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d-wave superconductivity in a strongly correlated electron-phonon system
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The problem of phonon-mediated and phonon-free contributiorsvi@ve superconductivity in the two-
dimensional Hubbard model has been addressed. Strong local correld@iesrs limit) have been incorpo-
rated in the slave boson formulation. In order to consider electron-boson and electron-phonon coupling on
equal footing, fluctuations of the auxiliary boson fields over their mean-field value have been introduced. The
magnitude of effective pairing interactions derived with the help of a canonical transformation indicates that
within the weak-coupling theory, phonon-mediated pairing plays a marginal role and can be dominated by a
phonon-free pairing mechanism. On the other hand, in the strong-coupling(Hfashberg formulation
electron-phonon and electron-phonon-boson interactions can significantly enhance the superconducting transi-
tion temperature. It is also shown that Coulomb correlations together with the electron-phonon interaction can
effectively stabilize ad-wave superconducting state.

I. INTRODUCTION A comprehensive treatment of phonon-induced and
phonon-free contributions to superconductivity of strongly
The problem of symmetry of the pairing state and relatectorrelated systems is still missing. Generally, one faces a
pairing mechanism of high-temperature superconductors idifficult problem of how to generalize the Eliashberg
of current interest. With respect to the influence of phononquationé® in the presence of strong correlaticigA mini-
on the pairing mechanism, there are speculations that ormaal model which accounts for strong correlations among
may expect the presence of rather strong electron-phonaquasiparticles in Cu©planes, is the two-dimension&D)
interactions in these systerhig' As phonons are affected be- Hubbard modéf extended to include electron-phonon inter-
low the superconducting transition temperatirand pro- actions. There are speculations that phonon-mediated super-
nounced isotope effects are obserVamhe can assume that conductivity can survive in the presence of strong
coupling of electrons to phonons gives at least partially riseorrelations?®=3’ even an enhancement of the electron-
to the formation of the superconducting state. On the othephonon coupling by Coulomb correlations may be
hand, strong Coulomb correlations can be considered as gossible?®?23>3|t is interesting to observe that well before
intimate feature of quasiparticles in Cy@yers. Therefore, the discovery of high-temperature superconductivity, Kim
the possibility of a purely electronic pairing mechanism duefound that exchange interactions can enhance the electron-
to exchange of antiferromagnetic spin fluctuations has beephonon coupling® This observation led to the suggestion
discussed in detaf=*3 Since local correlations act in disfa- that an exchange-enhanced electron-phonon interaction may
vor of on-site pairing, they can nevertheless inddge ,»  be responsible for superconductivity in heavy fermion and
wave pairing® For example, the gapless behavior observechigh-T, systems?® On the other hand, exchange interactions
in the case of YBsCw,0O;,_, (Ref. 19 can be interpreted in can considerably suppress the transport electron-phonon cou-
terms ofd-wave (dy2_,2) symmetry. However, in the case of pling function3! So, in principle, there seems to be no con-
Nd,_,CaCuQ, (Ref. 19 a fit with a BCSs-wave density of tradiction of having large phonon-induced  value (1-2
states gives better results. This difference may perhaps kgving rise to superconductivity and a much lower value
attributed to different pairing mechanisms in these two comwhich determines the slope of electrical resistivity.
pounds but there is some evidence thdtwave model may There is a rather widely accepted view that antiferromag-
better account for most of the experimental d&@® One  netic spin fluctuations, when sufficiently strong, incre@ise
should bear in mind that experimental results are merely conin the d-wave channel, whereas the electron-phonon interac-
sistent withd-wave pairing, they can also be understood intion counteracts thel-wave pairing’® However, also the
terms of anisotropics-wave pairing or mixture ofs- and  phonon-mediated attraction can be effective in thevave
dy2_,2 wave contributions. The interpretation of experimentschannel if the electron-phonon interaction is spatially nonlo-
which measure the momentum dependence of theAgagn  cal and Coulomb repulsion suppresses the superconductivity
the Fermi surface [angular-resolved photoemission, in the s-wave channet*=°
Bi,Si,CaCyOg_, (Ref. 20], are also not free from ambigu- In this paper we will discuss the problem of phonon-
ity. In particular, the sign reversal of the order parameter cainduced and phonon-free contributions to superconductivity
be explained in terms of two-compones#vave pairing?>  in the frame of two-dimensional Hubbard model in the
We refer to Refs. 22—25 for further discussion on this substrong-coupling limit (U—x). As both contributions are
ject. present in the systems under consideration, any advanced
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theory should also take into account both of them. The probsijte n=(1/N)3, o o). We define fluctuations of auxil-
lem which arises, is to consider phonon-mediated angary boson fields over their mean-field value
correlation-mediated contributions on equal footing. In order

to achieve this in the most simple manner, we treat strong E)iEbi—r. 3
local correlations in terms of auxiliary boson filisand

introduce fluctuations over their mean-field values. This im-Then the Hamiltoniaril) takes on the form

plies that the electron-boson interaction resembles the

electron-phonon interaction, whereby the role of phonons is H=Hy+Hy, 4
taken over by fluctuations of the boson fields. At the first

stage, we eliminate the electron-boson and electron—phono‘ﬁhere
coupling with the help of a canonical transformatigveak-
coupling limit) and derive effective intersite pairing interac- Ho=Hpe—t
tions. The bare vertex of the boson-mediated interaction is (
proportional to the band energy which means that this con-

tribution is by far the largest one. In order to get realistic

values for the superconducting transition temperaflife

lo']o

Ll)ho

) £ f, BrBi—xBZ b b, +Hpy, (5)

one must evaluate vertex corrections and consider the strong- Hi=—rt Z fif,fjl,( bj+ +b;)

coupling limit, i.e., one has to solve the resulting Eliashberg (L)

equations. Results derived within the latter formulation dem- .

onstrate the dominating role dfwave symmetry for small + 2 Gififi,(B +By, (6)
concentration of holes. They also show that the channels (il

containing phonon contributions can significantly enhance
T.. These features support the view that phonon-mediated
and phonon-free channels can cooperate in the formation of ] o o
d_,» superconducting state in the frame of the single-band e mean-field Hamiltoniaf g is given by
Hubbard model.

éijl:gijl[6r6i+r(6r+6i)+r2]- )

HMF:_”2<_ : fiJ:rfjrr_(:u’—’_)\B)iE fiofic—Agr®N
ij),o o

Il. EFFECTIVE PAIRING INTERACTIONS IN THE
WEAK-COUPLING LIMIT +AgN. 8

We consider the 2D Hubbard model coupled to phonons
Strong correlations are incorporated in the auxiliary boso
formulatiorf*

[n order to eliminate thél, term, we carry out the canonical
fransformation with the generating function given by
[Ho,S]=H;. Then (1/2)[S,H,] gives rise to the effective
pairing interaction. The explicit presence of boson fields in
H=—t >, fitrfj(rbj*bi_ME ' fi, H, will generate products of operators which have to be
(i) io truncated. One also has to linearize théerm in Eq.(5)
which brings about a dispersion for bosonic fluctuations.

+ > gij|fitrfjabj+bi(3|++3|) Within the mean-fielq _approximation the dispersion for
(i.i)le fermions (g—r2%¢) originates from the replacement:
bi"b;—(b;"){b;)=r?. In order to evaluate in the same way
g | 1-b b= fifi | +Hpw, (1)  the dispersion for bosonic fluctuations we have to calculate
i 7 S ifiodizi=2(f 5)(f;,)=F2 To do this we make use of

the Caron-Pratt approximati®ffor H,,c . It has been proved

that the Caron-Pratt approximation gives rise to the best

single-site effective Hamiltonian for the Hubbard motfel.

Within this approximation each atom is not coupled to any

i(k+0)-Ri+k-Rj+iq-Ry ) other but can exchange electrons with a particle reservoir
which plays the role of its environment. This corresponds to
the following decoupling for the term in Hye:

and, similarly to Ref. 30, we consider only the covalent part

of g;;, i.e., i and j are nearest-neighbor sites;is the

nearést-neighbor hopping integral leading ép=—ty(k) HMF:_”ZE (i) fig T (fio) i)

with (k) =2(cok,a+cok,a); u stands for the chemical po- '

tential and\g is a Lagrange multiplier introduced to guaran- N

tee exclusion of double occupancy of the lattice sitég, _(MH‘B);’ figfic+const. ©

represents the phonon contribution which, for the sake of ’

simplicity, will be modeled by an Einstein oscillator of fre- Then, the straightforward calculation leadsffo=n(1—n)

guency wy. Within the mean-field approximation one re- which means that we can quantitatively distinguish between

places boson operators by classical numhbgrs:(b)=r metallic (f>#0) and insulating(f>—0) phase of the system.

which gives the bandwidth narrowing facter—r2e, with ~ The resulting dispersion relation for the fluctuating boson

r’=1—n, wheren is the average number of electrons perfield is given by

where gj;; is the Fourier transform of the momentum-
dependent electron-phonon interaction

1 _
gijlzﬁﬂ? % Okk +q€



FIG. 1. Dispersion relation for fluctuating boson fields defined

in Eqg. (10) versus occupation numbef;-) stands for the average
over the Brillouin zone.

ka:_fzt’}/(k)_)\B. (10)
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FIG. 2. Effective pairing interactions defined in Eq$4)—(16)
versus occupation numbery=0.1t.

In the case of large local repulsigh) —) only intersite
Cooper pairs will survive and the nearest-neighbor pairing
interaction originating from(1/2)[ S,H,] will be of the form

It is shown in Fig. 1 as a function of the occupation nhumber.

f2 can be very well modeled by a function which accounts

for the periodicity of the 2D lattic®

11
=g n > (fl0- 72001, (@

where 5(k)=2(cok,a—cok,a).
In the momentum representation the generating fun@ion
is of the form
S= SPH+ SSB+ SPHSB (12)

where

$=2 farliluk @Byt vk B gl (13

S %fkiq(,fkg[t(k,q)bﬁz(k,q>btq], (14

51

N

r
S 3 i fealXa(kk Db B
kk'qo

+X2(k,k/,q)bk_kr_thq"r‘X:;(k,kl,q)bkr_k+qu

+%4(K,K', Q)b i1 ¢B gl (15

The corresponding coefficientgv,... have to be deter-
mined from the condition H,S]=H,. The contribution
coming from the first term in Eq(7) is negligibly small

1
(Hsdm=5 Ver 2 fifl figfi,. (16

(i.j).o,0’

The resulting effective pairing potentia{/o, consists of
contributions from electron-phonoPH), electron-boson
(SB), and electron-phonon-bos@RHSB interactions

Veﬁ:VPH+ VSB+ VPHSB (17)
with
0002 k
e 4 @09 RALL 8
2N ©p (ep— € — wp
t? Y?(k)
VSB=r2 . n , 19
W K,p Ep_ ek_pr*k ( )
2 2
k
VPHSB:rZQ_Z 7 (k) , 20
2N K,p.q Gp_ Ek_wo_qu

and §=r2e,—u—\g. In the numerical evaluation we have
usedgy + o= (K)gq (Ref. 37 and have replaceg, by some
average, momentum-independent quargity

Figure 2 shows the behavior of the different contributions
to V¢ as functions of the occupation number. It is obvious
that VSB is by far the largest contribution. Also the PHSB
contribution is larger than the PH one. In order to facilitate
the numerical work we have neglected the momentum de-
pendence oy (wg— wg in Fig. 1). But this simplification
does not lead to any essential changes in the values of the
V's. Therefore, within the weak-coupling theory, phonon-
mediated pairing interactions play a minor role and may be
dominated by phonon-free interactions which originate in

becausd;" andb;"b; vanish when averaged over the mean-our case from fluctuations of the auxiliary boson field over

field ground state.

its mean-field value. This observation is in agreement with
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out previous results obtained for thik—co limit of the 2D \yhere
Hubbard modet! where we have used a decoupling scheme
for Hubbard operators.
With respect to symmetry considerations we note that the é0k(i w)=(iw 79— €13) %, (23
evaluated interactions are of the same magnit(ated of .
attractive charactgrfor d-wave and extended-wave pair- andG(iw,) stands for the Fourier transform of the Matsub-
ing. Due to the strong enhancement\f; for small concen-  ara Green’s function
trations of holesd-wave symmetry will dominate in the re-
gion, where nesting effects eliminate extendedvave
contributions to the pairing stafé.Note also that we have (W),
got repulsive effective interaction for the-wave channel. nem/sie
This feature is consistent with the seeming experimental evi-
dence thap-wave pairing can be ruled off. wy is the Matsubara frequenay; = (21 +1) 7/ 8, B=(kT) ™.
The above discussion shows that in order to get a mor@he usual ansatz fax, is of the fornf®
realistic picture of the relative significance of phonon-
mediated and phonon-free superconductivity one has to go . . ) ) . )
beyond the mean-field-slave-boson approximation. Also one 2k(i®)=[1=Z(iw)]iw mo+ ¢y(iw) 71+ xi(iw) 73,
has to use the strong-coupling Eliashberg formul&fion (25)

which allows one to consider the elgctron—phonon, electron\—NhiCh in the case of intersit@earest-neighbppairing leads
boson, and electron-phonon-boson interactions on an equ?A the momentum-dependent order parameser
footing. One should bear in mind that vertex corrections, not

considered here, may be of some importance. However, this

is a difficult probleni®*>*®which needs a separate study and diliw)=y(K) (o) + n(K) b, (iw), (26)

for the sake of simplicity we will consider only bare interac-

tions in this paper. whereg, (¢,) corresponds to the extendsdvave(d-wave
component of the singlet pairing state.

IIl. ELIASHBERG-TYPE APPROACH TO DEAL WITH There are the following leading contributions to the ma-

THE FLUCTUATING BOSON FIELDS trix self-energy: o
(i) the electron-phonon contribution:

In order to construct the Eliashberg equations, one usually
introduces the Nambu representatfény ;" = ( f;,), and .
rev_vrites the Hamiltoniar(4) in terms of the¥ operators. ipH:f_ S @ik (Ry=Rm)
This leads to k7N 4

1 _ .
N ; e K RR0G, (iw)). (24)

— 2 + o + )
H=—tr UED Wi sV (MJF)\B)Z Wi ¥ X > T30nji Gimn( (WP | ¥ Pp)) 73,
' j(#n),i(#m),l,h
c - - 27
—tf2>) b bj—NgX b bj—rt > [, Wb
i ' i with &, =B, + B/,
(i) the electron-boson contribution:
+0) + ] B3 (b +b )]+ X Gy W (B, o _
(i $SB_ E ik-(Ry—Rpy)
k - N <~ ©
mn
+B,")+Hpy, (21)
X > t2r¥([r5(b,+b)+ r3(by
where Qi 3\nThj 3Dy
1.0, (00 + b)) W[ [(biby) 73+ (B + b 731)), (28)
7lo o ™Tlo -1/
(ii ) the electron-boson-phonon contribution:
and 7 (i=1...4 are the Pauli matrices. The exclusion of 1
double occupancy imposes a restriction on the components $PHSB_ — @ik (Ry=Rpy) 702010
of the Matsubara Green’s functid¢¥ ,| ¥ 1)) and the ma- K N % j(#n),i(zs&m),l,h 3 GnjiGimn
trix self-energy. Only intersite contributions enter the nondi- I TPy e
agonal elements o(f(\Ifn|‘lfrT1)g which corresponds to non- X (([73(bntby") + 75(by b)) JW; P [ @y W[ (by
local pairing in theU — limit. *>2¢3"The matrix self-energy N BT
can be found frorf T 0m) 73t (b7 ) 751)). (29

It can be shown thaj, is a small quantity and can be
A Al Al neglected® At T=T,, different types of symmetry separate
(0 =Gy (iw) =Gy (i), (220 and one gets the system of Eliashberg equations
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Z(iw|)=1+m§n: [rZAPH(|—n)+r2ASB(|—n)
1
/3’ APHSH| — n—m)}ﬁ
Ep (iop) ondp(iop), (30
ba (ml)_% [r2A5H(|—n)+r2A§B(|—n)

+ %% ASPSRI —n—m)} %

x% a2(p) dai wp)dy(iwy), (31)
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FIG. 3. Superconducting transition temperature for the different

whereZ, has been replaced by some average, momentunphonon-boson channels as a function of the occupation number;
independent quantity. We have used the following notation:xﬁ:o,e,)\(T'C“aX)=2,

ATHM) =N w2 mP+ 2] 7L (32)
APPSR m)=20[ 02+ @3] IATH(M),  (33)
ASB(m)=8t2wg[ w3+ @3] L, (34)

1
AP =20 5 X wy(K)[wht0gd (39
and

dk(iwn):[(z(iwn)wn)2+gk]_l- (36)

Following Kresin’s procedur&’ we introduce some aver-

age phonon frequend))

()
V= Sk, (87

with D4(€) being the phonon propagator. Tiek)'s are
formfactors determined by the symmetry of the order param-
eter,a=1vy (extendeds-wave or 5 (d-wave. Note that we
have taken into account details of the two-dimensional band
structure. This shows up in the explicit presence,ah (30)
and(31).

The ab initio evaluation of\,, is a difficult task, espe-
cially if one would like to take into account the renormaliza-
tion of D, (Q) originating from the electrofboson-phonon
interaction. In particular, softening of the phonon mode can
lead to a pronounced enhancemenigf for small concen-
trations of holes. Therefore, in order to get the first insight
into the relative significance of the different kernels, we will
use\ and\, as parameters.

To get satisfactory convergence when solving the result-
ing system of equations foF; we had to sum over 50 Mat-
subara frequencies. Figure 3 shows the occupation number
dependence of the superconducting transition temperature
corresponding tal-wave symmetry. Note that the Eliashberg
function azF »(Q) contains the bandwidth narrowing factor

which, similarly to the previous section, corresponds to the2 yhich reflects the destructive role of correlations for su-

frequency of an Einstein oscillates,. The electron-phonon

coupling functions\(,, are defined by

* szF( )(Q)
x(y)zzf do —3—, (38)

perconductivity at small concentration of holes. We have
used(Q)=0.1t, A\ /A=0.6, and\(T{*)=2. The maximal
value of T, T¢'®, corresponds ta=0.75. Therefore) var-
ies between=4 and 0 for physically interesting region of
between=0.5 and 1. Despite the rather large value of the
electron-phonon coupling function, phonons alone play a mi-

where o’F () stands for the Fermi-surface averagednor role in the formation of the superconducting state. The

Eliashberg function

r2 _
azF(Q)=<—;gpkgkp Ikap(Q+|5)> , (39
k.p

1 1
FM=F 2 77

r2 .
X < — — Okk—qOk—qk IM Dq(Q+|5)> ,
T k

(40

situation changes when the remaining interactions are also
taken into account. In particular the mixed PHSB contribu-
tion plays an important role in the enhancement gf Fig-

ure 4 shows how extendesdwave superconductivity sets in

at larger doping values. These results only serve as a guide-
line since the use of the mean-field valuengfin the boson
propagators im\S® and AP"SBis a rather crude procedure for
small values oh because thermal excitations of low-energy
bosons overestimate the role of contributions in which fluc-
tuating boson fields are involved. Figure 5 shows that even
for smaller values of the electron-phonon coupling function
(A,/A=0.3), the inclusion of the PH channel can significantly
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FIG. 6. T /T9™ versus occupation number. Curves for
\,/A=0.6 and 0.3 correspond i T¢*")=2, the curve fon /A=0.5
corresponds ta (Tg®)=1.2.

FIG. 4. Superconducting transition temperaturedevave and
extendeds-wave symmetry as a function of the occupation number.
Curves 1-3 refer to the PHSB+PHSB, PH-SB and PH channel,

respectively\,/A=0.6, \(T¢*)=2. IV. CONCLUDING REMARKS

) o We have considered phonon-induced and phonon-free su-
enhanchC compared to its yalue arising from the boson perconductivity in a strongly correlated electron system rep-
fluctuations alone. The inclusion of the mixed PHSB contri-resented by the 2D Hubbard model in the—co limit
bution leads to further enhancementTof. We observe that  coupled to phonons. Strong correlations have been accounted
the ratioT/T¢ * shows some kind of universal behavior as for by auxiliary boson formulation. In order to consider cor-
a function of the occupation number: it weakly depends orrelation and phonon-mediated contributions on equal footing,
the ratiox /A as shown in Fig. 6, where curves fo/A=0.6 ~ we have introduced fluctuations of auxiliary boson fields
and 0.3 correspond to\(T{®)=2 and the curve for over their mean-field value. This causes th_e leading terms to
\,JA=0.5 corresponds ta(T0®)=1.2. resemble the electron-phonon interaction kernel with

phonons replaced by boson fluctuations.

This particular form of interaction originates from the lin-
ear character of correlations over the mean-field vk
(3)]. A similar type of interaction arises when considering the
motion of a hole in the quantum antiferromagnetic Heisen-
berg model within linear spin-wave thed§Here, magnons
take over the role of phonons. The phonon-free superconduc-
tivity in strongly correlated Hubbard modébr t-J mode)
originates from many-body effect®xchange of antiferro-
magnetic spin fluctuations, for instartéd represented by
: ; . unusual commutation rules of Hubbard operatéf. The

d—wave Hubbard operators are related to the boson fields by

— PH+SB+PH-SB X%7=bf, .** The many-body effects responsible for the

--------- PH+SB exchangelike origin of superconducting pairing are drasti-

___PH 1 I ! L2

R cally reduced within the mean-field approximation for the
boson fields. However, they are partially restored when in-
troducing _ fluctuations over the mean-field value,
X%7=(r+b;")f,,. Therefore, the terms linear tois can be
interpreted as a source of exchange-mediated superconduct-
ing pairing.

There are three contributions to the superconducting pair-
ing state: electron-phono(PH), electron-boson(SB), and
mixed electron-phonon-bosdRHSB) interactions. A simple
: : AN canonical transformation leads to a large value for the pair-
0.6 1.0 ing interaction in the SB channel showing that in the weak-

M coupling limit phonons play a marginal role as compared to
the phonon-free contributions. Therefore, in order to get

FIG. 5. Superconducting transition temperature for the differentmore insight into the actual situation, we have discussed the
phonon-boson channels as a function of the occupation numberglative significance of different channels within the Eliash-
AJA=0.3,\(T{?)=2. berg scheme. Details of the two-dimensional band structure

0.008

KT/t
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have explicitly been taken into account. Our results supporated with the 2D Hubbard model a single Cu@yer in
the view thatd-wave superconductivity may survive in high-T, superconductors. Interlayer effects must be taken
strongly correlated systems for small and moderate concerirto account in a more realistic description. It is well known
trations of holes. Even if only low . values are possible in that the coupling between electrons in adjacent layers can
the PH channel, the inclusion of this channel can substargive rise to higherT, values!®**° and in particular the en-
tially enhanceT.. The mixed PHSB channel also plays a hancement of the electron-phonon interaction by interlayer
non-negligible role in the formation of the superconductingtunneling can substantially contribute to the formation of the
state. These results are consistent with the general scenasaperconducting stafé.
that both electron-electron and electron-phonon effects can
cooperate in the formation of thé-wave superconducting
state in strongly correlated systems. ACKNOWLEDGMENT
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