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We analyze pairing in two-dimensional spin liquids. We argue that interplane pairing enhanced by magnetic
correlations is the most plausible explanation of the spin-gap phenomenon observed in underdoped cuprates.
The details of the pairing theory depend on the in-plane antiferromagnetic correlations. We consider two
models: 2pF correlations induced by a strong gauge-field interaction and undamped spin waves. We estimate
the pairing temperatureTs and the angular dependence of the gap function and discuss physical consequences.

I. INTRODUCTION

Many high-Tc materials exhibit anomalous temperature
dependence of the bulk magnetic susceptibility,x, in a range
of temperatures aboveTc , suggesting that a spin pseudogap
opens above the superconducting transition temperature.1 To
define more precisely what we mean by spin pseudogap con-
sider the susceptibility data for YBa2Cu4O8 shown as the
curve labeled ‘‘248’’ in Fig. 1.~The data points shown in Fig.
1 were obtained from the susceptibility reported in Refs. 2, 3
as discussed in Ref. 4! There are clearly two regimes, sepa-
rated by a scaleTs'200 K. For T.Ts , x>A1BT with
A,B.0. For T,Ts , x(T) drops more rapidly; indeed a
straight line fit tox(T) for Tc,T,Ts ~Tc580 K is the su-
perconducting transition temperature for this compound!
would yield anegativex at T50. A negativex~0! is impos-

sible; therefore the negative extrapolation implies that even
for T.Tc ~butT,Ts! there is a gap for spin excitations. The
origin of this ‘‘spin’’ gap is the main focus of this paper.

The properties of high-temperature superconducting ma-
terials are anomalous, and many different theories have been
proposed to describe them. However, no general consensus
has emerged. The origin of spin gap has been discussed by
many authors1,5–8,4,9–11but these treatments are not com-
pletely satisfactory because, as we shall argue below, they
are based on models which do not agree with all available
data. We believe that any theory of the spin gap should have
the following ingredients:

~i! At least some of the magnetic response is Pauli-like,
i.e., it comes from a particle-hole continuum of spin-
1/2 fermions.

~ii ! Formation of the spin gap involves pairing instability
of these fermions.

~iii ! This pairing isnot a superconducting pairing, i.e.,
does not produce a Meissner effect or paraconductiv-
ity.

These assumptions imply that paired fermions are neutral
and that any theory of the spin gap must involve the phe-
nomenon of spin-charge separation; we use the gauge theory
formalism to describe this.

Points ~i!–~iii ! do not completely specify the model.
There are two additional issues.

~iv! It is widely believed that there are strong antiferro-
magnetic spin fluctuations in high-Tc materials. In
the body of the paper we summarize the evidence for
the existence of antiferromagnetic spin fluctuations,
outline the different theories proposed to describe
them, and give the implications for our calculations.

~v! We believe that bilayer structure of YBa2Cu4O8 is im-
portant for the formation of the spin gap because it
leads to interplane pairing. Whether the spin gap ex-

FIG. 1. Susceptibility of several high-Tc materials: one-plane
La22xSrxCuO4 with varying dopingx which, as we shall argue,
does not show spin-gap behavior and bilayer YBa2Cu4O8 ~248!
which does show it. Susceptibility is measured in the units ofmB

2

eV per Cu atom.
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ists in single-plane materials such as La22xSrxCuO4,
in which interplane coupling is geometrically frus-
trated, is controversial.4,9Certainly, the evidence for it
is weaker~see Fig. 1!. Our theoretical results imply
that spin-gap effects are greatly enhanced in bilayer
or multilayer systems.

The outline of the paper is as follows. In Sec. II, we
review the relevant experimental data and show that it im-
plies points~i!–~v! above. In Sec. III we formulate the theo-
retical model and identify two different scenarios. In Secs.
IV and V we present the solutions for the different scenarios.
Section V contains a comparison of results to data and a
conclusion.

II. DATA

~i! Particle-hole continuum:We begin with the evidence
that at least some of the magnetic response in spin-gap sys-
tems such as YBa2Cu4O8 comes from a particle-hole con-
tinuum of spin-1/2 fermions. A phenomenological argument
is that there is little doubt that such a continuum describes
the magnetic properties of YBa2Cu3O7. The uniform suscep-
tibility of this compound has magnitude slightly larger than
predicted by band theory and has very weak temperature
dependence~as expected for a Fermi liquid!.12 The oxygen
NMR relaxation rate 1/17T1T is temperature independent~as
expected in a Fermi liquid! and has magnitude slightly larger
than predicted by the Korringa relation.13 The copper relax-
ation rate 1/63T1T increases as the temperature is
decreased;14 this has been argued to be due to antiferromag-
netic correlations within a Fermi-liquid state.15 Also, photo-
emission experiments16 have observed a large Fermi surface
in optimally doped YBa2Cu3O7. The spin-gap compounds
YBa2Cu3O6.6 and YBa2Cu4O8 are produced by removing car-
riers from YBa2Cu3O7; further, the physical properties seem
to vary smoothly with doping. Therefore, it is natural to as-
sume that the particle-hole continuum is also present in the
spin-gap compounds.

An alternative point of view9 is that the important spin
excitations in underdoped compounds are weakly damped,
gapped antiferromagnetic spin waves, with dispersion
v25c2k21D2. However, theories in which the only magnetic
excitations are spin waves with a gap are inconsistent with
the xs(T) data athigh temperatures(T.Ts), because at
temperatures greater than the value of the zero-temperature
gap D0, these theories predict17 xs5A1BT with A,0 if
D0.0 and also predict for YBa2Cu4O8 a value forB larger,
by a factor of 6, than is observed.18 Another difficulty with
the spin-wave-only model is that the kinematics of spin
waves implies that the oxygen relaxation rate drops very rap-
idly with temperature. Indeed the theoretical prediction is
1/[T1Txs];T in contrast to the experimental result
1/(T1Txs)'const.18 Therefore there is little doubt that one
must at least supplement the spin-wave model with a
particle-hole continuum of fermions which controls at least
the small-q spin response.19,20 We note, however, that al-
though the existence of such a particle-hole continuum
would increase the constant partA of the uniform suscepti-
bility and would add a constant contribution to the oxygen
relaxation rate, it would not affect the slopeB of the suscep-
tibility if the interaction between spin waves and particle-

hole continuum is weak. There is as yet no model which
describes all of the data. In any event, to understand the spin
gap observed inxs(T) one must understand how to open a
gap in the spectrum of the fermions making up the particle-
hole continuum.

~ii ! Singlet pairing:In the absence of charge-density-wave
order the only possibility for suppressing the spin response
of fermions is to pair them into singlets. One example of
such pairing is the BCS superconducting state. The pairing
scaleTs'200 K is much less than any microscopic scale
such asJ or the bandwidth, so the pairing must be under-
stood as a low-energy instability of the system.

~iii ! Superconductivity:The data strongly suggest that the
spin gap is not due to incipient superconducting pairing.
There are three arguments; one is that the spin-gap scaleTs
in YBa2Cu4O8 is approximately 200 K, far above the maxi-
mum Tc'95 K observed in any member of the Y-Ba-Cu-O
family. The second is that superconducting fluctuations nor-
mally have a dramatic effect on the resistivity. In the layered
materials the in-plane resistivity is expected to drop asT is
decreased through the scale at which the fluctuations begin
and to drop more and more rapidly asTc is approached while
thec-axis resistivity may increase or decrease depending on
parameters of the material.21 This behavior is not observed in
YBa2Cu3O6.6 and in YBa2Cu4O8. In these materials, there is
some drop inrab asT is decreased throughTs , but thenrab
flattens out and depends only weakly onT nearTc .

22,23The
drop in r for T;Ts has been attributed,23 in our view cor-
rectly, to changes in the inelastic scattering mechanism asso-
ciated with the onset of the spin gap. The third argument is
that although thec-axis resistivity does increase asT de-
creases belowTs in agreement with the predictions

21 for suf-
ficiently anisotropic materials, the observed
magnetoresistance24 is incompatible with superconducting
fluctuations explanation because in a layered system the fluc-
tuational superconductivity is strongly affected only by the
fields perpendicular to theab plane whereas the observed
magnetoresistance was almost isotropic. It has been argued
that the negative-U Hubbard model, in which the important
physics is singlet pairing of conventional electrons, describes
the spin-gap phenomena.8 In our view the strong evidence
for repulsive interactions and against paraconductivity ren-
ders this model irrelevant.

Of course, conventional superconductivity does produce a
spin gap; thusTs cannot be less thanTc . The interesting
question is why, in some materials, it is much greater than
Tc .

To summarize: the data imply the existence of a particle-
hole continuum of spin excitations and require that these
excitations be paired into singlets in a way that does not
produce superconductivity. This implies that ‘‘spin-charge
separation’’ must occur. There are many scenarios of spin-
charge separation, all stemming from Anderson’s original
proposal.25 We shall adopt the gauge theory approach.26,27

We also note that unlike the conventional superconducting
pairing of electrons, the pairing of chargeless fermions does
not necessary imply the breaking of any symmetry, and so
may result in a crossover, not in a genuine phase transition.5

~iv! Antiferromagnetism:A large literature has developed
around the issue of antiferromagnetic correlations in high-Tc
materials. Many controversies remain unresolved, but it is
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generally agreed that NMRT1 andT2 experiments imply the
existence of strong, temperature dependent antiferromagnetic
correlations. Specifically, for YBa2Cu4O8, the two Cu relax-
ation rates, 1/T1T and 1/T2, increase roughly as 1/T asT is
decreased~for T.Ts!.

28,29 Generally, the NMR rates are
given by

1

T1T
5 lim

v→0
(
q

Fq

x9~q,v!

v
, ~1!

1

T2
5F(

q
@Fqx8~q,0!#2G1/2, ~2!

whereFq is a form factor which is different for different
nuclei.

The only tenable interpretation of the temperature depen-
dence of the copper relaxation rate is that both real and
imaginary parts ofx~q! diverge at a particular wave vector
Q, i.e., that there is an incipient magnetic instability. To
prove this, suppose on the contrary that theT dependence of
1/(T1T) came from a wide range of momenta, sox(q,v)
5f(q) f (v,T), with f(q) a temperature-independent func-
tion. For large frequencies,v@T, f ~v! should not depend on
temperature, so in particular the imaginary part
f 9(v)5A1v

x, whereas at small frequencies,v!T, f 9~v!
should be proportional to frequency,f 9(v)5A2v. The pro-
portionality coefficientA2 can be estimated by matching the
low-frequency formula and the high-frequency formula at
v'T, yielding A25A1T

x. The NMR T1 data imply x'0
which via the Kramers-Kronig relation implies
x8~q,v50!;ln T. This temperature dependence is too weak
to account for theT2 data, so the hypothesis of a momentum-
independent divergence ofx must be rejected. It should be
noted, however, that although neutron-scattering experiments
detect antiferromagnetic fluctuations, neutron and NMR data
are at present not quantitatively consistent.30,31

The proper theoretical model for the antiferromagnetic
fluctuations is not clear. The two principal proposals are that
the dominant antiferromagnetic excitations are weakly
damped spin waves,9,17 or are particle-hole pairs of an anti-
ferromagnetically correlated fermion system.15 The weakly
damped spin-wave picture applies to the magnetic insulating
parent compound and by continuity might be expected to
apply to lightly doped but nonordered materials. The
particle-hole picture presumably applies to the optimally
doped materials@which have been shown by photoemission
to have large~Luttinger! Fermi surface# and by continuity
might be expected to apply to somewhat underdoped mate-
rials. The crossover between these two regimes is an active
area of research32 but has not been understood in detail. We
consider implications of both pictures for the pairing inter-
action.

The model of particle-hole pairs requires further discus-
sion. We argued above on the basis of resistivity data that the
fermions must be charge zero objects. An additional argu-
ment against conventional chargee Fermi liquid with anti-
ferromagnetic correlations is that the magnetic properties of
conventional Fermi liquid are incompatible with theT1, T2,
and xs data.28,29,2,33 The only known model of spin-1/2
charge 0 fermionic excitations~‘‘spinons’’! which does not
break time reversal or parity symmetry is the ‘‘spin liquid.’’

In a spin liquid, the gauge interaction between fermions af-
fects the magnetic properties and has been shown to lead to a
reasonable description of the spin dynamics of high-Tc
materials.34 In the spin-wave picture a particle-hole con-
tinuum is also present; for the reasons given above we must
assume that the underlying fermionic excitations are spinons.
However, in this case the spin waves dominate the largeq
magnetic response.

~v! Bilayers: Our discussion so far has been focused on
members of the Y-Ba family of high-Tc materials. We be-
lieve that the magnetic dynamics of members of other fami-
lies of high-Tc materials are similar in all respects except for
the existence of a spin gapin a wide temperature range
above Tc . It is possible that, as some authors have argued,9

La22xSrxCuO4 shows the beginning of spin-gap behavior for
T;60 K, relatively near the superconductingTc . However,
to our knowledge only underdoped members of the Y-Ba
family exhibit spin-gap behavior over a wide range of tem-
peratures aboveTc .

Consider first thexs for La22xSrxCuO4 data presented in
Fig. 1. These are obtained from bulk susceptibility data by
subtracting core and van Vleck susceptibilities given in Ref.
36. Note that although there is a downturn inxs(T) at
T,100 K, extrapolated value of limT→0xs(T) is positive and
relatively large. Although uncertainties in the value of the
van Vleck susceptibility may exist, these are in our view by
no means large enough to produce a limT→0xs(T)<0. The
oxygen30 and copper30,37 T1 relaxation data similarly show
no sign of an extradownturnat a temperatureT.Tc ~al-
though the rate of increase of the copperT1

21 may slow for
T,80 K!. Note that atT.Ts'Tc , La22xSrxCuO4 does ex-
hibit a xs'A1BT regime as well as other properties diffi-
cult to describe in either a Fermi-liquid or a purely spin-
wave picture. We infer from this that the bilayer structure of
the Y-Ba material is important only for raisingTs sufficiently
far aboveTc that spin-gap effects are easily observable.

There is, in fact, substantial evidence that the spin degrees
of freedom in different planes of a bilayer are strongly
coupled. Neutron-scattering measurements have essentially
only detected spin fluctuations in which spins on adjacent
CuO2 layers are perfectly anticorrelated.31,38–40 Moreover,
the coupling between Cu spins on adjacent planes has been
directly measured in a recent NMRT2 experiment in which
the Cu nuclear spins in one plane of a bilayer were pumped
and Cu nuclear spins in the other were measured.41 This
experiment determines the cross-relaxation timeT2* which is
given by expression42

1

T2*
5F(

q
@Fqx128 ~q,0!#2G1/2. ~3!

This expression is very similar to the expression~2! for in-
plane relaxation rate, except that instead of a single-plane
susceptibilityx8~q,0! it containsx128 (q,0) which measures
the response of spins on plane 1 to the magnetic field on
plane 2.

We assume that electrons on adjacent planes in bilayer
interact via the Hamiltonian

H'5J'( Si
~1!Si

~2! . ~4!
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If the interaction,J' is weak then the between the planes
susceptibility, x12, may be calculated by perturbation
theory43 and is

x128 ~q,0!5J'@x8~q,0!#2. ~5!

Experimentally the ratioT2 /T2* grows from 0.14 at 200 K to
0.28 at 100 K. This increase reflects the temperature depen-
dence ofx8. If x8 is divergent at some wave vectorQ as
T→0 and is given by a scaling formx85T2a f (uq2QuT2x)
~wherex anda are scaling exponents! then from Eqs.~2!,
~3!, and~5! it may be shown thatT2 /T2*5cJ'x8(0,Q) with
c a constant of the order of unity.43 Thus, the observed maxi-
mal ratio ofT2 /T2*50.3 implies that the interplane coupling
is not negligible, but still may be treated via perturbation
theory. In this paper we shall show that the effect of this
interplane coupling on the fermions is large and in fact leads
to the opening of a spin gap.

Equation~4! applies to Y-Ba-Cu-O and to the multilayer
Bi-Sr-Ca-Cu-O compounds in which the Cu ion on one plane
sits directly over the Cu ion in the next lower plane. It does
not apply to La22xSrxCuO4 compounds in which the crystal
structure is such that a Cu ion on plane is coupled equally to
four Cu in each adjacent plane, so Eq.~4! would become

H'85 (
a,^ i j &

Ji j
'Si

~a!Sj
~a11! . ~6!

The crystal structure of La22xSrxCuO4 implies thatJ'(q)
vanishes atq5~p,p!, so the enhancement of interplane pair-
ing by antiferromagnetic fluctuations is much less effective
than in the Y-Ba-Cu-O or Bi-Sr-Ca-Cu-O systems.

III. MODEL

~i! Single plane. In Sec. II we showed that experiment
implies that a theoretical treatment of spin-gap effects in
high-Tc superconductors should involve pairing of fermions
in a spin liquid. In this subsection we describe the model we
use for the spin liquid in one CuO2 plane and discuss differ-
ent pairing mechanisms.

The low-energy excitations of a spin liquid areS51/2,
charge 0 fermions,c†, near a Fermi line, and a bosonic gauge
field, a. The action describing the spin liquid has been de-
rived from more fundamental models of correlated electrons
by assuming that spin-charge separation exists, i.e., that the
electron fieldc1 may be written as the product of a spinless,
chargee Bose fieldb and aS51/2 charge 0 Fermi fieldc1

as c15c1b and that the effect of the charge degrees of
freedom on the spin degrees of freedom is small. These as-
sumptions have been shown to be justified in the low doping,
large spin degeneracy limit of thet-J model.26 Whether
these assumptions are theoretically justifiable in the physi-
cally relevant regime is still controversial. We shall assume
that they are because we see no other way to explain the
experimental data discussed in Sec. II.

The spin-liquid model is specified by the action

H5(
p,s

cps
† e~p!1cps1 (

p,k,s
cp1k/2,s
† aW kvW ~p!cp2k/2,s

1(
pi

Wcp1 ,a
† cp2 ,acp3 ,s

† cp4 ,sdS ( pi D1
1

4g0
2 f mn

2 .

~7!

Here, as usual,f mn5]man2]nam , g0 is the bare fermion-
gauge-field interaction constant,v5]e/]p,W is a constant of
short-range interaction, ands51 . . .N is a spin index. In the
physical case the spin degeneracyN52. The gauge field
modifies the properties of the fermions. These modifications
have been studied in detail. The results we shall need are~i!
the electron self-energy is44,45S~e!5v0

1/3e2/3 ~ii ! the vertexG
coupling the fermion spin to an external magnetic field of
wave vectorq becomes singular atuqu52pF , while at all
other wave vectors the vertex corrections are not singular.46

Specifically,

G5G0S v0

L D s

. ~8!

HereL is the largest ofvF(uqu22pF), v2/3, T2/3, and

v05S 1

2)
D 3 vF3g04p2p0

~9!

is the upper cutoff scale determined by the strength of the
gauge-field fluctuations. By ‘‘2pF’’ we mean a wave vector
Q which connects two points on the Fermi line with parallel
tangents. For a circular Fermi line any vectorQ of magni-
tude 2pF connects two such points. The exponents has been
calculated only in the limitsN@1 andN!1; by extrapolation
of these results to the physical valueN52 we estimated46

that 1*s*1/3.
The main effect of the self-energy renormalization is that

the resulting inelastic-scattering rate;T2/3 is so strong that
no nonsingular interaction can lead to a BCS pairing of
spinons47 ~except via a first-order transition which is not ob-
served!; therefore any spinon-based theory of the spin gap
must involve a singular interaction.

Two cases arise for the vertex renormalization. Ifs,1/3,
the spin physics is not modified in an essential way. AT50
critical point separates aW,Wc phase with short-range spin
correlations from aW.Wc phase with long-range order; the
appearance of the anomalous exponents in the ‘‘2pF’’ ver-
tex modifies the critical properties of the transition atW5Wc
as discussed in detail in Ref. 34. However, ifs.1/3 then the
0<W,Wc phase is anomalous, and exhibits a divergent
‘‘2 pF’’ spin susceptibility and power-law spin correlations

x~v,k!5Av0p0
vF
3

1

FcvS uvu
v0

D 2s22/3

1ckS ukiuvF
v0

D 3s21G ,
~10!

wherecv ,ck;1. Here we use local momentum coordinates
associated with the Fermi line, namelyk5Q1eiki whereQ
connects two points on the Fermi line with parallel tangents
andei is the unit vector parallel to the Fermi velocity at these
points. These coordinates are generalization of radial
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ki5upu22pF and angular coordinates for the case of a non-
circular Fermi line. The experimental implications have been
discussed elsewhere;34 in particular, it has been shown that
the choices53/4 yields rough agreement with experimental
data.

Having discussed the spin-liquid model we now consider
possible pairing interactions. The short-range interactionW
would lead to pairing in a Fermi liquid; however, as men-
tioned above, for a spin liquid the inelastic scattering due to
the gauge-field suppresses any second-order pairing instabil-
ity due to a nonsingular interaction. For this reason we be-
lieve the results obtained in Ref. 7 do not explain the spin-
gap phenomena. Of course, a first-order transition would still
be possible;47 but there is no experimental evidence for this
in high-Tc materials. However, singular interactions exist.
One involves the gauge field, but this interaction is repulsive
in all channels for the model specified above and does not
lead to pairing.26 Another singular interaction comes from
exchange of long-ranged spin fluctuations; these may arise
either from proximity to aT50 antiferromagnetic transition
or becauses.1/3.

There are three types of antiferromagnetic transitions, dis-
tinguished by the relation of the ordering wave vector,Q, to
2pF . If uQu.2pF , the fermion-fermion interaction mediated
by spin fluctuations is, in fact, not singular for the fermions
near the Fermi line. IfuQu52pF ands,1/3, then the singu-
larity of the interaction is too weak to overcome the pair-
breaking effect of the gauge field. IfQ,2pF , then one ob-
tains a logarithmic divergence in the pairing amplitude. The
theory of the pairing forQ,2pF case may be derived by the
following arguments given in Ref. 10 but replacing the factor
x2~v,q! by the first powerx~v,q! in Eq. ~5! of Ref. 10. The
steps leading to Eq.~8! of Ref. 10 yield a logarithmic diver-
gence of the pairing kernel in the gap equation. However, we
do not believe that theQ,2pF case is relevant to high-Tc
materials because the predicted temperature dependence of
the copper NMRT2 rate is too weak and because neutron
scattering has only observed fluctuations peaked at wave
vectorsQ>2pF .

31,38,40

If s.1/3, then the susceptibility is divergent atQ→2pF ,
~v,T!→0. However, as was shown in Ref. 46, the same phys-
ics implies that the fermion-fermion interaction is renormal-
ized to zero~due to the renormalization in the Cooper chan-
nel!, so the divergence in the susceptibility does not
propagate into any other physical quantity.

~ii ! Two planes: The theoretical discussion in the previous
subsection and the experimental analysis of Sec. II implied
that theories involving only a single CuO2 plane could not
explain the existence of a spin gap in a wide range of tem-
peratures aboveTc . In this subsection we extend the theory
of the spin liquid to include interplane coupling. We assume
that each plane is described by the Hamiltonian, Eq.~7!, and
that the only coupling between the planes is given by Eq.~4!.
In particular, terms of the formt'c

1(1)c(2)1H.c. are not
allowed: there is no coherent hopping of spinons between
planes. The assumption that there is no interplane hopping of
spinons may be justified by extending the derivation26 of the
spin-liquid actionH to the two-plane situation. In the micro-
scopic model there is a between-planes electron hoppingt'

el

which, it is reasonable to assume, is much less than the in-
plane hoppingt. It emerges from the theoretical derivation

that one must havet'
el greater than a critical value of ordert

in order to have coherent between-planes hopping of
spinons. If there is no coherent hopping then the leading
coupling term is Eq.~4!.

We assume thatJ' is sufficiently weak that it may be
treated in perturbation theory. This assumption is justified by
the cross-relaxation experiment of Sternet al.,41 as previ-
ously discussed. The only effect we need consider the pairing
interaction due toJ' . If Q,2pF then the relevant theory
was given in Refs. 10 and 48. IfQ52pF and s,1/3 the
theory is very similar. As discussed above, we do not believe
any of these starting points are consistent with experiment.
We therefore study in Sec. IV the cases.1/3. In Sec. V we
treat the case of undamped spin fluctuations.

IV. GAP EQUATION: s>1/3

In this section we consider pairing due to the between-
planes interaction, Eq.~4!. In general, a pairing instability of
a fermion system is signaled by a divergence of the series of
particle-particle ladder diagrams as shown in Fig. 2.49 In the
present problem, the two lines correspond to fermions on
different planes and the between planes interactionJ' is
renormalized by the gauge interaction. This renormalization
implies that the basic rung of the ladder is an effective pair-
ing interaction

V~v,k!5J'@G~v,k!#2, ~11!

whereG is given in Eq.~8!. Note the absence in Fig. 2 of
gauge-field lines connecting fermions on one plane to fermi-
ons on the other plane. This absence follows from the as-
sumption of no coherent fermion hopping between the planes
and is the reason why the interaction is enhanced by the
gauge field, rather than suppressed by it as is the in-plane
interaction.

Because the interactionV(v,k) connects fermions on dif-
ferent planes it does not give rise to a fermion self-energy in
the leading order of perturbation theory. Diagrams of higher
order inJ' may be absorbed into the short-range interaction
W between the fermions on each plane and its renormaliza-
tion by gauge fields. We have previously shown thatW is
renormalized to zero by gauge fields, so these diagrams may
be neglected.

FIG. 2. Ladder sum leading to pairing of fermions on adjacent
planes. Solid lines denote fermions propagators renormalized by the
gauge field, dashed lines denote spin-spin interaction,J' , between
the planes and solid triangles denote vertices renormalized by the
gauge field.
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Therefore we may obtain the pairing effects of the inter-
actionV from the ladder sum in Fig. 2. The analytic expres-
sion corresponding this diagram is, after integration overpi

D~p' ,e!5
T

4p

J'a
2

vF

3(
v

E D~p'8 1p' ,e1v!dp'8

F S v

v0
D s

1S vFp'
2

p0v0
D 3s/2G2~v1e!2/3v0

1/3

.

~12!

The integral on the right-hand side of this equation is infra-
red dominated and so may be evaluated by scaling~up to
numerical factors!. We also use the definition ofv0, Eq. ~9!,
to eliminate the combinationv0/vF . We find thatTs is given
by

Ts5bv0~J'a
2g2!3/~6s22!, ~13!

whereb is a numerical coefficient of the order of unity and
g2 is renormalized fermion-gauge-field interaction constant.
The value ofg2 has been estimated from the temperature
dependence of the resistivity,50 andv0 from the band struc-
ture. Roughly, 1/(a2g2);50 meV andv0;100 meV.J' can
be estimated from the cross-relaxation experiment to be
J';5 meV. In order for thisTc to be of a reasonable order of
magnitude, one must have 6s22'3, i.e.,s'5/6, becauseJ'

is small. This value ofs would imply a 1/T1T;T24/3, a
somewhat more rapid variation than is observed. The depen-
dence ofTs on materials parameters is similar to the depen-
dence of the Cu NMR relaxation rates;34 also Ts is large
when 1/T2 and 1/T1T are large and conversely.

Although the divergent interaction exists at all points on
the Fermi line, the amplitude varies with position,u. There
are two effects: the gauge interaction energy scalev0 varies
with u and also in a lattice one must consider processes in-
volving momentum transferq1G whereG is a reciprocal-
lattice vector. For Fermi surfaces near half filling, there ex-
ists momentap on the Fermi line for which bothp2q and
p1q1G are on the Fermi line; near these points the interac-
tion is particularly large. As discussed in Sec. VI of Ref. 46
we expect these effects to produce a substantial variation of
the interaction in high-Tc materials. Therefore we expect that
as one lowers the temperature the gap first appears at the
points umax at which v0 is maximal, so
Ts5bv0~umax!(J'a

2g2)3/6s22. For T nearTs the gap func-
tion D~u! will be very strongly peaked aboutumax; indeed
from Eq. ~12! we see thatD~u! decays away fromumax as
uu2umaxu

26s. ForT50 the gap spreads over the whole Fermi
surface but remains very anisotropic:

D~u!'bv0~u!~J'a
2g2!3/6s22. ~14!

Finally, we note that because the gap function is so
strongly peaked at particular points on the Fermi line, the
energy is not very sensitive to the symmetry of the gap. In
single-plane models, the pairing tends to bed wave so that
the two members of the Cooper pair can avoid each other. In
the present model, the two members of the Cooper pair re-
side on different planes, sod-wave pairing becomes favor-
able only when tunneling between planes is included.51

V. GAP EQUATION: SPIN WAVES

In this section we consider the implications for the forma-
tion of the spin gap of an alternative picture of the origin of
the antiferromagnetic correlations. We suppose that there are
weakly damped propagating spin wavesn with dispersion
v25c2[(kW2QW )2]1d2 and we ask how these lead to pairing.
Here QW 5~p,p!, c is the spin-wave velocity andd is the
spin-wave gap. In the ‘‘quantum critical’’ regime relevant for
high-Tc superconductors,d5aT with a'1. We assume that
DG5uQu22pF.0, so the low-energy spin waves lie outside
of the particle-hole continuum, and it is consistent to assume
they are coupled to the fermions, but are undamped. The
condition that the low-energy spin waves are outside the
particle-hole continuum is~if c<vF!

cDG.T. ~15!

In high-Tc materials we estimate from the Fermi line ob-
served in Ref. 52 thatDG*0.1 Å21. In insulating La2CuO4,
c50.75 eV–Å;53 the previously discussed fits toT2/T1T in
YBa2Cu3O6.6 imply c50.35 eV–Å.18 Adopting the latter
value we find that the condition for the validity of this as-
sumption isT&0.035 eV'400 K. Thus the model may be
adequate for discussion of spin-gap phenomena atT;150 K,
but the relevance to the spin dynamics at room temperature
or above is questionable.

The action describing the coupling of fermions to spin
waves is

Ht5H1Hsw,

Hsw5g (
v,e,k,p

nW v,kce1v,p1k
† sW ce,p

1(
v,k

1

2D~v,k!
nW v,knW 2v,2k1J'nW v,k

~1! nW 2v,2k
~2! .

~16!

HereH is the fermion-gauge-field action given in Eq.~7!, nW
describes the undamped spin fluctuation, and the spin-
fluctuation propagatorD(v,k) is

D~v,k!5
u

v21~ck!21d2
~17!

andu andd are parameters with the dimension of energy. As
in the previous section, the interplane coupling leads to an
effective pairing interactionVeff given by

Veff~v,k!5
~gu!2J'

@v21~ck!21d2#2
. ~18!

In order to account for the Cu relaxation rate data, we must
assume that forT.Ts the model is in the quantum critical
regime in whichd5aT. Note that the momentumk is mea-
sured from the commensurate antiferromagnetic wave vector
Q5~p,p! and thatVeff is a very strongly peaked function of
k. Thus,Veff scatters a fermion of momentump mostly to
states with momentum very nearp1Q and if Eq. ~15! is
satisfied andp is on the Fermi surface, these final states are
far from the Fermi surface. This strong momentum depen-
dence means that the gap equation decomposes into two
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equations, one expressing the gap at momentum nearp,
De(p), in terms of the Green function at momenta nearp1Q
and another one expressing the gap at momentump1Q,
De* (p), in terms of the Green function at momenta nearp.
Specifically,

De~p!5(
v,q

TVeff~v,q!De1v* ~p1q!

v0
2/3ue1vu4/31 z̃p1q

2 1@De1v* ~p1q!#2
,

~19!

De* ~p!5(
v,q

TVeff~v,q!De1v~p1q!

v0
2/3ue1vu4/31zp1q

2 1@De1v~p1q!#2
.

~20!

Herezp is the fermion energy,z̃p5zp1Q ; for circular Fermi
line zp5vF~upu2pF!. BecauseVeff is a strongly peaked func-
tion of q, we may neglect theq in the denominator of~19!.
The magnitude of the denominator is then controlled by the
magnitude ofzp1Q . This depends on the position ofp along
the Fermi line. The minimal value ofzp1Q is vFDG and the
maximal value is of the order ofeF . Because*Veff(v,q)d

2q
is a singular function ofv, the frequency sum is dominated
by v;max~T,d! and we expect thatd;T, so by~15! we may
also neglect the frequency andD* dependence of the fermi-
onic denominator in~19!. The first equation~19! then be-
comes a linear convolution equation; it can be combined
with the second equation~19! giving an equation which con-
tains only the gap function in the vicinity of the Fermi line

De~p!5
T

zp1Q
2 (

v,q

Weff~v,q!De1v~p1q!

v0
2/3ue1vu4/31zp1q

2 1De1v
2 ~p1q!

~21!

with the singular kernel

Weff~v,q!5T(
h,k

Veff~h,k!Veff~v2h,q2k!. ~22!

In the gap equation~21! the assumption thatp is on the
Fermi surface means that the singularities in the fermion de-
nominator must be also considered and compared to the sin-
gularities of the kernelWeff . The fermion propagator de-
pends sensitively only on the component of momentum
normal to the Fermi surface and, as we show below,De(p)
also changes smoothly along the Fermi surface. We may
therefore integrate over the component along the Fermi line,
q' , immediately, obtaining an equation similar to~21! but
with q'50 and a modified kernel

Weff~v,qi!5
T~gu!4J'

2

16c2 (
h,ki

1

@h21~cki!
21d2#3/2

3
1

@~v2h!21~cki2cqi!
21d2#3/2

.

~23!

Two cases then arise. If

d

c
,
max~v0

1/3T2/3,D!

vF
, ~24!

then the singularity inWeff is dominant and we may perform
the ki andqi integrals obtaining

De~p!5
T

zp1Q
2 (

v

Weff~v!De1v~p!

v0
2/3ue1vu4/31zp

21De1v
2 ~p!

~25!

with

Weff~v!5
T~gu!4J'

2

16p2c4 (
h

1

@h21d2#

1

@~v2h!21d2#
.

~26!

However, if the condition~24! is not satisfied, then the sin-
gularity in the fermion denominator is dominant and we ob-
tain

De~p!5
T

zp1Q
2 (

v

Weff~v!De1v~p!

Av0
2/3ue1vu4/31De1v

2 ~p!
~27!

with

Weff~v!5
T~gu!4J'

2

32pc3vF
(
h

E dk

@h21d21k2#3/2

3
1

@~v2h!21d21k2#3/2
. ~28!

This system of equations may be solved to determineTs and
D(T). At low T, or for not too smallc we expect Eq.~24! to
be satisfied, so we shall consider in detail only Eqs.~25! and
~26!. The other case leads to very similar results.

To estimateTs we linearize Eq.~25! and, because the
sums are infrared dominated, take only the contribution from
the lowest Matsubara frequency. We find

Ts~pu!5F J'~gu!2

4p5/3c2zpu1Qv0
1/3a2G3/5. ~29!

Similarly, if the condition ~24! is not satisfied we find
from ~27! and ~28! the slightly different formula

Ts~pu!5F) J'~gu!2

16p1/3c3/2vF
1/2zpu1Qv0

1/6a5/2G6/11. ~30!

As found in the previous section, the onset of the spin gap
is angle dependent. It appears first at the angleu* , for which
zp1Q has a minimum, and asT is lowered spreads over the
Fermi line. Because the interaction is more singular than in
the case of the damped spin waves considered in the previ-
ous section,Ts goes as a smaller power ofJ' . Roughly,D is
large forup such thatTs(pu).T, and drops rapidly for larger
u. We denote the interval in whichD is large by
~u*1u0,u*2u0!. We note that

zpu1Q5z*1e0~u2u* !2, ~31!

wheree0 is an energy scale of the order ofeF . Thus, forT
very nearTs , u0 is given by

u0;S Ts2T

Ts
D 1/2S z*

e0
D 1/2. ~32!

For T much less thanTs
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u0;S TcT D 5/6S z*
e0

D 1/2. ~33!

For uu2u* u.u0, D~u! is induced by the value ofD inside the
interval ~u*1u0,u*2u0!. From Eqs.~25! and ~26! it can be
seen that the kernel is so sharply peaked that

D~u!;D~u0!
u0
4

~u2u0!
4 . ~34!

Finally, atT50 one finds

D~u!;F J'~gu!2

4pc2zp1Qv0
1/3a2G3/5. ~35!

In words, because the interaction is so strongly peaked,
the value of theT50 gap is controlled by the energy,zp1Q ,
of the intermediate state of momentump1Q.

VI. CONCLUSION

We have argued that any theory of the spin gap observed
in YBa2Cu3O61x or YBa2Cu4O8 must be based on a pairing
instability of a Fermi sea of chargeless fermions~i.e., a spin
liquid! in the presence of antiferromagnetic correlations. The
large inelastic scattering found in the models of spin liquids
leads to strong pair-breaking effects which can only be over-
come by singular pairing interaction. The most plausible ori-
gin of this interaction is a between planes coupling enhanced
by in-plane antiferromagnetic correlations. We considered
two specific models: a spin liquid with 2pF over damped
magnetic correlations induced by a gauge-field interaction
and a spin liquid coexisting with weakly damped antiferro-
magnetic spin waves.~A third possible model, namely a spin
liquid with magnetic correlations induced by tuning a four-
fermion interaction, has been considered elsewhere10,47!. The
former model is clearly appropriate to optimally doped ma-
terials, where there is convincing photoemission evidence for
a large Fermi line. We expect by continuity that it is also
appropriate for dopings somewhat below optimal. Weakly
damped spin waves exist in the insulating ‘‘parent com-
pound’’ materials, and it has been proposed that low doping
induces a gap~but no damping! in the spin-wave spectrum as
well as a particle-hole continuum of spin excitations. This
picture might be justified if there is a small Fermi line~i.e.,
‘‘hole pockets’’!, but if there is a large~Luttinger! Fermi line
the absence of spin-wave damping is difficult to justify. It is
controversial which picture applies to the most extensively
studied spin-gap compounds YBa2Cu3O6.7 or YBa2Cu4O8.
We analyzed both models, obtaining estimates for the onset
temperature,Ts , of the spin gap and the angular dependence
of the gap function.

In both modelsTs scales as a power of the between planes
coupling J' , and the gap function is sharply peaked about
particular regions of the Fermi line. In both models, pairing
of spinons does not imply a true thermodynamic transition.26

Ts is a crossover temperature and superconductivity sets in at
a lower temperatureTc at which the charge carrying bosons
condense.

In the overdamped case the physics is controlled by di-
vergences in the fermion 2pF response function due to the
singular gauge-field interaction. These divergencies are char-

acterized by an exponents which depends only on the ferm-
ion spin degeneracyN and by an energy scalev0 defined in
Eq. ~9! which varies substantially as one moves along the
Fermi line. We found thatTs}v0

maxJ'
3/6s22 @v0

max is the maxi-
mal value ofv0~u! on the Fermi line which occurs atu* #. At
T'Ts the gap is very sharply peaked atu5u* . As T is low-
ered the region where gap is appreciable grows and theT50
gapD~u!}v0~u!J'

3/6s22 . Evidently the result depends sensi-
tively on the exponents which has been estimated to be in
the range 1*s*1/3. Consistency with NMR forT*Ts re-
quires that 1*s*2/3; for this range ofsTs is proportional to
J' to a power of order 1 and is of the correct order of mag-
nitude, but the precise value depends on numerical coeffi-
cients which are not known.

For Ts*T*0, the spin gap is appreciable over a part of
the Fermi line, and suppresses the contribution of that part of
the Fermi line to the uniform susceptibility and NMR relax-
ation rates. We see from Eqs.~9! and ~14! that the gap is
largest along the zone diagonal~where vF is largest! and
smallest at the zone corners wherevF becomes very small.
All parts of the Fermi line make roughly equal contribution
to the oxygen relaxation rate and uniform susceptibility~al-
though the logarithmic divergence associated with the van
Hove singularity may emphasize the corners to some extent!,
so we may roughly estimate the suppression of these quan-
tities from the fraction of the Fermi line which is gapped.
The copper relaxation rate is more complicated. It is domi-
nated by the 2pF fluctuations which lead to

1

T1T
;

v0
2s22/3

p0
1/3 .

Thus the contribution to the Cu relaxation rate is largest
wherev0 is largest~i.e., along the zone diagonal! so one
would expect that in this model the formation of the spin gap
would suppress the Cu relaxation rate more strongly than the
oxygen rate. However, the contributions of the ungapped
portions of the Fermi line continue to grow asT is lowered,
so the maximum in the Cu 1/T1T relaxation rate occurs at a
T,Ts determined by the interplay between these two effects.

We now consider the underdamped case. The basic as-
sumption is that there are two distinct types of spin excita-
tions: propagating antiferromagnetic spin waves and particle-
hole continuum of spinon excitations. This picture has been
derived20 from a microscopic Hamiltonian using the assump-
tion that the doping is so low that long-range magnetic order
is present, and it is plausible that it may apply to lightly
doped high-Tc materials which lack long-range order if these
materials do not have large~Luttinger! Fermi line but have
instead hole pockets. An advantage of this picture is that
large-q properties are dominated by spin waves, which ex-
plain in a natural way the strongT dependence of the Cu
1/T1T and 1/T2 rates observed experimentally. The disadvan-
tage of this picture is that the same spin waves would give a
factor of 6 too large contribution todx/dT at high tempera-
tures so to account for the observeddx/dT one must assume
that the particle-hole continuum leads to a large negative
contribution todx/dT which almost precisely cancels the
spin-wave contribution.

We studied the pairing of fermions in the presence of the
undamped spin waves. The pairing interaction is very
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strongly peaked at the antiferromagnetic wave vector
Q5~p,p!, so the dominant process in the gap equation is a
virtual scattering from a statep on a Fermi line to one at
p1Q away from the Fermi line. We found that the resulting
pairing interaction is very strong, the onset temperature
Ts}J'

3/5. As in the overdamped case, the gap has a strong
angular dependence, it appears first at a particular point on
the Fermi line and spreads over it asT is decreased. How-
ever in the underdamped case the angular dependence of the
gap is controlled by the energy of the intermediate state,
zp1Q . The pairing affects the particle-hole contribution to
physical response functions but does not directly affect the
spin-wave contribution. Thus, the copper relaxation rate is
not significantly affected by the pairing, but the oxygen re-
laxation rate and uniform susceptibility are. The detailed
temperature dependence is determined by the way in which
the gap spreads over the Fermi line as the temperature is
decreased, and this depends sensitively on the shape of the
Fermi line and, in particular, on its curvature.

Our results provide a qualitative understanding of the
doping dependence of the spin-gap phenomena observed in
YBa2Cu3O61x. Our basic assumption is that spin-charge
separation occurs. The essential result is that the spin-gap
scaleTs is correlated with the strength of the in-plane anti-
ferromagnetic fluctuations. As doping increases away from
the insulating state, the antiferromagnetic fluctuations de-
crease as doesTs . Further, if no other instability intervenes,
the spin-charge separated system is believed to cross over to
a Fermi-liquid regime forT&TFL with the crossover tem-
peratureTFL which grows with doping; true superconductiv-
ity can occur only atTc&TFL .

26 WhenTFL*Ts , the pairing
of spinons becomes a conventional superconductivity transi-
tion; thus the spin-gap regime should not exist as sufficiently

high doping. Further, the infrared singularities which pro-
duced the between-planes pairing are cut off by the Fermi-
liquid crossover at a scale of orderTFL , so the between-
planes contribution to the pairing is rapidly suppressed as
doping is increased beyond the point at whichTFL;Ts .

The forgoing remarks apply to all scenarios of between-
planes pairing. A more detailed discussion requires a model
for in-plane spin fluctuations. It seems natural to assume that
the undamped spin-wave model is relevant for very lightly
doped materials,9,20,55while the over-damped model is more
appropriate for the materials near optimal doping with the
crossover occurring for doping near YBa2Cu3O6.7. Indeed
one may show that the overdamped model is unstable at
sufficiently small dopings.56 This hypothesis leads to a natu-
ral explanation of the doping dependence of the relative
magnitudes of the temperatureTmax of the maximum in the
Cu relaxation rate 1/T1T andTs inferred from the uniform
susceptibility. In very lightly doped materials,Tmax!Ts @e.g.,
in YBa2Cu3O6.5 whereTs;300 K ~Ref. 54! and strong anti-
ferromagnetic fluctuations with no evident gap have been
observed in neutron scattering39#, as found in the calculations
reported in Sec. V. However, for YBa2Cu4O8 and
YBa2Cu3O61x with 0.7<x<1, Tmax;Ts . This has no natural
explanation in the ‘‘underdamped’’ model, but is expected in
the overdamped model discussed in Sec. IV. In the spin-
charge separation model superconductivity occurs when the
charge carriers condense; the transition temperatureTc5TFL
and increases with doping. At some doping,d* , Tc , TFL and
Ts will coincide. At larger dopings a Fermi liquid is formed
before pairing occurs, the pairing mechanism we have dis-
cussed becomes rapidly weaker and we expectTc to decrease
also. We identifyd* with the optimal doping.
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