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To quantify the thermally activated relaxations of the mobile silver ions in superionic silver phosphosulphate
~Ag2SO4!x~AgPO3!(12x) and phosphosulphide~Ag2S!x~AgPO3!(12x) glasses, the broad attenuation peaks re-
ported previously have been analyzed in terms of a Gaussian-type energy distribution. The parameters obtained
are used to determine the influence of thermally activated relaxation processes on the temperature dependence
of the ultrasonic wave velocity measured between 1.5 and 300 K. After subtraction of the relaxation effects
together with those due to anharmonic interactions, another contribution to the temperature dependence of the
ultrasonic velocity remains below 100 K, which follows a linear temperature dependence—as predicted by the
soft-potential model~SPM! for relaxation of soft harmonic oscillators. The soft HO relaxation contribution to
the ultrasonic velocity temperature dependences of silver phosphate-based glasses has a similar magnitude to
those determined previously for lanthanide metaphosphate glasses. While the silver phosphate-based glasses
have skeletons that are comprised of long chains of phosphate ions, the lanthanide metaphosphate glasses are
close to having a three-dimensional structure. The agreement of the excess contribution to the temperature
dependence of the ultrasonic velocity with the predictions of the SPM for both types of glass, in spite of their
complete differences in structure, is further evidence for the universal applicability of the soft-potential model.
To determine the vibrational anharmonicity of the long wavelength acoustic modes in superionic glasses, the
hydrostatic pressure derivatives of the second-order elastic stiffness tensor components have been measured for
these~Ag2SO4!x~AgPO3!(12x), ~Ag2S!x~AgPO3!(12x), vitreous AgPO3 and also for silver iodide molybdate
~AgI!0.75~Ag2MoO4!0.25. To examine further the effects of vibrational anharmonicity, the thermal expansions of
the vitreous phosphates have also been measured. The linear thermal expansion coefficient becomes anoma-
lously negative at lower temperatures for the~Ag2SO4!x~AgPO3!(12x) and ~Ag2S!x~AgPO3!(12x) glasses. The
wide variations found between the elastic and nonlinear acoustic properties of superionic silver phosphate,
molybdate, and borate glasses stem from differences in the bonding and connectivities of the glass skeletons.

I. INTRODUCTION

Superionic glasses with high silver ion mobility are im-
portant solid electrolytes, finding commercial applications in
low-current, long-life batteries. The propagation of ultrasonic
waves in superionic materials is strongly influenced by the
presence of mobile ions; ultrasonic attenuation and velocity
measurements have proved particularly well suited to the
study of the dynamics of superionic glasses.1 A wide ranging
ultrasonic study has been made of the elastic and nonlinear
acoustic properties of superionic glasses belonging to the
silver phosphosulphate~Ag2SO4!x~AgPO3!(12x) and silver
phosphosulphide~Ag2S!x~AgPO3!(12x) systems. Contribu-
tions to the temperature dependence of the velocity and at-
tenuation of ultrasonic waves arise from anharmonic effects
and thermally activated relaxation processes. Physical prop-
erties, such as ultrasonic attenuation or thermal expansion,
which depend upon ionic thermal motion, are dominated by
vibrational anharmonicity. The anharmonicity of the long-
wavelength acoustic modes can be determined from the ef-
fects of pressure on the elastic moduli. Since there is no
quantitative information available on the anharmonicity of
the long-wavelength acoustic modes for glasses belonging to

the systems silver phosphosulphate~Ag2SO4!x~AgPO3!(12x),
silver phosphosulphide~Ag2S!x~AgPO3!(12x), or silver io-
dide molybdate~AgI!x~Ag2MoO4!(12x), measurements have
now been made of the hydrostatic pressure derivatives of the
second-order elastic stiffness tensor components for glasses
of each of these types. To extend knowledge of the vibra-
tional anharmonicity, the thermal expansions of the silver
phosphosulphates and phosphosulphides have also been
measured.

High-pressure ultrasonic studies have been made previ-
ously for other types of superionic glasses:
~Ag2O!y~B2O3!(12y), ~AgI!x$~Ag2O!y~B2O3!(12y)%(12x) ~Ref.
2!, and ~AgI!x~AgPO3!(12x) ~Ref. 3! glasses. For the borate
glasses it was found that, while the anharmonicity of the
longitudinal mode is normal, (]C 11

s /]P)T,P50 is positive
and that for the shear wave it is to a degree anomalous in that
(]C 44

s /]P)T,P50 is negative: The shear mode softens un-
der pressure.2 By contrast, the vibrational anharmonicities of
both the long-wavelength shear and longitudinal modes
propagated in~AgI!x~AgPO3!(12x) glasses are normal.3 Fur-
thermore, the values of the acoustic mode Gru¨neisen param-
eters of the glasses in these two superionic systems have
established that the pressure dependences of the long-
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wavelength acoustic vibrational mode energies are quite dif-
ferent. The structures of silver borates and phosphates are
different in kind. Borate glasses consist primarily of planar
units, ~BO3! triangles and hexagonal~B3O3! rings

4,5 and so
are probably comprised of two-dimensional networks, while
phosphate glasses are based on linear chains of PO4 tetrahe-
dra. In these circumstances their elastic and nonlinear acous-
tic properties might be expected to differ markedly. It has
been with this in mind in particular that ultrasonic studies as
a function of pressure have been made of the
~Ag2SO4!x~AgPO3!(12x) and ~Ag2S!x~AgPO3!(12x) glasses
and also for a glass~AgI!0.75~Ag2MoO4!0.25 containing
~MoO4! tetrahedra. For the silver phosphate glasses, substi-
tution of sulphur for oxygen increases the cationic conduc-
tivity. Electrical conductivity and ultrasonic attenuation
studies6 have shown that the behavior of
~Ag2S!x~AgPO3!(12x) glasses occupies an intermediate posi-
tion between that of AgI-doped and network-modified
glasses. A suggestion that the sulphide can act both as an
interstitial dopant and as a network modifier has been con-
firmed by 31P NMR magic angle spinning spectroscopy.6 A
similar study7 of ~Ag2SO4!x~AgPO3!(12x) glasses has shown
that for compositions withx,0.2 the sulphate SO4

22 ion acts
as a network modifier, preferentially occupying a bridging
position between two end units. The fractal bond
connectivity8,3 is used here to provide physical insight into
the way in which structural differences, which dominate the
ionic behavior of the different superionic glasses, influence
their elastic and nonlinear acoustic properties.

Anomalies in a wide range of physical properties at low
temperatures due to frozen-in supplementary degrees of free-
dom are a characteristic feature of glasses.9,10Measurements
made in the temperature range 1.2–40 K on the ionic con-
ducting~AgI!x~Ag2O•B2O3!(12x) glasses withx50, 0.2, 0.5,
and 0.65 have shown that there is an additional specific heat
C, over that predicted from the Debye theory, which is asso-
ciated with the excess of localized vibrational states.11A pro-
nounced maximum occurs in the plot ofC(T)/T3 with tem-
peratureT. Theoretical models, which have been proposed to
account for the universal form of the excess of density of
vibrational states in glasses, include~i! a possible fractal
structure12,13and~ii ! soft harmonic potentials with a random
distribution of coupling constants.14,15 The anomalous spe-
cific heat of the~AgI!x~Ag2O•B2O3!(12x) glasses was ana-
lyzed in terms of an energy spectrum comprised schemati-
cally of long-wavelength phonons and short-wavelength,
localized modes with a fractal nature.11 The crossover fre-
quencyvCO from a regime of phonons to modes localized on
clusters of low effective fractal dimensionality corresponded
to a characteristic lengthL of about 30 Å in these glasses, in
accordance with that predicted by the phonon-fracton model.
In general, the parameters found from the model for a
fracton-phonon density-of-states fit to the excess specific
heat have the same magnitudes as those found for other
amorphous materials, including a number of phosphate
glasses.16 Although the model can be used to fit the data,
such an approach leaves out of consideration the question-
able fractality of glasses. In principle, the universal complex
of anomalous thermal, acoustic, and optical vibrational prop-
erties of glasses can also be accounted for phenomenologi-
cally within the framework of the soft-potential model

~SPM!. One prediction of the SPM is the occurrence in the
temperature dependence ofC(T)/T3 of a minimum at a tem-
peratureTmin at which crossover takes place between har-
monic and anharmonic states from aC;T to C;T5 behav-
ior. Inspection of the specific-heat results obtained for the
~AgI!x~Ag2O•B2O3!12x glasses@see Fig. 1~a! of Ref. 11#
shows that these ionic glasses do show a minimum in
C(T)/T3 at Tmin;2.5 K. Recently, it has been found17 for
~La2O3!0.25~P2O5!0.75 and ~Sm2O3!0.25~P2O5!0.75 metaphos-
phate glasses that after the subtraction of relaxation and an-
harmonic contributions, a contribution to the ultrasonic wave
velocity temperature dependence remains that has linear tem-
perature dependence in accordance with a prediction of the
soft-potential model for the relaxation of soft harmonic
oscillators.18–20 Lanthanide metaphosphate glasses have
quite different structures from the superionic silver phos-
phate glasses. However, if, as suggested,18–20 the SPM,
which is an extension of the tunneling model for two-level
systems~TLS’s!, can account for the ‘‘universality’’ of the
low-temperature physical properties of glasses, then a contri-
bution from the relaxation of soft harmonic oscillators would
also be expected in the ultrasonic wave velocity in the
silver phosphate glasses. Hence finding out if such a contri-
bution exists in superionic silver phosphosulphate
~Ag2SO4!x~AgPO3!(12x) and silver phosphosulphide
~Ag2S!x~AgPO3!(12x) glasses is an essential requirement for
developing an understanding of the mechanisms which regu-
late the ultrasound wave propagation in these glasses.

II. EXPERIMENTAL DETAILS

These silver phosphosulphate and phosphosulphide
glasses have been studied previously by a variety of tech-
niques including conductivity, acoustic attenuation, and
NMR.6,7 For the ultrasonic work silver phosphosulphate and
phosphosulphide glasses of formula~Ag2SO4!x~AgPO3!(12x)
and ~Ag2S!x~AgPO3!(12x), with x ranging between 0.1 and
0.3, and a sample of a pure silver phosphate glass~x50!
were prepared in the form of cylinders of diameter and
length around 5 mm. The molybdate~AgI!x~Ag2MoO4!(12x)
glass was prepared by melting together AgI and Ag2MoO4 in
a 3:1 mole ratio in a Pyrex tube. It was the same material as
that used to assess ion hopping properties by measurements
of the ac conductivity, the dependence on temperature of the
attenuation of longitudinal ultrasonic waves and shear wave
velocity, and thermal expansion.21

To make ultrasonic wave velocity and attenuation mea-
surements, samples were cut and polished to have flat and
parallel faces to within 1023 rad. Parallelism of the faces was
examined using an optical interference method and ensured
to within one wavelength of sodium light. Quartz transducers
~X cut for longitudinal, Y cut for shear waves!, driven at
their fundamental frequency of 10 MHz, were bonded to the
specimens using Nonaq stopcock grease as the bonding
agent between samples and transducers. Dow resin 276-V9
was used as the bonding material above room temperature.

The ultrasonic wave velocities were measured using the
pulse echo overlap technique,22 which, having a sensitivity
of better than 1 part in 105, is particularly suited for measur-
ing the rather small changes in ultrasonic wave velocity in-
duced by changing the temperature or by application of pres-
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sure. Hydrostatic pressure up to 0.15 GPa was applied in a
piston-and-cylinder apparatus using silicone oil as the
pressure-transmitting medium. The pressure was determined
from the change in resistance of a precalibrated manganin
wire coil in the pressure cell. To circumvent the requirement
of the determination of pressure-induced changes in sample
dimensions, the ‘‘natural velocity’’W approach23 was used.
The stress dependences of the relative changes in natural
velocities of both longitudinal and shear ultrasonic waves
were found to be linear up to the maximum pressure applied.

Hence the slope of the experimental results for the depen-
dence of the natural wave velocity upon pressure could be
used to determine the hydrostatic pressure derivatives
(]C 11

s /]P)T,P50 of the elastic stiffnesses.

III. ULTRASONIC ATTENUATION

In general, the ultrasonic attenuation of
~Ag2S!x~Ag2PO3!(12x) glasses, which has been described and
discussed in detail in Ref. 6, is quite similar to that of the

FIG. 1. Comparison between the experimen-
tally determined attenuation of 30 MHz
ultrasonic waves propagated in
~Ag2SO4!0.3~AgPO3!0.7glass as a function of tem-
perature and that determined from a theoretical fit
~solid line! to the relaxation model@Eqs.~1! and
~2!# using a distribution of activation energies
@Eq. ~3!#. The inset shows the acoustic absorption
as a function of temperature in the
~Ag2S!0.3~AgPO3!0.7 glass at 30 MHz. Solid lines
represent the best fit and show the two relax-
ational contributions described in the text.

TABLE I. Values computed from the best fits of the relaxation model equations~1!–~3! to the experi-
mental ultrasonic data for the most probable activation energyEm , relaxation timet, and widthE0 of the
energy distributionP(E) in superionic glasses.

Em1
~eV!

E01
~eV!

t1
~10210 s!

Em2
~eV!

E02
~eV!

t2
~10214 s!

uD
~K!

VL

~m s21!
VS

~m s21!

~Ag2S!0.3~AgPO3!0.7 0.4 0.08 7.0 0.138 0.088 9.8 192 3337 1510
~Ag2SO4!0.3~AgPO3!0.7 0.094 0.033 0.99 179 3317 1376
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~Ag2I!x~AgPO3!(12x) glasses; at temperaturesT below 10 K,
it is characterized by a plateau6 of the type attributed to
phonon-assisted relaxation or TLS’s predicted by Ja¨ckle:24

The acoustic wave interacts with the TLS’s and modifies
their thermal equilibrium population so that a new equilib-
rium distribution is attained with the cooperation of the ther-
mal phonons. Above 10 K the acoustic absorption is domi-
nated by a broad loss peak, characteristic of glasses,25 which
was analyzed6 assuming the existence of two thermally acti-
vated relaxation processes. The relaxation parameters ob-
tained from a best fit indicate that the intermediate-
temperature region is characterized by an activation energy
of about 0.1 eV whose value depends on the salt content. The
same activation energy value has recently been obtained
from the Arrhenius fit of the microwave conductivity26 on
glasses with the same composition and has been analyzed in
terms of unsuccessful ion hopping. The high-temperature–
low-frequency region, where the ionic diffusion is dominant,
is characterized by a higher activation energy~about 0.4 eV!
corresponding to thesdc energy value.

The ultrasonic attenuation of the~Ag2SO4!0.1~AgPO3!0.9
glass, which was measured by Scottiet al.,7 does not show
well-defined relaxation effects due to the ionic diffusion.
However, in the low-temperature region~T,10 K!, the
acoustic attenuation, like the velocity~see below!, shows
typical TLS effects. For the glasses with higher Ag2SO4 con-
tent of compositions ~Ag2SO4!0.2~AgPO3!0.8 and
~Ag2SO4!0.3~AgPO3!0.7 in the region above 10 K, the longi-
tudinal absorption shows a small peak on a continuously
increasing background as the temperature rises.7 The broad
intermediate-temperature relaxation loss peak is also super-
imposed on this background, although at a rather higher tem-
perature than that observed for the~Ag2S!x~AgPO3!(12x)
glasses.6 To obtain the relaxation parameters~needed to ana-
lyze the ultrasonic velocity data, which is reported here!, the
acoustic attenuationa~v,T! accruing from relaxation pro-
cesses has been described by1,6,7

a l~v,T!5
D l

2V E Pl~E!
v2t l~E!

11v2t l
2~E!

dE, ~1!

whereD is the relaxation strength,V andv are the velocity
and angular frequency of the inserted ultrasonic wave, and
the subscriptl52 identifies the parameters pertaining to the
low-energy motion, whilel51 identifies those for ionic dif-
fusion. Normal practice is to express the relaxation timet for
the absorbing processes by an Arrhenius-type relationship

t5t0exp~E/kT!. ~2!

Heret0 is a characteristic time andE is the mean activation
energy. In this phenomenological model a Gaussian distribu-
tion is assumed for the distributionP(E):

P~E!5
1

~2pE0!
1/2 expS 2

~E2Em!2

2E0
2 D , ~3!

with Em being the most probable value andE0 the width of
the distribution. A typical fit to the experimental attenuation
of ultrasonic waves with a driving ultrasonic frequency of 30
MHz obtained for the~Ag2SO4!0.3~AgPO3!0.7 glass is shown
in Fig. 1 as an example; the corresponding computed relax-

ation parameters are given in Table I, together with those
determined for the~Ag2S!0.3~AgPO3!0.7 glass from an analy-
sis of the ultrasonic data given in Ref. 6. In general, the
temperature dependences of the acoustic properties in the
MHz frequency region shows that the Ag2S and Ag2SO4 dop-
ant salts play a different role in the structure-dependent prop-
erties of these superionic glasses.6,7

IV. ULTRASONIC WAVE VELOCITY AND ELASTIC
STIFFNESS TENSOR COMPONENTS

The ultrasonic wave velocities, the second-order elastic
stiffness tensor componentsC11 andC44, and the bulk modu-
lus B 0

S calculated at room temperature from the ultrasonic
wave velocity measurements for~Ag2SO4!x~AgPO3!(12x),
~Ag2S!x~AgPO3!(12x), and ~AgI!0.75~Ag2MoO4!0.25 are com-
pared with the elastic properties of other superionic glasses
in Table II. The pure AgPO3 phosphate glass is rather less
stiff, and the temperature derivatives of the stiffnesses are
slightly larger than for the doped samples. In general, the
Ag2S modifier has a greater effect on elastic properties than
Ag2SO4. For the ~Ag2SO4!x~AgPO3!(12x) and
~Ag2S!x~AgPO3!(12x) systems, increasing the~Ag2SO4! or
~Ag2S! content fromx equal to 0.1–0.3 increases the longi-
tudinal and shear velocity~and hence the elastic stiffnesses!.
The velocities of ultrasonic waves in the molybdate glass are
much slower than those in the silver phosphates and borates,
and the elastic stiffnessesC11 andC44 and the bulk modulus
B 0

S are correspondingly much smaller: The interatomic
binding in the molybdate glass is much weaker.

The temperature dependences of the velocities of longitu-
dinal and shear 10 MHz ultrasonic waves propagated in
~Ag2S!x~AgPO3!(12x) glasses withx equal to 0.1, 0.2, and
0.3 are shown in Fig. 2 and for the corresponding
~Ag2SO4!x~AgPO3!(12x) glasses in Fig. 3. As would be ex-
pected for vitreous materials, the temperature dependences of
the ultrasonic wave velocities of these glasses do not con-
form with the behavior usually observed in crystalline mate-
rials for the effects of vibrational anharmonicity, namely, a
linear increase of the ultrasonic wave velocity with decreas-
ing temperature, terminating in a zero slope at low tempera-
tures. As the temperature is reduced, the ultrasonic wave ve-
locities continue to increase~Figs. 2 and 3!. Such behavior is
associated with the interaction of the ultrasonic waves with
TLS’s through a thermally activated, structural relaxation
process. Recently, it has been found17 for the case of the
lanthanum ~La2O3!0.25~P2O5!0.75 and samarium
~Sm2O3!0.25~P2O5!0.75 metaphosphate glasses that below
about 100 K the temperature dependence of the ultrasonic
wave velocity, after subtraction of the relaxation and anhar-
monic contributions, follows a linear law as predicted20 by
the SPM ~Refs. 14, 15, 17–20! for the relaxation of soft
harmonic oscillators. Encouraging agreement was found be-
tween the parameters regulating this mechanism and those
determined from acoustic attenuation results. The next step is
to find out if the SPM prediction holds for the superionic
glasses of present interest. To do this, it is necessary to ex-
tract the anharmonic and relaxation contributions.

The anharmonic effects have been determined by using an
extension to isotropic materials27 of the quasiharmonic con-
tinuum model,28 writing the temperature dependence of the
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longitudinal ultrasonic wave velocity as

VL5VL0F LL0G
3/2F12GLFS Tu D G1/2, ~4!

where

FFTu G5F3S Tu D 4E
0

u/T x3 dx

ex21G . ~5!

HereVL0
is the ultrasonic wave velocity atT50 K, L is the

specimen length, andu is the Debye temperature. The coef-
ficientGL , which depends upon the Gru¨neisen parameter, has
been selected to fit the velocity measured at high tempera-
tures where any effects of the relaxation processes are neg-
ligible. The calculated relative temperature dependences in
the anharmonic contribution to the ultrasonic wave velocity
with temperature for the ~Ag2SO4!0.3~AgPO3!0.7 and
~Ag2S!0.3~AgPO3!0.7 glasses are shown in Fig. 4.

The dispersion arising from the thermally activated relax-
ations of the structural defects has been calculated using29

FDVV0
G
rel

52
Bi
2

8rV1
2kBT

E P~E!
1

11v2t2~E!
dE ~6!

from the parameters given in Table I determined from the
acoustic attenuation peak~Fig. 1!. The results calculated for
the ~Ag2SO4!0.3~AgPO3!0.7 and the ~Ag2S!0.3~AgPO3!0.7
glasses are shown in Fig. 4.

When the sum of the anharmonic and relaxation contribu-
tions is subtracted from the experimentally determined ve-
locity of longitudinal ultrasonic waves as a function of tem-
perature, an excess term inDV/V0, which follows a linear
temperature dependence, remains, evidencing a contribution
from another mechanism to the temperature dependence of
the velocity in this temperature range. In the case of the
lanthanide phosphate glasses, it was shown that, on the basis
of the SPM approach, the excess velocity contribution de-
rives dominantly from a relaxation mechanism involving soft
single-well harmonic oscillators~HO’s!, which interact with
the ultrasonic deformation field by a modulation of the inter-
level spacing.17 This mechanism leads to the following con-
tribution to the sound velocity in the terminology detailed in
Ref. 20:

FdVV G
HO

52
28.21/2

9
Ci

k

E0
~T2T0!. ~7!

FIG. 2. Temperature dependence of the velocity of~a! longitu-
dinal and~b! shear 10 MHz ultrasonic waves propagated in phos-
phosulphide~Ag2S!x~AgPO3!(12x) glasses.

FIG. 3. Temperature dependence of the velocity of~a! longitu-
dinal and ~b! shear 10 MHz ultrasonic waves propagated in
~Ag2SO4!x~AgPO3!(12x) glasses.
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The linear dependence of the excess velocity contribution
found here at low temperature for the~Ag2SO4!0.3~AgPO3!0.7
and ~Ag2S!0.3~AgPO3!0.7 ionic glasses~Fig. 5! is in accor-
dance with this SPM prediction. The slopes b~Fig. 5! are
very similar to those found for the lanthanum
~La2O3!0.25~P2O5!0.75 and samarium ~Sm2O3!0.25~P2O5!0.75
metaphosphate glasses, which were 2.6231024 and

1.9131024, respectively. Although the silver phosphate-
based and lanthanide metaphosphate glasses have quite dif-
ferent structures, the soft HO relaxation contribution to their
ultrasonic velocity temperature dependences is of similar
magnitude, a finding again in accordance with the suggestion
that the SPM should be universally applicable to glasses.

The temperature dependences of the elastic stiffnesses are

FIG. 4. Temperature dependence of the ex-
perimental fractional ultrasound velocityDV/V0
~solid squares! for ~a! ~Ag2SO4!0.3~AgPO3!0.7 and
~b! ~Ag2S!0.3~AgPO3!0.7 glasses. The anharmonic
~dashed line! and relaxation~dotted line! contri-
butions to DV/V0 have been calculated using
Eqs.~4! and ~6!, respectively.

FIG. 5. Contribution from a relaxation mecha-
nism involving soft single-well harmonic oscilla-
tors ~HO’s! to the fractional longitudinal ultra-
sound velocity in excess of that provided by the
sum of the anharmonic and relaxation terms
for ~Ag2SO4!0.3~AgPO3!0.7 ~circles! and
~Ag2S!0.3~AgPO3!0.7 ~solid squares! glasses.
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shown in Fig. 6; at high temperatures, both the longitudinal
C11 and shearC44 stiffnesses increase approximately linearly
with decreasing temperature and at lower temperatures begin
to flatten out; this is the usual behavior expected from the
conventional model for vibrational anharmonicity. This lin-
ear behavior has been confirmed by measurements of the
temperature dependence of the longitudinal elastic constant
for the pure AgPO3 glass and for two compositions of vitre-
ous~Ag2SO4!x~AgPO3!(12x) in the range 293–393 K, below
the glass-forming range~430–510 K!. However, at low tem-
peratures the behavior of the longitudinal modulusC11 for
both these types of superionic glasses deviates from that ex-
pected from anharmonic model, showing a continuous in-
crease associated with the relaxation mechanism involving
soft single-well harmonic oscillators.

V. EFFECTS OF HYDROSTATIC PRESSURE ON THE
ELASTIC MODULI

The relative changes in the natural velocities of longitu-
dinal and shear ultrasonic waves propagated in the
~Ag2S!x~AgPO3!(12x) and ~Ag2SO4!x~AgPO3!(12x) glasses
were found to be linearly dependent upon hydrostatic pres-
sure ~Figs. 7 and 8!; this was also true for the
~AgI!0.75~Ag2MoO4!0.25 glass. The hydrostatic pressure de-

rivatives of the longitudinal (]C 11
S /]P)T,P50 and shear

(]C 44
S /]P)T,P50 elastic stiffnesses are compared with those

of other superionic glasses in Table II. The pressure deriva-
tives for ~Ag2SO4!x~AgPO3!(12x), ~Ag2S!x~AgPO3!(12x), and
~AgI!0.75~Ag2MoO4!0.25 glasses show normal behavior in that
(]C 11

S /]P)T,P50 is much larger than (]C 44
S /]P)T,P50 and

both are positive. Thus the effects of hydrostatic pressure on
the elastic properties of these glasses resemble those
found3 for the ~AgI!x~AgPO3!(12x) glasses. By contrast, in
the case of the ~Ag2O!y~B2O3!(12y) and
~AgI!x$~Ag2O!y~B2O3!(12y)%(12x) glasses the shear stiffness
pressure derivative (]C 44

S /]P)T,P50 has an anomalous nega-
tive value.2

A negative (]C IJ
S /]P)T,P50 signifies that application of

pressure produces an anomalous decrease of the vibrational
frequenciesvi associated with long-wavelength acoustic
modes. This can be quantified by considering the mode
Grüneisen parameters

g i52] lnv i /] lnV, ~8!

which express the volume~or strain! dependence of the nor-
mal mode frequencyvi . For an isotropic solid there are just
two Grüneisen parameters, namely,gL andgS for longitudi-

FIG. 6. Temperature dependence of the elastic stiffnessesC11 and C44 ~a! and ~b! in ~Ag2S!x~AgPO3!(12x) and ~c! and ~d!
~Ag2SO4!x~AgPO3!(12x) glasses.
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nal and shear elastic waves, respectively. These have been
obtained from the elastic constants and their hydrostatic
pressure derivatives using

g152
BS

6C11
F32

2C12

BS 23S ]B

]PD24S ]C44

]P D G , ~9!

gs52
1

6C44
F2C4423BSS ]C44

]P D2
3BS

2
1
3C12

2 G . ~10!

The mean long-wavelength acoustic mode Gru¨neisen param-
etergel is then given by

gel5$~gL /VL
3!1~2gS /VS

3!%/$~1/VL
3!1~2/VS

3!%. ~11!

The similarities between the Gru¨neisen parameters, given in
Table II, for the ~AgI!x~AgPO3!(12x),
~Ag2SO4!x~AgPO3!(12x), ~Ag2S!x~AgPO3!(12x), and pure
AgPO3 glasses show that the acoustic mode vibrational an-
harmonicities are similar in magnitude in each of these phos-
phate glasses, each of which have a fractal bond connectivity
of about unity~Sec. VII!. The mode frequencies increase in
the usual manner under pressure, the effect being larger for
the volume-dependent longitudinal modes. These results
are in marked contrast to the Gru¨neisen parameters
obtained for the ~Ag2O!y~B2O3!(12y) and
~AgI!x$~Ag2O!y~B2O3!(12y)%(12x) glasses for which the lon-
gitudinal mode parametergL is substantially smaller and that
gS for the shear mode is negative.2

It is common practice to use ultrasonic velocity data to
extrapolate the compressionV(P)/V0 of a material up to

high pressures by recourse to an equation of state, for ex-
ample, that due to Murnaghan,30 which is widely used,

P5S B0
T

B08
D F S V0

V
D B0821G , ~12!

which in logarithmic form is

lnS V0

V D 5
1

B08
lnFB08P

B0
T 11G . ~13!

HereB 0
T is the isothermal bulk modulus andB08 is equal to

(]B 0
T/]P)P50. This has been used to determine the compres-

sions V(P)/V0 of the ~Ag2SO4!x~AgPO3!(12x) and
~Ag2S!x~AgPO3!(12x) glasses. Since the elastic moduli of the
molybdate~AgI!0.25~Ag2MoO4!0.75 glass~Table II! are com-
paratively small, this glass has a much larger compression
than found for the stiffer phosphates~Fig. 9!.

VI. THERMAL EXPANSION

The temperature dependences of changes in length,DL/L,
as the temperature is decreased for silver phosphosulphate
glasses with compositions ~Ag2SO4!0.1~AgPO3!0.9,
~Ag2SO4!0.2~AgPO3!0.8, and~Ag2SO4!0.3~AgPO3!0.7 each fol-
low the same distinctive pattern~Fig. 10!. From room tem-
perature down to about 136 K, the length decreases linearly
as the temperature is reduced. But at this temperature the
linear thermal expansion coefficientb becomes negative for
each of these glasses. The thermal expansions of the phos-
phosulphide~Ag2S!x~AgPO3!(12x) glasses~Fig. 11! and of

FIG. 7. Hydrostatic-pressure-induced relative change in the
natural velocity of longitudinal~upper three plots! and shear~lower
three plots! ultrasonic waves propagated in~Ag2S!x~AgPO3!(12x)
glasses.

FIG. 8. Hydrostatic-pressure-induced relative change in the
natural velocity of longitudinal~upper three plots! and shear~lower
three plots! ultrasonic waves propagated in Ag2~SO4!x~AgPO3!(12x)
glasses.
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vitreous AgPO3 ~Fig. 12! show even more anomalous behav-
ior. In these glassesDL/L also decreases with reducing tem-
perature, although not in a linear fashion, down to about 150
K. At lower temperaturesb becomes a large negative quan-
tity. For AgPO3 glass Bogue and Sladek

3 have reported simi-
lar thermal expansion behavior to that found here; from room
temperature down to about 100 K, they observed that the
thermal expansion coefficient was positive~;12.231025

K21!: it passed through zero at about 160 K and then became
negative~22.031025 K21! at lower temperatures.

In the quasiharmonic approximation the thermal Gru¨n-
eisen parametergth, a widely used measure of net vibrational
anharmonicity, is related to the volume thermal expansionbV
and specific heatC by

g th5
bVVB

S

Cp
5

bVVB
T

Cv
, ~14!

whereBS and BT are the isoentropic and isothermal bulk
moduli, respectively. The thermal Gru¨neisen parametergth is
the weighted average of all the individual mode (i ) Grün-
eisen parametersgi :

g th5(
i
Cig i Y(

i
Ci . ~15!

For a glass, measurements of the hydrostatic pressure deriva-
tives of the elastic stiffness tensor components can be used to
determine the Gru¨neisen parameters of the acoustic modes in
the long-wavelength limit and so enable the effects of these
modes to be separated from those of higher-energy excita-
tions. As temperature is reduced, the higher-energy excita-
tions would be expected to freeze out first and their contri-
butions should decrease so that the long-wavelength acoustic
phonons should play an increasingly important role. In gen-
eral, a negative thermal expansion would be expected to re-
sult from the overriding cancellation of effects from excita-
tions having negative Gruneisen parameters. However, for
each of the~Ag2SO4!x~AgPO3!(12x), ~Ag2S!x~AgPO3!(12x),
and pure AgPO3 glasses, positive values for the acoustic
mode Gru¨neisen parametersgL andgS have been obtained at
room temperature, a feature which suggests that it is not

likely that these modes are responsible for the negative ther-
mal expansion at lower temperatures~Figs. 10–12!. Thus,
although the thermal expansion data suggest that the net vi-
brational anharmonicity of each of the superionic glasses in
the ~Ag2SO4!x~AgPO3!(12x) and~Ag2S!x~AgPO3!(12x) series
and vitreous AgPO3 becomes extremely anomalous at low
temperature, it is not clear which excitations are responsible.

FIG. 9. Isothermal compressions V(P)/V~0! of
~Ag2SO4!x~AgPO3!(12x), ~Ag2S!x~AgPO3!(12x), and
~AgI!0.75~Ag2MoO4!0.25 glasses at 293 K extrapolated to high pres-
sure using the Murnaghan equation of state.

FIG. 10. Temperature dependence of the linear coefficienta of
thermal expansion of ~a! ~Ag2SO4!0.1~AgPO3!0.9, ~b!
~Ag2SO4!0.2~AgPO3!0.8, and~c! ~Ag2SO4!0.3~AgPO3!0.7 glasses.
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One possible source is the topological disorder in glasses,
which introduces the supplementary degrees of freedom, giv-
ing rise to the ‘‘universal’’ anomalies in thermal, acoustic,
optical, and dielectric properties.29,31–33 In the absence of
specific-heat data, it is not possible to calculate the thermal
Grüneisen parameter, which would be instructive.

VII. ELASTIC STIFFNESS AND FRACTAL BOND
CONNECTIVITY

The ultrasonic wave velocities and the elastic properties
of a wide range of superionic glasses from different phos-
phate, borate, and molybdate systems vary widely from glass
to glass~Tables II and III!. For example, the bulk modulus
covers the range from 4.6631010 N m22 for vitreous
~Ag2O!0.33~B2O3!~0.67! to only 1.8231010 N m22 for the mo-
lybdate glass~AgI!0.75~Ag2MoO4!0.25 ~Table II!: The latter
material is nearly 3 times as easy to compress as the former.
This wide variation in behavior also extends to the effect of
pressure on the elastic moduli and related properties~Table
II ! and must have its origin in differences in structure and
binding forces between the glasses. An instructive parameter
relating the elastic properties of glasses to their network
structure is fractal bond connectivity. Considering a two-
dimensional~2D! Sierpinski gasket as the fractal object in a
study of the critical behavior of a random,d-dimensional,
isotropic, elastic medium, Bergman and Kantor8 have shown
that the effective fractal dimensionality of an inhomogeneous
random mixture of fluid and a solid backbone at threshold is
given by

d54C44/B. ~16!

The fractal bond connectivityd should vary fromd53 for
3D networks of tetrahedral coordination polyhedra tod52
for 2D structures and tod51 for 1D chains, enabling Bogue
and Sladek3 to associate it with the connectivity of glass
networks; we follow their suggestion here since this ap-
proach provides useful insight into the nature of the skeletal
configuration. Whether glasses can be considered to have a
fractal character has been difficult to establish. In fact, most
testing of fractal models for amorphous solids has been car-
ried out on suitably prepared aerogels.34 A value of d51
would be expected for a glass having a nearly one-
dimensional structured52 for a two-dimensional net-
work: Values of this order are found in quasi-2D glasses
such as As2S3 and As2Se3 ~Table IV! and in many borate
glasses~Table III!. In the tetrahedrally coordinated network
glasses such as SiO2, d is around 3~Table IV!. The fractal

FIG. 11. Temperature dependence of the linear coefficienta of
thermal expansion of ~a! ~Ag2S!0.1~AgPO3!0.9, ~b!
~Ag2S!0.2~AgPO3!0.8, and~c! ~Ag2S!0.3~AgPO3!0.7 glasses.

FIG. 12. Temperature dependence of the linear coefficienta of
thermal expansion of AgPO3 glass.
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bond connectivity for~AgI!x~AgPO3!(12x) glasses was found
to decrease monotonically with increasing AgI concentration
from the value of 1.10 in the pure AgPO3 glass to 0.88 at
x50.46.3 The value of 1.10 found for a pure AgPO3 meta-
phosphate glass sample is consistent with a structure com-
prised of chains of PO4 tetrahedra which are very weakly
cross-linked. The decrease ofd below unity implies breaking
of the phosphate chains, when AgI is included. The present
values found ford decrease somewhat from 1.22 for the pure
AgPO3 glass to below unity for~Ag2SO4!x~AgPO3!(12x) ~d
50.96 and 0.91 forx50.1 and 0.3, respectively!, but remain
above unity for~Ag2S!x~AgPO3!(12x) ~d51.11 and 1.10 for
x50.1 and 0.3, respectively!. This implies some cross-
linking between the phosphate chains in these glasses. NMR
studies of ~Ag2SO4!x~AgPO3!(12x) glasses suggest a
network-modifying effect by which metaphosphate chains
are converted to ‘‘end units’’ with a bridging sulphate;7 a
reduction ofd to less than unity with Ag2SO4 addition to the
phosphate glass is consistent with such a modifying effect.

By contrast, for the~Ag2S!x~AgPO3!(12x) glasses the fractal
bond connectivity remains greater than unity after addition
of Ag2S. A NMR study has shown that Ag2S is less effective
than Ag2SO4 in modifying polyphosphate chains into end
units.6 That the fractal bond connectivity is greater than unity
is in qualitative agreement with a smaller induced reduction
in chain length and cross-linking by Ag2S.

In contrast to the essentially one-dimensional chain struc-
ture of the silver metaphosphate glasses, borate glasses are
considered to be based on two-dimensional configurations of
the planar~BO3! triangular unit, and indeed a wide range of
borate glasses is found to have a fractal dimensiond nearer 2
~Table III!. In the case of the borate glasses of the type
~AgI!x$~Ag2O!y~B2O3!(12y)%(12x) with y50.2, 0.33, and
0.5,1,17 the effect of AgI doping is nonmonotonic, an increase
in y, the mole fraction of Ag2O, leading to a reduction ofd,
consistent with the breaking of B-O-B bridges and the reduc-
tion of network connectivity. An important difference be-
tween the borate-based glasses~Ag2O!y~B2O3!(12y) and

TABLE III. Elastic properties and bond connectivities of borate glasses at room temperature calculated
from published ultrasonic wave velocity data:~Ag2O!y~B2O3!(12y) ~Refs. 2, 35!, ~Li2O!y~B2O3!(12y) ~Ref.
36!, ~K2O!y~B2O3!(12y) ~Ref. 37!, and~Na2O!y~B2O3!(12y) ~Ref. 38!.

Mole
fraction

Density
~kg m23!

Ultrasonic
wave velocity

~m s21!
Elastic moduli
~31010 N m22!

Bond
connectivity
4C44/B

y V1 VS C11 C44 B d

~Ag2O!y~B2O3!(12y)

0.00 4030 4232 2181 7.218 1.917 4.662 1.64
0.10 4270 4079 2078 7.105 1.844 4.646 1.59
0.20 4380 3895 2049 6.645 1.839 4.193 1.75
0.40 4660 3509 1819 5.738 1.542 3.682 1.68
0.50 4750 3238 1679 4.980 1.339 3.195 1.68
0.60 4840 3011 1603 4.388 1.244 2.730 1.82
0.00 3280 4191 2236 5.761 1.640 3.575 1.84
0.20 3360 3911 2141 5.139 1.540 3.086 2.00
0.30 3550 3868 2045 5.311 1.485 3.332 1.78
0.40 3650 3640 1925 4.836 1.353 3.033 1.78
0.30 5420 3367 1606 6.144 1.398 3.281 1.31
0.40 5550 3134 1524 5.451 1.289 3.732 1.38
0.50 5680 2843 1314 4.591 0.981 3.283 1.19
0.60 5760 2545 1168 3.731 0.786 2.683 1.17
0.70 5820 2276 1030 3.015 0.617 2.192 1.13

~Li2O!y~B2O3!(12y) 0.00 1800 3470 1910 2.167 0.657 1.292 2.03
0.11 1980 4800 2620 4.562 1.359 2.750 1.98
0.25 2100 5670 3160 6.751 2.097 3.955 2.12
0.50 2050 6920 3970 9.817 3.231 5.509 2.35
0.70 2300 7110 4070 11.627 3.810 6.547 2.33

~K2O!y~B2O3!(12y) 0.10 2050 4332 2375 3.847 1.156 2.305 2.01
0.20 2138 4560 2480 4.446 1.315 2.692 1.95
0.30 2282 4962 2719 5.619 1.687 3.369 2.00
0.34 2306 4914 2653 5.568 1.623 3.404 1.91

~Nd2O!y~B2O3!(12y) 0.10 2047 4564 2520 4.264 1.300 2.531 2.05
0.20 2186 5197 2857 5.904 1.784 3.525 2.02
0.30 2340 5721 3204 7.659 2.402 4.456 2.16
0.36 2386 5744 3196 7.872 2.437 4.623 2.11
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~AgI!x$~Ag2O!y~B2O3!(12y)%(12x) ~Ref. 2! and the phosphate
~AgI!x~AgPO3!(12x) ~Ref. 3! glasses is that for the borates
the shear mode softens under pressure,2 but in contrast the
vibrational anharmonicity of the long-wavelength shear
modes propagated in~AgI!x~AgPO3!(12x) glasses is normal.

3

Another marked difference in vibrational mode anharmonici-
ties is that the acoustic mode Gru¨neisen parametersgL and
gS are substantially larger for the phosphates than for the
borates~Table I!. The shear mode softening in the borates
results from the open two-dimensional structure, which al-
lows bending vibrations involving bridging oxygen atoms.
The marked differences between the acoustic mode vibra-
tional anharmonicities between the phosphate and borate
glasses is associated with the essentially one-dimensional na-
ture of the former and two-dimensional structure of the latter.

Finally, it is interesting to place the elastic and nonlinear
acoustic behavior of the phosphate-based superionic glasses
in context with those of other metaphosphate glasses
M ~PO3!x , whereM is a metal cation of valencex. In gen-
eral, such materials comprise a network of PO4 tetrahedra,
each fourfold-coordinated phosphorus having one doubly
bonded and a singly bonded oxygen and two bridging oxy-
gens to neighboring tetrahedra. The polyphosphate skeletal
groups are interconnected by rather weaker ionic bonds to
the metal cations. The fractal bond connectivity determined
~Table IV! for the phosphate glasses modified with cations
having a valency greater than unity range between 2.27 and
3.07. When the cation valence is greater than unity, more
cross-linkage occurs and so phosphate glasses modified with
cations such as Zn21, Cu21, Fe31, Sm31, V51, and Mo61,
which have compositions in the vicinity of the metaphos-
phate composition, have a three-dimensional phosphate skel-
eton. This is quite different from that of the silver-phosphate-
based superionic glasses, which are comprised of the one-
dimensional polyphosphate chains which dominates the

elastic and nonlinear acoustic properties of the superionic
silver-phosphate-based glasses.

VIII. CONCLUSIONS

~1! The attenuation and velocity of ultrasonic waves have
been measured in superionic silver phosphosulphate
~Ag2SO4!x~AgPO3!(12x) and phosphosulphide
~Ag2S!x~AgPO3!(12x) glasses as a function of temperature
between 1.5 and 300 K. In general, the temperature depen-
dences of the acoustic properties in the MHz frequency re-
gion indicates that the Ag2S and Ag2SO4 dopant salts play a
different role in the structure-dependent properties of these
superionic glasses.2,3 The broad high-temperature relaxation
loss peak characteristic of glasses has been used to determine
the relaxation parameters.

~2! For the ~Ag2SO4!0.3~AgPO3!0.7 and
~Ag2S!0.3~AgPO3!0.7 glasses below 100 K, there is a contri-
bution to ultrasonic velocity, in addition to those arising from
the relaxation effects and the anharmonic interactions, which
follows a linear temperature dependence. This is the behav-
ior predicted by the SPM for a relaxation mechanism involv-
ing soft single-well harmonic oscillators~HO’s! which inter-
act with the ultrasonic deformation field by a modulation of
the interlevel spacing. The soft HO relaxation contribution to
the ultrasonic velocity temperature dependences of silver-
phosphate-based and lanthanide metaphosphate glasses,
which are quite different in structure, has a similar magni-
tude, in accordance with the suggestion that the SPM should
be universally applicable to glasses.

~3! Velocities of ultrasonic waves propagated in the mo-
lybdate ~AgI!0.75~Ag2MoO4!0.25 glass are much slower, and
the elastic stiffnessesC11 andC44 and the bulk modulusB 0

S

are correspondingly much smaller than those in the silver
phosphates. The silver-molybdate-based glass has a much
larger compression than those found for the stiffer phos-
phates. The binding forces in the molybdate are much
weaker than those in the phosphate glasses.

~4! The velocities of longitudinal and shear ultrasonic
waves propagated in the ~Ag2S!x~AgPO3!(12x),
~Ag2SO4!x~AgPO3!(12x), and~AgI!0.75~Ag2MoO4!0.25 glasses
are linearly dependent upon hydrostatic pressure. The pres-
sure derivatives for each of these glasses are positive with
(]C 11

S /]P)T,P50 being much larger than (]C 44
S /]P)T,P50.

~5! For the phosphate-based superionic glasses, the long-
wavelength shear mode softens under pressure in contrast to
the stiffening observed for the corresponding borates. The
long-wavelength acoustic mode Gru¨neisen parametersgL
andgS are substantially larger for the phosphates than for the
borates. The shear modegS is negative for the
~Ag2O!y~B2O3!(12y) and ~AgI!x$~Ag2O!y~B2O3!(12y)%(12x)
glasses. For the phosphate glasses the acoustic mode fre-
quencies increase in the usual manner under pressure, the
effect being larger for the volume-dependent longitudinal
modes.

~6! The linear thermal expansion coefficientb becomes
anomalously negative at lower temperatures for each of the
~Ag2SO4!x~AgPO3!(12x) and ~Ag2S!x~AgPO3!(12x) glasses.

~7! In contrast to the essentially one-dimensional chain
structure of the silver metaphosphate glasses, the borate
glasses are based on two-dimensional configurations of the

TABLE IV. Elastic properties and comparison between the frac-
tal bond connectivity (d) of glasses. References indicate the sources
of the bulk (B) and shear~C44! moduli ~units 10

10 Pa!.

Glass Reference B C44

Fractal
bond connectivityd

Fused SiO2 39 3.63 3.15 3.47
Vycor 40 2.65 2.27 3.43
~K2O!~SiO2!3 41 2.83 2.41 3.41
Pyrex 42 4.18 2.79 2.67
Sodium borosilicate 43 3.40 2.12 2.49
~Fe2O3!0.38~P2O5!0.62 44 4.30 2.69 2.50
~V2O5!0.45~P2O5!0.55 45 3.84 2.18 2.27
~Sm2O3!0.25~P2O5!0.75 46 3.91 2.38 2.44
~ZnO!0.535~P2O5!0.465 47 2.73 1.59 2.33
~MoO3!0.35~P2O5!0.65 48 2.19 1.68 3.07
~CuO!0.54~P2O5!0.46 45 3.97 2.47 2.49
As 49 1.75 0.928 2.12
Se 50 0.94 0.369 1.57
As2Se3 51 1.36 0.673 1.98
As2S3 51 1.20 0.566 1.89
Pd0.40Ni0.40P0.20 52 18.5 3.86 0.83
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planar ~BO3! triangular unit: A wide range of borate
glasses has a fractal bond connectivity nearer to 2. The dif-
ferences between the effects of pressure on the elastic behav-
ior and vibrational anharmonicity of the long-wavelength
acoustic modes of the two types of glass have been associ-
ated with these structural differences.
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