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We study the early stages of ordering in Cu3Au using a model Hamiltonian derived from the effective-
medium theory of cohesion in metals: an approach providing a microscopic description of interatomic inter-
actions in alloys. In detailed quantitative comparisons with experimental measurements of the structure factor,
we find excellent agreement. These studies demonstrate that predictions regarding kinetics of growth can be
made starting from a description of the electronic structure of metallic alloys. The real-space structures ob-
served in our simulations offer some insight into the nature of early stage kinetics.

The field of growth kinetics is concerned with understand-
ing the evolution of an initially disordered, high-symmetry
phase into a final equilibrium ordered state in which the sym-
metry is broken.1 In alloys, the ordering process determines
the microstructure which controls their mechanical and elec-
trical properties. Alloys such as Cu3Au also provide conve-
nient testing grounds for theoretical models of ordering
kinetics2 and studies of early-stage kinetics explore the pro-
cesses by which systems begin their evolution towards their
final equilibrium state.

In this paper, we describe simulations of early-stage ki-
netics in Cu3Au using a realistic model Hamiltonian. The
model Hamiltonian is based on the effective-medium theory
of cohesion in metals~EMT!.3 In metals, stability of struc-
tures is determined by the delocalized electrons and EMT
provides a way of approximately integrating out the elec-
tronic degrees of freedom to construct an effective classical
Hamiltonian.3–5 This process leads to Hamiltonians which
are alloy specific unlike generic Hamiltonians such as the
Ising model. Theoretical studies of growth kinetics have
mostly been based upon simulations of kinetic Ising models
or Langevin dynamics defined by the time-dependent
Ginzburg-Landau~TDGL! model.1,6–8Simulations based on
EMT bridge the gap between these studies and experiments
on real, metallic alloys.

Cu3Au is an interesting alloy to investigate since it under-
goes a temperature-driven first-order phase transition from a
disordered to an ordered phase, and there is experimental
evidence for the existence of a spinodal temperature at which
the disordered phase loses its metastability.2,9 By quenching
the system to different temperatures and studying the early
stages of ordering, one is therefore able to study the pro-
cesses of nucleation, nucleation near a spinodal, and the on-
set of continuous ordering.10,11There have been detailed ex-
perimental studies of this particular alloy2 and, therefore, it
provides an ideal system for comparing the predictions of
EMT with experiments.

Using the EMT Hamiltonian, we simulate essentially the
same conditions as were used in the experiments on early-
stage kinetics.2 The evolution of the structure factor is then
studied over a range of quench temperatures and compared
to experiment. In detailed quantitative studies, the agreement
between simulations and experiments is found to be excel-
lent. The inset in Fig. 1, which compares the simulated struc-

ture factor with the experimentally observed one at a particu-
lar temperature, provides an example of the accuracy of the
EMT predictions.

The EMT Hamiltonian involves a set of parameters, char-
acterizing each component of the alloy, which can be related
to cohesive properties such as the bulk modulus and lattice
constant.3 The parameters can, therefore, be obtained from
first-principles electronic-structure calculations or by fitting
to the experimental values of the cohesive properties. In the
current work, the parameters were obtained by fitting to
experiments.4 It should be emphasized that EMT does not
rely upon any thermodynamic fitting parameters3,4 and the
Hamiltonian is completely defined once the two components
of the alloy are specified.

The Monte Carlo simulations include, besides the ex-
change of atoms, volume and shape changes of the simula-
tion box.4 This accommodates any homogeneous strain ac-
companying the order-disorder transition. For a completely,
realistic simulation of the ordering process, local displace-

FIG. 1. The structure factor as a function of time is shown over
a range of quench temperatures. Starting from the lowest curve, the
quench temperatures areT/Ttr51.028, 1.009, 0.991, 0.972, and
0.953. The transition temperature (Ttr) is 642 K. The inset shows a
comparison of the experimental data and simulation data at
T/Ttr50.972. The squares are the experimental points obtained
from Ref. 2 and the dots are results of our simulations.
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ments of atoms should also be included. The simulation box
has a linear dimension of 30 times the lattice parameter
along each direction and contains 108 000 atoms. The alloy
is annealed at a temperature of'750 K and quenched to
temperatures ranging from approximately 20 K above the
transition temperature,Ttr ~642 K from our simulations!,4 to
approximately 30 K below. At each quench temperature, the
structure factor at the superlattice Bragg peaks and at the
closest points to these peaks~at a distance of 2p/30 because
of our periodic boundary conditions! are calculated by aver-
aging over ten independent runs. Two sets of simulations are
performed; one with a fixed lattice and the other allowing for
homogeneous strain deformations.

Based upon studies of compressible Ising models,12 it is
expected that the coupling to homogeneous strain leads to an
infinite-range interaction of the form:

S E c2~r !dr D 2,
wherec is the order parameter describing the Cu3Au order-
ing. In a TDGL description, this term contributes a driving
force proportional to*c2(r )dr which measures the total or-
dered fraction in the system. In the early stages of ordering
this number remains relatively small and constant in time
and its effect on the dynamics is to shift the temperature
scale. In our simulations we observe a small difference be-
tween the spinodal temperatures obtained from the fixed and
relaxed lattice. We do not observe any other difference be-
tween the two sets of simulations and, therefore, only the
simulations from the fixed lattice are presented in this paper.

The growth of the structure factor at various quench tem-
peratures is shown in Fig. 1. The structure factors shown are
averages over the three equivalent superlattice peaks. In ad-
dition, we have performed a spherical average over aq-space
shell of radius 2p/30 around each superlattice point.

The simulated structure factor shows clear exponential re-
laxation in the temperature range between 636 and 660 K.
There is no change in going across the first-order transition.
This is the regime where the nucleation time is much larger
than the fluctuation relaxation time and mean-field theory
should provide a reasonable description of the dynamics.
Mean-field theory of dynamics predicts6,7 an infinite lifetime
of the metastable state and an exponential relaxation of the
the fluctuations to an asymptotic structure factor of the
Ornstein-Zernicke form:

I`~q,T!5kBT/$~T2Tsp!1Cuuquu
21C'q'

2 %. ~1!

The anisotropy characterized byCuu andC' is typical of the
Cu3Au type ordering.13,14 In the above equation,Tsp is the
classical spinodal temperature which marks the onset of con-
tinuous ordering.6,10 The early stages of ordering in this re-
gime is described by the Cahn-Hilliard-Cook6 theory or its
nonlinear extensions7 and they predict exponential growth.

It is not clear whether the mean-field ideas are applicable
to the EMT model which has short-range interactions, and
therefore there is noa priori reason to expect a spinodal. If,
however, a spinodal does exist, then it is clear from the
above equation thatkBT/I`(0,T) should extrapolate to zero
at this temperature. Using our simulation results in the tem-
perature regime in which exponential relaxation is observed,

we have obtained the values ofI`(0,T). The results, shown
in Fig. 2, indicate the existence of a classical spinodal at 27
K below the transition temperature. This is in excellent
agreement with the experimentally determined values of
T2Tsp534 K ~Ref. 2! andT2T sp524.2 K.9 A theoretical
estimate of the spinodal temperature had been obtained pre-
viously in a mean-field~cluster-variation method! calculation
based on an Ising model with the parameters obtained by
fitting to the transition temperatures of the three stoichio-
metric compositions of Cu-Au.15 Our estimate ofTsp, on the
other hand, is based on a kinetic simulation of a model based
on the electronic structure of these alloys.

To compare the simulations to experiments in detail, we
need a mapping of the Monte Carlo time scales to the ex-
perimental time scales. This time scale depends on tempera-
ture ~through the activation barrier for an atomic jump! and
the intrinsic diffusion constant. We generate the temperature
dependence of the time scale by using the known experimen-
tal value of the activation barrier in Cu3Au.

18 The intrinsic
diffusion constant is obtained by fitting the simulation relax-
ation time to the experimental relaxation time at one point:
the highest quench temperature. The relaxation times having
been obtained by fitting the structure factor data to an expo-
nential relaxation form. Comparison of the theoretical and
experimental relaxation times~Table I! shows that the EMT
simulations give a quantitatively correct description of the
fluctuation relaxation in this alloy. This immediately implies
that, in the exponential relaxation regime, the time depen-
dence of the simulated and experimental structure factors

FIG. 2. The inverse of the limiting intensity at the superlattice
Bragg peak,I infty , obtained by fitting the structure factors to an
exponential relaxation form, is plotted as a function of temperature.
The classical spinodal temperature, defined to be the point where
this intensity diverges, is found to be 615 K.

TABLE I. Fluctuation relaxation times obtained from our simu-
lations are compared to the values extracted from experiments~Ref.
2!. The experimental values were read off from the graph in Ref. 2
and the simulation result was fitted to the experimental value oft at
T51.028Ttr .

T/Ttr Experimentalt ~s! Theoreticalt ~s!

1.028 0.5 0.5
1.009 1.0 1.1
0.991 4.0 4.0
0.972 13.0 13.4
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agree quantitatively. Both experiments and simulations indi-
cate that the relaxation time diverges as 1/uT2Tspu1.4.

A perusal of Fig. 1 clearly indicates that the kinetics of
ordering close to the classical spinodal is very different from
that predicted by mean-field theory. At temperatures well
above the spinodal temperature of 615 K, we cease to ob-
serve the exponential relaxation of the fluctuations. More-
over, no simple exponential growth is observed at tempera-
tures slightly belowTsp. Using the time scale mapping
described above, we have compared the experimental and
simulated structure factors at 624 K where the data cannot be
fit to an exponential relaxation form. The results are shown
in the inset of Fig. 1. It is evident that even in this regime
where the mean-field picture breaks down, the simulations
based on EMT provide a very good description of the experi-
mental observations.

The nonmeanfield behavior observed in our simulations
mirror the experimental observations.2 As has been discussed
earlier,10 the mean-field picture breaks down near a critical
point ~spinodal! where the correlation length diverges and
fluctuations become important. It has also been argued7 that
the linear theory of continuous ordering6 is not valid over
any time period in this critical regime. The parameters de-
scribing the kinetics of ordering in Cu3 Au are such that this
regime becomes clearly observable. The alloy-specific EMT
Hamiltonian provides the correct description of this non-
meanfield regime and we are able to study this interesting
regime without any tuning of parameters. It should be men-
tioned that simulations of short-range Ising models show ex-
ponential growth.16,17

The most striking result of our simulations is the remark-
able agreement between experiments and a theory based on a
microscopic description of the interactions in metallic alloys.
In previous studies of late-stage growth,13 we had found evi-
dence of quantitative agreement between theory and experi-
ment. The current simulations also provide us with the op-
portunity of studying the dynamics of metastable and
unstable states in the interesting region where fluctuations
are important and no rigorous theory of the dynamics exists.
Using a Ginzburg criterion10 and an effective range of inter-
actions of second-nearest neighbors~this is the approximate
range of interactions in EMT19!, we estimate that the non-
mean-field effects become important within a temperature
range ofDT510 K around the spinodal. This is consistent
with our observations where we find that the simple expo-
nential relaxation picture starts to fail around 630 K which is
15 K aboveTsp.

We have tried to understand the initial ordering process in
this regime by examining the real-space structures at differ-
ent temperatures. From existing theory, ordering is expected
to proceed via small length scale fluctuations~droplets! in
the classical nucleation regime and it is predicted to proceed
via long-wavelength fluctuations in the continuous ordering
regime.6 In Fig. 3, we show snapshots from two different
temperatures:~a! T5636 K, at which there is clear exponen-
tial relaxation and we are in the nucleated growth regime,
and~b! T5612 K, which is slightly below the classical spin-
odal temperature and clearly outside the exponential relax-
ation regime. To generate the snapshots, the local-order pa-
rameters were calculated by coarse graining over one cubic
unit cell and if the value of the local-order parameter was

.1, a symbol was generated. The four different symbols
correspond to the four possible ordered domains or, equiva-
lently, the four types of sublattice ordering. The snapshots,
therefore, depict areas where the order parameter is large.

At both temperatures, the snapshots show small ordered
domains at the earliest times and there is no qualitative dif-
ference in the morphology at the two temperatures. This is in
contrast to the picture of continuous ordering driven by long-
wavelength, large-scale structures. This picture is consistent
with the behavior of the structure factors which show, both in
the simulations and experiments, a downward curvature, i.e.,
exponential relaxation at the earliest times. At later times, the
structure factors show two distinctly different behaviors. For
temperaturesT>636 K, there is pure relaxation whereas be-
low this temperature, there is growth of order. Observing the
real-space structures at these later times, we find that at
T5636 K ~pure relaxation! the ordered domains are still well

FIG. 3. Real-space structures at 612 K~left panel! and 636 K
~right panel!. The plots show two-dimensional cuts from a particu-
lar Monte Carlo run. The snapshots are at 1, 21, and 51 Monte
Carlo steps. The structures start looking qualitatively different for
the two different temperatures at approximately 20 Monte Carlo
steps.
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separated. However, atT5612 K, the ordered domains start
to interact and show an interconnected structure which ex-
tends throughout the sample. This suggests that there is a
continuous evolution of the kinetics across the classical spin-
odal and the initial stages of ordering in this regime proceed
via small wavelength structures. This picture is reminiscent
of continuous ordering in two-dimensional, long-range Ising
models,20 where it was found that the growth of largeq
~small scale! structures cannot be described by linear theory.

To conclude, the simulations based on the microscopic,
EMT Hamiltonian have shown that such microscopic models
can make accurate quantitative predictions regarding the ki-

netics of ordering in metallic alloys. The simulations have
also led to an interesting picture of early-stage growth in
alloys. The microscopic model bridges the gap between ex-
periments on real alloys and kinetic Ising models and by
exploring the connection between experiments, theory and
results of electronic-structure based models, one can con-
struct a realistic picture of the kinetics of ordering in metallic
alloys.

We would like to thank W. Klein and K. F. Ludwig for
many enlightning discussions. We gratefully acknowledge
the support of NSF through the Grant No. DMR-9208084.

*Present address: Lotus Corporation, Westford, MA 01886.
1A. J. Bray, PhysicaA194, 41 ~1993!; ~unpublished!.
2K. F. Ludwig et al., Phys. Rev. Lett.61, 1859~1988!.
3J. K. No”rskov, K. W. Jacobsen, and M. J. Puska, Phys. Rev. B35,
7423 ~1987!.

4Zhigang Xiet al., J. Phys. Condens. Matter4, 7191~1992!.
5Bulbul Chakraborty and Zhigang Xi, Phys. Rev. Lett.68, 2039

~1992!.
6J. D. Gunton, M. San Miguel, and Paramdeep S. Sahni, inPhase
Transitions and Critical Phenomena,edited by C. Domb and J.
L. Lebowitz ~Academic Press, London, 1983!, Vol. 8.

7C. Billotet and K. Binder, Z. Phys. B32, 195 ~1979!.
8J. D. Gunton and M. Droz,Introduction to the Theory of Meta-
stable and Unstable States, Vol. 183 ofLecture Notes in Physics,
edited by H. Arakiet al. ~Springer-Verlag, Heidelberg, 1983!.

9H. Chen and J. B. Cohen, Acta Metall.27, 603 ~1979!.
10K. Binder, Phys. Rev. A29, 341 ~1984!.
11W. Klein and G. Batrouni, Phys. Rev. Lett.67, 1278~1991!.

12Zhong-Ying Chen and Mehran Kardar, J. Phys. C19, 6825
~1986!; B. K. Chakrabartiet al., ibid. 15, L777 ~1982!, and ref-
erences therein.

13Zhigang Xi and Bulbul Chakraborty, inMaterials Theory and
Modelling, edited by J. Broughton, P. D. Bristowe, and J. M.
Newsam, MRS Symposia Proceedings No. 291~Materials Re-
search Society, Pittsburgh, 1993! p. 165.

14Z. W. Lai, Phys. Rev. B41, 9239~1990!.
15M. Asta et al., Phys. Rev. Lett.66, 1798~1991!.
16J. Marro and J. Valleˆs, Phys. Lett.95A, 443 ~1983!.
17K. F. Ludwig ~private communication!.
18Daniel B. Butrymowicz, John. R. Manning, and Michael E. Read,

J. Phys. Chem. Ref. Data3, 527 ~1974!.
19Bulbul Chakraborty, inMetallic Alloys: Experimental and Theo-

retical Perspectives, edited by J. S. Faulkner and R. G. Jordan
~Kluwer Academic, Boston, 1994!.

20N. Gross, W. Klein, and K. F. Ludwig, Phys. Rev. Lett.73, 2639
~1994!.

5066 53BRIEF REPORTS


