the~cI2! b-Hg and
~hP2! d-Hg phases are not much affected.

Figure 23 includes as best-fitting curves for the low pres-
sure (tI2) b-Hg phase and high pressure (hP2) d-Hg phase
just straight solid lines corresponding to the form H11,
whereas the slightly curved~dashed! line represents the best
fit of the form H12 for the intermediate (oP4) g-Hg phase.
For comparison, the behavior of ideal solids is illustrated
again by a dotted line, which shows that all the data for
mercury fall below this curve, as noted before for cadmium
and zinc, however, in contrast to the behavior of magnesium
and beryllium, which show much stiffer behavior than the
ideal solids.

V. DISCUSSION

Thep-V data for these five elements are most reasonable
compared with each other in anh2s plot, as illustrated in
Fig. 24, where the dotted line again represents the behavior
of ideal solids, the heavily drawn sections of the continuous
curves mark the experimental ranges for each element, and
only the data for the (hP2) d-Hg phase of mercury are in-
cluded for clarity. In this representation, one can notice that
Be, with its pure outers-p electron configuration, shows a
special stiffness~larger values! with respect to the ideal be-
havior. This special stiffness is already smaller for Mg at
ambient pressure, and the special curvature corresponding to
the form H12 with a smaller value ofK08 for Mg in compari-
son with the ideal behavior points to a special change in the
electronic structure, which can be attributed to the broaden-
ing of the ‘‘empty’’ 3d band and its partial occupation under

increasing pressure. Due to this increase in the mixing of the
3s, 3p, and 3d electrons in the conduction band of Mg the
ideal behavior is obviously approached much more rapidly
than either in Be, or in the~heavier! IIb metals, where the
fully occupied lowerd bands reduce thes-d hybridization in
the corresponding conduction bands at least within the
present experimental region. The simple EOS behavior cor-
responding to the H11 form and expressed in Fig. 24 by the
straight lines appears thus as another fingerprint for a stable
electron configuration, where the unusualc/a ratio of Zn
may also be correlated with the special softness of zinc with
respect to the ideal behavior, and with correspondingly
weaker deviations for Cd and (hP2) d-Hg.

The structural similarity of the IIb metals, especially un-
der pressure, has already been discussed in earlier
publications,47,64and it may be sufficient to point out that the
structural phase transitions for Be and Mg under pressure are
typical for their special band structure as discussed above
with respect to their special EOS behavior. The special struc-
tural behavior of both Be and Mg under pressure can then be
attributed to the lack of cored electrons affecting the con-
duction band in the IIb cases.
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