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Calculation of intensities in grazing-emission x-ray fluorescence
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The sensitivity of x-ray fluorescence spectroscopy to surface and subsurface layers in the nanometer regime
can be greatly enhanced by measuring the fluorescence radiation that is emitted at grazing angles. In this paper,
we present a formalism for the calculation of x-ray fluorescence intensities that is also valid under grazing-
emission conditions. By applying asymptotics to plane-wave expansions, an approximate solution to Maxwell’s
equations for a radiating point source in a layered system is derived, without the use of the optical reciprocity
theorem. In the computation of the fluorescence intensity, secondary and higher-order fluorescence effects are
taken into account. The total fluorescence of a particular layer is obtained by integrating the contributions of
point sources at different depths. The derived expressions compare well with the measured angular dependence
of the fluorescence intensity in a number of typical examples.

[. INTRODUCTION monochromators have a much better wavelength resolution
and sensitivity at long wavelengths than the solid-state de-
The use of grazing-incident x-ray beams for the spectrotection devices used in TXRF.
chemical analysis of solid samples was first reported by In the theoretical description of grazing-emission fluores-
Yoneda and Horiuchi.Irradiating a sample at angles with cence, the reciprocity theorem has been invariably used to
the sample surface that are smaller than the critical angle fagalculate the fluorescence intensity, as a function of the emis-
total reflection has the advantage that, at these angles, tiséon angle. The theorem states that two sufficiently small
x-ray penetration depth is extremely small. Contributions todipoles radiating at the same frequency with moméxtand
the background spectrum from radiation scattered, by th&, satisfy:E;(2)-P,=E,(1)-P;, whereE;(2) is the elec-
bulk of the sample are considerably reduced and the sendiic field induced byP; at the position o, andE,(1) is the
tivity to surface constituents is greatly enhanced. The techelectric field ofP, atP; .*® This implies that the fluorescence
nigue, commonly known as total-reflection x-ray fluores-intensity of a characteristic wavelength, emitted at grazing
cence spectrometryT XRF), has found wide application. Its angles, can be calculated by interchanging the detector and
main uses are the analysis of small amounts on top of athe radiating atoms. Hence, the calculation is carried out as
optically flat substrate® and the analysis of contaminants on though we were dealing with an absorption experiment per-
semiconductor wafers® formed with radiation of the characteristic wavelength emit-
In the case of layered samples that have several distindeéd by an imaginary source at the position of the detector.
optical interfaces with associated critical angles, standingdecause it is assumed that the wave incident on the sample
wave patterns may be generated inside the layered systeme to this source is plane, the field inside the multilayer can
due to the interference of the incident beam and beams rése readily calculated using well-known recursion formufas.
flected from optical interfaces. From the angular dependence Although the reciprocity theorem is an elegant tool for
of the fluorescence intensity, one can infer the compositiongeriving the fluorescence intensity at grazing angles, we will
the thickness, and the density of thin films and layerst  not apply it, but instead consider directly the field of a radi-
has been stated that variable angle TXRF will become a@ting source inside the sample. By asymptotic expansion of
established test method for layered samples in semiconductthe integral over plane waves, occurring in the expression for
technology and materials scierfte. the far field at the detector due to the radiating source, we
Becker, Golovchenko, and Patdiave demonstrated that obtain a closed formula for the fluorescence intensity of the
the optical reciprocity theorem implies that x-ray fluores-radiating source, due to a single atom. The total fluorescence
cence spectroscopy can be made surface sensitive not orilythen found by integrating over a distribution of atoms. In
by means of grazing-incidence, but also by means ofSecs. Il and Ill, expressions will be derived for the fluores-
grazing-emission techniques, i.e., by detecting only that partence intensity from the upper and lower layers of a two-
of the fluorescence radiation that is emitted at grazing anglesayer sample.
Grazing-emission XRRGEXRF has been applied to the The motivation for this approach is twofold. First, the
analysis of ultrathin films on semiconducttsind to the asymptotic analysis gives an indication of the range of emis-
analysis of ion implantation profilds.Noma and lid%'® sion angles for which the approximate expression for the
have reported the interference of fluorescence x rays frorfluorescence intensity is sufficiently accurate. In the recipro-
thin film samples, using synchrotron radiation. Recently, wecal approach, the asymptotic analysis is omitted by assuming
observed the same phenomenon using a laboratorgt the onset that the field incident on the sample and radiated
instrumentt* Compared with grazing-incidence methods, by the imaginary source at the position of the detector is a
grazing-emission techniques have the advantage that they gllane wave. The asymptotic analysis that is required to esti-
low the use of wavelength-dispersive detection. Crystamate the error made by adopting this assumption is identical
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to that used in the direct problem. The second reason for.=(x,,ys,z;) of layerjs and letP be the radiated power. If

considering the direct problem from the start is that this wayy is a component of the electric field, then the following
it is easier to find physical explanations for observed fluoresholds:

cence phenomena, because one is not tempted to think recip-
rocally. A sound understanding of the physics is required to 2 o o
be able to achieve our ultimate goal, which is the reconstruc- k“nju+Au=0 inside layeqj, withj#js, (2.2
tion of the sample(elemental compositions, layer thick-
nesses, and layer densifiém measured fluorescence data.
In Sec. IV, we will consider primary fluorescence, which
results from the direct excitation of atoms by the radiation of 2.3
the x-ray tube, as well as secondary and higher-order fluo-
rescence, which is induced by the fluorescence of other afFhe source strength in the right-hand side is chosen so that
oms. We will show that secondary fluorescence can contribhu|? is the intensity of the radiation. At the interfaces, we
ute more than 25% to the measured signal and that thignpose the conditions that are valid for the electrical field in
contribution is not constant as a function of the emissiorthe case of TE polarized fields, i.e., we demand thaind
angle. Therefore, secondatgnd also higher-ordgreffects  Ju/dz are continuous. Furthermore, fbr- = o, the field has
will be taken into account in the model. to satisfy Sommerfeld’s radiation conditions, which state that
In Sec. V, we will verify the validity of the derived ex- the field is a superposition of plane waves propagating away
pressions by comparison with experiments. In the first exfrom the sample.
periment, theK o fluorescence from a Si layer on a Au sub- By Fourier transformingu with respect tox andy, the
strate is measured. The fringes in the fluorescence intensipartial differential equation$2.2), (2.3) can be reduced to
as a function of the emission angle will be explained usingordinary differential equations for every Fourier component.
the derived formulas. In the second experiment, the secondy inverse Fourier transforming the general solutions of
ary fluorescence from Co, due to fluorescence from a thickhese equations, one obtains the plane-wave expansion of the
underlying Cu substrate, will be demonstrated. The third exfield inside all layers. In layey with j+#js, the plane-wave
periment concerns the analysis of submonolayer amountexpansion is written as
For the case of Co on a Si substrate, measured and computed
fluorescence intensities will be compared.

kzanSU‘l‘AU:—(47TP)1/25(|'—I'5) inside layerj.

u(x,y,z)zJ' f{Aj(kX,ky)exp(—ikZ,jz)

+ Bj(Ky . ky) eXPlik,2)}

II. SOURCE IN A MULTILAYER

We will consider a radiating point source inside a strati-
fied medium consisting df homogeneous layers. The radi-
ated power of the source will be calculated in Sec. Ill and is X expikx+ikyy)dk,dk, , (2.9
assumed to be known here. Let,¥,z) be a Cartesian coor-
dinate system of which the axis is perpendicular to the
interfaces and for which the jth layer, with
j=1,...M—1, is given byz;<z<z;_,, see Fig. 1. The
Mth layer is assumed to fill the half spaze zy,_;. The half kyj=(k2n?—kZ— k)2, (2.5
spacez>z, is in a vacuum and will be referred to by index

0. It will be assumed that the electromagnetic fields depend,qx=2/). with A being the wavelength in a vacuum. We
on time through the implicit factor exp(wt), with i yse the branch of the square root for which the cut is
w_=27-rc/)\, wherec is the speed of light in a vacuum and along the negativex axis, z¥2 is positive real where is

\ is the wavelength in a vacuum of the radiation emitted bypositive real, and*? is positive imaginary whea is nega-
the source. Leh;=n; +inj be the complex refractive index tive real. Thenk,; is always in the first quadrant of the
of layerj corresponding to the wavelength The assumed complex plane. Inside layefs, which contains the point
time dependence implies that the imaginary paftare non-  source, the plane-wave expansion can be written as
negative numbers. It is customary to write

where

nj,:l_5j, nj,:BJ (21) 0

We haved,= Bo=0, while forj#0, 5; andg; are very small 2 n
numbers, typically of the order of 16 or less. Usually and, z=z
in particular, in the examples discussed in this paper,she
are positive. Hence the real parts of the refractive indices of «I_’ n
the layers of the sample are smaller than 1. g

Because the relative difference between the transmission 2=z
coefficients for TE and TM polarized plane waves incident at
a surface of discontinuity is of the order of the relative dif- oy
ference between the refractive indices of the adjacent media,
the scalar theory may be used. Let the source be in point FIG. 1. Source in a multilayer sample.
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u(x,y,z)zf f{A]-S(kx,ky)exp(—ikZ’jsz)JrBjs(kx,ky)exp(ikZ’jsz)}exp(ikXerikyy)dkxdky

1 P 1/2 Slr[kZY]S(Z—ZS)]
_;(E) H(z—z) f fk—_exp[ikx(x—xs)+iky(y—ys)]dkxdk , (2.6)
Z,jg

where H is Heaviside’s function:H(z)=1 if z>0 and ik f(JE+ 7?) _

H(z)=0 if z<0. The integral in2.4) and the first integral of Wf f(l_gz—_z)m explik[ §(X—Xs) + n(y—Ys)
(2.6) are solutions of the homogeneous equations, while the K
second integral if2.6) is a particular solution of the equa-

2 2\1/2
tion in layerjs with the source term on the right-hand side. (A== 7) (2= z9]dE dy
The Sommerfeld radiation conditions imply that .
Ao(ky ky) =Bu(ky k,) =0 for all ky.k,. When there are ~ L ¢ cos) SRIKIr D) 3.4
many layers, the solutions for the remaining amplitudes ™ Ir—rgl ’

Ai(ky,ky) and B;(ky,k,) cannot be written in closed form. : .
H]owevér, for evJer)kx ,{<y they can be determined by imple- where 6 is the angle between—r and the plana=2z:
menting a recursion formula derived from the demand that [(X=X9)2+ (y—yq)2]M2
the fieldu and its derivativelu/ 9z are continuous across the cosd= S S .
interfacesz=z for j=0,... M—1. r=rd

The calculation of the field, due to one point source base
on (2.4) and(2.6), requires the numerical evaluation of two-

(3.5

q‘he error made in the approximation is of the order

dimensional Fourier integrals. The main interest is the total 1
fluorescence intensity of a particular layer at the detector and m (3.6
S

since its computation requires the integration of the contri-

butio_ns of individyal point sources it would, in general, be\ye shall apply result3.4) to the integral over plane waves in
too time consuming to emplof2.4) and(2.6) as they stand. expression(3.1) for the field in a pointr in the vacuum
However, we will m.ake use of the fact that the Wavel_engthregionz>zo, due to a radiating source in either the upper or
A and the layer thicknesses are small compared with thg),er layer of a two-layer sample. After substituting
distance in thez direction of the detector to the sample to ¢=k,/k and 7=k, /k and by usingk, o=k(1— &2— 72)12
. . . y z,0 '
expand the integrals if2.4) and(2.6) asymptotically. the integral in(3.1) will be transformed to a form similar to
(3.4). The deriviation for the two-layer sample given below
Ill. EXPRESSION FOR THE FIELD IN  Z>Z, can be readily generalized to a source inside a multilayer
with an arbitrary number of layers.
If r is the position vector of the detector ang is the
position vector of a source inside the sample, thenr| is
of the order of 10 cm. Hence, only for very small angles
0, which, in practice, are below the critical angle, may the
relative error(3.6) made in using approximatio{3.4) not be

u(x,y,z)zjJ’Bo(kx,ky)exp(ikxx+ikyy+ikz’¢)dkxdky. small.
3.

We consider the field in a point=(x,y,z) inside the
vacuum region £>2z4), due to a point source irnx¢,ys,zs)
inside the samplez<z,). Since Ay(ky,k,)=0 for all ky
andk,, we have by(2.4),

A. Source in upper layer of two-layer sample

The amplitudesBg(ky,k,) depend on the position of the  The reflection and transmission coefficients for a plane

source. wave with a wave vectork(,ky ,k, 1) inside layerj+1
The following asymptotic result will be applied. The map- and incident at interface= z; are given by

ping

+ kz,j+1_kz,j = 2kz,jJrl

(5,77)—>§(x—xs)+n(y—ys)+(1—§2— 772)1/2(2_252:13 2 T :kz,j+1+kz,j, ] _kz,j+1+kz,j. &7
, . ) o For a plane wave impinging at interfage-z; from the side
has a unique stationary poiné, 70), which is given by of layerj the reflection and transmission coefficients are
(X—Xs) (Y—Ys) Ky i
=, = 3.3 rr=—r", tr=—2otF, 3.8
€0 [r—rg| KCT—— 33 i j Kpjoz ! 3.8

Let f be an arbitrary radial function. Then, by a straightfor-For a sample with only two layers, the amplitudes
ward application of the method of stationary ph&sene A;(ky,ky), Bj(ky,ky) of the plane-wave expansions can be
finds that fork— oo, determined explicitly. When the point source with position
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vector rg=(Xs,Ys,Zs) is inside the uppermost layer k, o=k sing, Kk,i= k(nf—cos?)”z, (3.19
(2,<2s<Z), one finds for the amplitude of the plane wave
in the vacuum region, . 2(ni—cogn)? a1
ty = —, .
o+ ° " (nf—cog6)Y?+sing 319
0 . .
Bo(Ky,ky) = —exd ik, 1(zg— zs) — i (KyXst+ Kyyst+ K
0( X y) kz,l F{ z,l( 0 s) ( XS yys Z,OZO)] . (I’]%—COSZH)l/Z—Sinﬁ -
S )1/2 r°_(nf—cosze?)l’ersinﬁ?' (316
X=—|—| (xetx0) (3.9
2m\4m ) _ (n?—cogh)Y?—(n5—cogh)? a1
with M1 ~ (nf—cog0)’+ (n5—cogh)V? .17
1 We remark that the first factoty k,o/k, 1 at the right of
Xe:l—rf{r;exp[Zikz (zo—29)] (3.10 (3.13 equalst, . This transmission factor appears of course
' also in the expression of the field that is the solution of the
ryexp 2ik, 1(zs—21)] reciprocal problem in which the source isratand the de-
Xo=1_ rgrl_exp{Zikzyl(zo—zl)] . (3.1) tector is atr. As a matter of fact, the occurrence of transmis-

sion coefficientt, in the asymptotic solutiort3.13 of the

By expanding the denominator {8.10 and(3.11), one sees direct problem is an illustration of the reciprocity theorem.

that . is the contribution to the amplitud®, of the direct At a point in the vacuum region with position vector

ray and of rays having suffered an even number of reflecthe flux of energy in the direction of—rg is in a good

tions. x, is the contribution of rays that have reflected an oddapproximation given by(r)=|u(r)|?. Let the origin of the

number of times. coordinate system be somewhere inside the sample. Then we
The integral(3.1) can be written in the form(3.4) by  have

changing to integration variables=k, /k and »=k,/k and

Py defining 14(1) = [tg 126X =2 Ik, 12020 1

Kuo ..
F(JE+ ) =t5 k—'jexp[u(kz,l— Kz.0)(Zo—Zo)] 1

X .
1-rgryexd2ik,1(zo—21)]

X (4P xet X0)- (3.12
— . _ 2
Note that after the introduction of and », the common r1+e)fq2'kz'_1(25 2] ’ . (318
factork can be eliminated from the reflection and transmis- 1-rgryexd2ik,1(zo—21)]|

sion coefficients and that these then become functions
&2+ 52 only. But f still depends ork through the exponen-
tial functions in(3.12 and we can, therefore, not apply the Ir—rJ has been replaced by This is legitimate wherr

asymptotic result(3.4) without further justification. After ., rasnonds to the position of the detector. Furthermore, for

writing f as a sum of terms, each containing only one eXPOina an L ;
: ; . . gled occurring in(3.14), (3.19, (3.16, and(3.17), it
nential function, we could, in principle, apply the method of is sufficiently acccurate to use the definition

stationary phase to each of these terms individually. But the

stationary points of the corresponding exponents cannot be (x2+y?)12

determined explicitly and have to be computed numerically. cosy= — (3.19
These stationary points are very close to the stationary point

(3.3 of mapping(3.2). The stationary points are so close, instead of(3.5). The unit forl is the number of photons per
because the exponents occurring inontain distances mea- sec(cps that passes a unit of surface perpendicular. th is
sured along the axis, between points inside the multilayer, seen that; depends on the distancebetween the detector
whereas the mappin@.2) containsz—zg, which is much and the sample, on the angfe which the detector makes
larger whenz corresponds to the detector. It is, therefore,with the sample surface and on the depthof the source.
sufficiently accurate to use stationary paiBi3). This means Furthermore, in the approximations used, it depends on the
that we can us€3.4), with f given by(3.12, as if thisf were  source position only througlzs. By multiplying I by

%ome additional approximations have been made in the deri-
vation of this result. In the denominator of the third factor,

not dependent ok. We, thus, obtain 4712, we get the number of photons emitted per sec in the
K direction of # per unit of solid angle. This quantity is also
gt 20 (ko —Kk _ referred to as the intensity but, contrary Itg, it depends
u(r)~to kzylequ( 21~ Kz0) (20724 only on # and not onr. In order to prevent confusion, we
. hall denote it by7:
" P\ Yexpik|r—r4) . a1 shall denote L bYs
4 [r—r (Xetxo) (313 To(0;2) =472l (r). (3.20
where ink,q, ko and inrg, ry andty the quantity It is easy to interpret expressiaB.18. The third factor

(Ki+Kk2)Y2 must be replaced bicoss. Hence, we have in  on the right-hand side 48.18), P/(4mr?), is the intensity of
(3.13: the point source in a vacuum. The secdegponential fac-
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tor takes losses into account when the ray propagates from 5
the source to the upper surfaze z,. Becausen; <1, there  Bo(ky k)= k—zeXFflkz,z(Zl—Zs)+'kz,l(Zo—Zl)
is a critical angles®™, such that “

+
1

—i (kxxs+ kyys+ kz,OZO)]
cospt=n;. (3.20) X'_(i) . 1. _
2m\4mw) 1-rgr;exd2ik,1(zo—21)]

For anglesé smaller than the critical angle, the imaginary 3.23
part of k, ;=k(n?—cog6)"?> becomes large. The rays de- By a deriviation similar to that of3.13 in Sec. IlIA, we find
tected under these angles are evanescent irz ttieection  that the field at a point inside the vacuum region is given
inside the uppermost layer and hence, except for sourcd®

very close to the surface=z,, the detected intensity is low.

The first_ factor on the right of3.18), |t, |2, represents the u(r)=t§tf@exp{ikz,z(zz—zs)+ikZ,1(zo—zl)
change in the field strength upon transmission through the Kz,

upper surface. If reflections at the interfaze z; may be P\ Yexg(ik|r—r{)
neglected, i.e., when, ~0, the detected intensity due to the - ikzlo(zo—zs)](—) —_—

point source is in good approximation given by the product am r=rd

of the aforementioned three factors. However, for small val- 1

ues of 9, reflections may, in general, not be neglected. The Xl—r&r[exp[Zikzyl(zo—zl)]' (3.29

first of the two ratios of the last factor is the contribution

from the direct rays and from rays that are reflected an evelhe intensity (in cps per steradignin the direction of @

number of times at the interfaces-z,, z=z,. The second defined by(3.19), is then

ratio in the fourth factor is the contribution from rays that

have undergone an odd number of reflecti(gee Fig. 2 T4(0;z5) =1ty t1 |2exd —2 Imk, »(z;— z5)
Let the functionP(rs) be the fluorescence power per unit

of sample volume corresponding to a particular fluorescence —21mk; 1(zo—21)]P

line of an element in the upper layer. The total fluorescence 1 ‘2

intensity of that line, due to the atoms in the upper layer, S Pa—— : —

expressed in units of number of photons of the line per sec- 1=rory exd2ik, (20— 20)]

ond and per unit of solid angle, is obtained by integratingwhere we usedétl*kz,o/sztat; and where the same ap-
(3.20 with P=P(rs) overrg inside the region irradiated by proximations have been made as in the derivatiofBdE9.

the tube. In the GEXRF setup, the x-ray tube irradiates d&ormula(3.25 depends on the position of the source only
circular part of the surface of the sample almost uniformly.throughz,. Again, the interpretation of the result is straight-
The fluorescence power density is, therefore, only a functiofiorward. The third factorP, is the intensity(expressed in

of depth z; and if we define the functionp(zs) number of photons per sec and per steradi@nthe point
:WR'[ZubeP(ZS)v where R e is the radius of the irradiated source in the vacuum. The exponent in the second factor
region, them(zs) is the number Of photons em|tted per Secincorporates the |OSS€S Of the rayS along the path from the
and per unit of length in the direction by the atoms in the Source to the upper surface=2,. We have two critical
planez=z,. The total fluorescence intensity in unit of cps angles,65" and 67", corresponding to interfaces=z, and
per steradian, from the upper layer observed at an afigle Z=Z1. respectively. They are defined by

with the sample surface is then

., (329

cost=n;, cogSM=n). (3.26
7
70)= | "It Pexit ~2 1k, (20~ 2 Tp(z) (0)
7 (1)
1 n =1 (2)
X S . 0
1-rgriexd2ik,(zo—2;)] .
0
riexdg2ik, (ze—z)1 |2 n
LR el A | dz. (3.22 1
1—rgryexf 2ik,1(zo—21)]| zg - - -
zZ1
B. Source in lower layer of two-layer sample ny
When the source is inside the lower layeg<z,, the FIG. 2. Reflections of rays emitted by a source in the upper

amplitudeBy is given by layer of a two-layer sample.
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For values of ¢ smaller than 65", Imk,, higher-order fluorescence are analogously defined.

=k Im(n%—cosze)l’z is large and the wave is evanescent in  We will first compute the primary fluorescence and will
the z direction inside layer 2. Hence, except perhaps forthen consider secondary and higher-order fluorescence. For
sources very close to the interfage=z;, the intensity is generality the sample will be allowed to consist of an arbi-
very small. For angles smaller than the critical angf&, Im  trary number of layers. The mass scattering will be neglected
k.1 is very large and consequently the waves are evanescelft the calculation.

in the z direction in the uppermost layer. Except when this

layer is very thin, the intensity is very small at these angles. A. Primary fluorescence

The first factor,|tot; |?, accounts for the change in field  \ye will largely adhere to the notation used in Ref. 19
strength upon transmission through the interfaceg; and  The tube emits a continuous spectrum on which a few char-
z=2,. Finally, when the last factor df3.25 is expanded, it acteristic lines of the target elements are superimposed. The
becomes clear that it incorporates interferences, due to MUype spectrum is modeled quantitatively using the algorithm
tiple reflections(Fig. 3). proposed by Pella, Feng, and SnfdlLet I(\,)d\, be the

As for the upper layer, leP(z;) be the fluorescence npymbper of photons impinging on the sample surface per sec-
power per unit of sample volume _for a parucula_r line andgngq, having wavelengths in the interval,(\,+d\,). Let
element inside the lower layer. This density again dependg, pe the angle between the incident radiation and the normal
only on Zthe depth coordinate. If we again defineyg the sample surface. H;(\y) is the mass absorption coef-
P(2s) = mRipd(25), the total intensity in the direction df  ficient of layerj at wavelength andp; is the density of the
(expressed in the number of photons per second and p@yer, then the imaginary part of the refractive index of this

steradia, due to all the atoms in layer 2, becomes layer at wavelength X, is given by n/(\)
=(N/4m) pj(N)p; . Due to absorption, the intensity of the
7(0)= f_l Itg ty | 2exH — 2 Imky (21— 25) radiation at wavelength, at positionz inside layerj is then
1 'S
—21mk1(2o—2;)1p(25) (N ,Z)dM:'(M)d)\teX% " Cosy IZl m(N)pi(Z-1—2)
X ! |2d (3.27
= - Z. (3.
1-rory ex2ik, (20— 21)]] +Mj(xt)p1(zj_l—z)H. 4.0
IV. FLUORESCENCE POWER The absorbed power of radiation of wavelengttper unit of

The fluorescence intensity of a particular line and elemen%iepthz and per unit of wavelength is given by

in one of the layers of a two-layer sample at points above the P
sample is given by3.22 and(3.27). The calculation of this W(\,2)=

—I(\¢,2)
intensity requires the determination of the fluorescence gz
power functionp(z), i.e., of the number of photons emitted wi(N)pi
per second and per unit of depth by the atoms situated in the :]—HI()\t 2). (4.2)

planez=z;. In this sectionp(zs) will be computed. cosy
Thﬁ r(;]aj(_)r con;lribution to the Eg%rescelrt]c? power ItS tt_th w'(\y) is the mass absorption coefficient of elemeand

so-called primary fluorescence, which results from excitation.i ; ; ; o ;

directly by the radiation of the tube. Secondary quorescenc%r‘]:ht:Se relative concentration of elemenin layer, then

can contribute to the total fluorescence of a particular line

with a wavelength\ when there is fluorescence at another _

line with a higher energy than that corresponding to the ab- (N = 2 ,ui()\t)c} . 4.3

sorption edge of the line with the wavelength Tertiary and !

The fraction of the absorbed power that can be attributed to
(0) elementi is thusu'()\t)C}/Mj()\t). The fluorescence power
2) of a particular line, with a wavelength of element inside
layerj, is proportional to this fraction. The factor of propor-
tionality is called the excitation factof(\,\;). It is the
2% product of three probabilities: the probability of the excita-
n tion of the atom to the required level, the probability of the
1 emission of a photon from the required level, and the prob-
1 ability of the emission of a photon of wavelength The
/ excitation factor depends on the fluorescence wavelength
s 77T and on the absorbed wavelength. In order to obtain the
", total primary fluorescence power of the line with the wave-
length\, we have to integrate over the part of the spectrum
FIG. 3. Reflections of rays emitted by a source in the lowerof the x-ray tube that has a higher energy than that corre-
layer of a two-layer sample. sponding to the absorption edge of the line. Hence
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_ p,—C} In the general case in which andrg can be in different
Dpnm(Z):f ZINN) ' (NN (N, 2)dN——, (4.4  layers we replace this expression by
Ae<Ag(N) cosy
wherel (\) is the wavelength corresponding to the absorp- 27i
tion edge for the line with a wavelength At the values of P(\',zs) 128X T[rs'r]
\; corresponding to the characteristic lines in the tube spec- U(rs,r)=< ype ) [ , (4.6

trum, I (\,) is a é function. Hence, the contribution of these

lines is also contained in the integred.4). It follows from  where[rq,r] is the integral of the refractive index over the
the definition of the unit fof (\;) that pyim(z) is expressed line segment that links the poini; and P of which r and

in the number of photons emitted per second and per unit of are the position vectors:

length in thez direction. The numerical data for physical

parameters used in the equations in this section are taken P

from the compilations by Henke, Gullikson, and D&Viand [fsJ]:J nds 4.7
de Boer? Ps

Because the integration curve is straight, diffraction at the
interfaces is neglected.
B. Secondary fluorescence In a good approximation, the time-averaged Poynting vec-

Suppose that there is fluorescence at wavelengtasd  tor has a lengtu(r,r)|* and points in the direction of
N, with \"<\g(N). Then the fluorescence at wavelengths'- The divergence of the negative Poynting vector is the
A’ contributes to the fluorescence at wavelengthn order ~ absorbed power per unit of volume. For the source point at
to be able to compute this contribution, we have to determinés that emits radiation of a wavelengii, we find that, in a
the field at points inside the sample due to a distribution 0g00d approximation, the power absorbed per unit of volume
point sources emitting radiation of wavelengiti. Let  Of layerj is given by
P(\',zs) be the radiated power per unit of sample volume of
the point sources. This power density is assumed to have 4
been calculated already and depends on the depth coordin Lo AT, 2 . .
only. The field at a point=(x,y,z) corresponding to a point EW;S()\ 1= PN (Alu(rs.nl* (rinlayerj). “.8
source at inside layerj will be denoted byu(rg,r) and is
given by the Fourier integral$2.4) and (2.6) inside the Because the refractive index depends Dmwnly, one can
sample. The asymptotic expansion of these integrals is rathéyrte
difficult. Therefore, we make the following approximations.

Because only for grazing angles the reflection and trans- _ rs—r|
mission coefficients of plane waves at the interfaces differ [rs,r]—[zs,z]lzs_z| ’ 4.9
from 0 and 1, respectively, and since only a small fraction of
all rays that contribute to the intensity et (x,y,z) are at Where we use the concise notation
grazing angles, it suffices to set all reflection and transmis-

sion coefficients in the integral®.4) and (2.6) equal to 0 0 0
anq 1, respectively. Then,_if is in th_e same layeys as the_ _ [zs,z]dff' o|l|o]]. (4.10
point source, the asymptotic analysis yields that the field is in =
a good approximation given by Zs
2min. (\') The total absorbed power per unit of volume of layeis
) " expi ’f Irs r|] obtained by integrating4.8) over all the radiating point
u(re,r)= P(\',25) A sources inside the cylindrical region irradiated by the tube.
s’ A1 [rs—r] ' By using (4.10 and by switching to cylindrical integration
(4.5  variables centered on we find forr in layerj:
|
PO’ a
W 1= T80 [ [ ol 2T
J)=—Fn; Co X,
N |rrrzg|igtr:sd 47r|rs—r|2 s dYs 0Z

4
nj,()\,) 2 o Zﬂ,eXp‘_v Im[ZSaZ][p2+(ZS_Z)2]1/2/|ZS_Z|
~———| P(\,zod dpd
A sz (A"25) Zsfo fo p*+(zs—2)° pdpdo
4

_27TI n ! ZO ! ™
= ny (A )LMP()\ ,Zs)Eq ~ Im[zs,z] |dz, (4.11
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whereE; is the exponential integral:

wa—t
El(s)=L eT dt. (4.12

In the second line, we approximated the upper integration
limit for p by . This is justified for all pointg that are not
very close to the boundary of the irradiated region. The ob-
tained expressioW(\’,r) for the absorbed power can be
seen to depend only on the depth

From here onwards, the derivation of the secondary fluo-
rescence power density is similar to that of the primary fluo-
rescence. By using the mass absorption coeffiqir®, we
can determine the fraction of the absorbed power of the ra-
diation of wavelength\' that can be attributed to the rel-
evant element for the fluorescence at wavelengtiulti-
plication by the excitation facto£(\,\’) then converts the
absorbed power to fluorescence power. Because, in the irra- i 4 i
diated region, the absorbed powérl)) is a function of the ~resolution was 8810 “ rad. Spectral selection was per-
depth coordinate only, the secondary fluorescence powdPrmed using a crystal monochromator. Sample irradiation
P..{2) per unit of sample volume is also only a function of Was carried out by means a 3 kW sealed x-ray tube having
z. For convenience, we will introduce the function @0 Rh anode. Either a fI_ow counter or a §C|nt|IIat|on counter
Peed2) = TR2,. Pecd 2), Which is the secondary fluorescence could be used for detection. All the experiments were carried
power per unit of length in the direction. out in a technical vacuurfof several Pa

The total secondary fluorescence is obtained by summinB m;g’r!ay;reﬁgggﬁifg’ecgl ?)Ir,a(t:'gll"n Cl \_/;/]erz gr:lp:rre% AK
over all the lines with wavelengths\’ satisfying y S § vaporation using ZEers

' <)g(\). The total fluorescence powéper unit of length 550 instrumentBalzers, Liechtenstejn Homogeneous lay-

; R . ; ers of submonolayer coverages were prepared as follows.
in thez direction for the line with wavelengti. correspond- Silicon platelets were rendered hydrophobic through reaction
ing to element is then the sum of the primary, secondary, b yarop 9

and higher-order contributions. For a point of layjerthe with trllm_ethyl 3|Iane_zkd|g1ef[hhylam|ne.IAn_ aliquot of a 10.0 Ppb
resulting sum is Co solution was spiked with a complexing agémnmonium

pyrollidine dithiocarbamadeand was then placed on the sili-
con carrier. The samples were used after evaporation to dry-
ness. The method is closely analogous to the one proposed
cosy by Knoth and Schwenk&

FIG. 4. The double-slit collimator. The area of the sample irra-
diated by the tube is shaded.

o i ij}
p(\,2)= NN N)H(N D) AN ——
Ae<Ag(N)

1 )
+ J— (/j ! I !
2 2 FON) (M) B. Instrumental factor

N <Ne(N)
2 . _ To be ablg_to compare measured and computed quorgs-
XJ p()\',Zs)El(v |m[Zs,Z])dZs piCl. cence intensities, we need to know the response of our in-
Zm strument. We will first discuss the angular dependence of this
(4.13 so-called instrumental factor.
Formulas(3.22 and (3.27) are expressions for the fluo-
Equation(4.13 is the recursion formula for the Computation rescence intensitieg( 0) from the upper and lower |ayer of
of the fluorescence power densities of all lines for whichg two-layer sample in the direction defined by the angle
fluorescence occurs. Provided the lines are ordered in Sgyjth respect to the surface of the sample. They give the flux
quence of increasing absorption edge wavelengthnd the  of photons per unit of solid angle. In order to be able to
functions p(\,z) are computed in that order using.13,  compute the actual number of photons measured per unit of
secondary, and higher-order fluorescence are all taken in{gme, 7(6) has to be integrated over the solid angle sus-
account. pended by the detector. This solid angle is the divergence
A6 of the detected beam, which satisfies tafA(2)=w/I,
V. COMPARISON WITH EXPERIMENT wherew is the length of the shorter side of the slits dnd
the distance between the slitsee Fig. 4. There is an addi-
tional weight factorS(6,6') in the integration over the di-
The laboratory GEXRF spectrometer was constructed byergence, which depends on the geometry of the detector.
modifying a commercial PW2400 wavelength-dispersivewhenr is the effective distance between the sample and the
XRF spectrometer (Philips Analytical X-Ray, The detector, the detected powén cps becomes
Netherlands'* A module consisting of an air-cooled rotat-
able sample table and a double-slit collimator for direction b roren
selection was installed in the conventional spectrometer. The _ * N o o ,
emission angles could be adjusted between 0 and 0.12 rad Paetectof 1 6) = 4ar mmoﬁ,(mz)}s(a’a )7(67)de",
with a minimum step size of 510 ° rad. The angular (5.0

A. Experiment
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1.0 [ T T T 7 T | T — T ] w 45
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- Lo - - 6=0.0024 s 30f _ z-2=0.450m]
i Y 'L _._ 8=0.001] 2
' \ Q
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L i N ] o :
v / \ > 1.5 :
- i i ] = ?
0.4 1 W - 2 ¥
L g \\ 1 L | /-‘
IS < ] . . . S :
0.2+ 11 \“\x.\\ - 0.00 0.01 0.02 0.03 0.04 0.05
L T ! Vo p
i N . ] 0 (rad)
L / N
00 v v w7 0 vy TNl . . Lo
—0.0006 -0.0004 —0.0002 0.0000 0.0002 0.0004 0.0006 . F|G.. 7. |I’lt(§,“rlSIFleSs for thret_e point sources |nS|qe the 60-nm-
0" — 8 (rad) thick Si layer of Fig. 6. The point sources are at distances of one-

quarter, one-half, and three-quarters of the layer thickness from the
FIG. 5. The instrumental fact®( 4, 8’) for the detector used in substrate. This corresponds to fringe periods of 0.024, 0.012, and
the experiments, as a function 6f— 6 for several values of. The 0.008, respectively.
divergence isA #=0.0008 rad.
C. Results and discussion

whereb is the length of the longer side of the slits. For very  The detected and calculated values of the fluorescence
small emission angles, the entire area of the sample irra- intensity of theK « line (\=7.126 A from a 60-nm Si layer
diated by the tube contributes to the fluorescence, but foen a thick Au substrate are shown in Fig. 6. The divergence
larger values of9 only a fraction of this area is seen by the of the double-slit collimator is sufficiently small for fringes
detector. This is the main cause for thelependence of the to be visible at angles above the critical angfé'=0.015
instrumental factor. In Fig. 5, the instrumental factor hasrad of the Si surface. In order to be able to understand the
been plotted as a function @f — @ for several values of the origin of fringes in the total intensity of the fluorescence
emission angled. The maximum value o is 1; it is at-  radiation emitted by the incoherently radiating Si atoms, we
tained for those angle, 8’ for which the entire area of the Wwill first consider the fluorescence from a single Si atom at
sample that is irradiated by the tube contributes to the dedepthzs. This fluorescence can be computed usi8d8.
tected power. Fof=0.005 rad and larger values, the interval The main contribution to the intensity comes from the direct
of angles§’ for which 8’+—S(6, ") does not vanish is given beam and the beam reflected once, as shown in Fig. 2. If
by the divergence interval 6~ A6/2,6+A6/2) and the multiple reflections are neglecte(8.20 becomes

maximum value ofS is small, because only a small fraction

of the irradiated area is seen by the detector at these anglegs( 6;zs) =t |?exd — 2 Imk; 1(zo—z5)]

For smaller emission angles the length of the interval of .
contributing angles is smaller than the divergence, because X P{L+|ry|"exd — 4 1mk, (25— 2y)]

the angles are limited by the irradiated area. - _ -

For a quantitive comparison of measured and calculated +2|ry|cod 2 Rek, 1(z5—2)) +Arg(r)]}, (5.2
intensities, the efficiencies.of the _cry_stal _monochroma_tor—Where Arg¢;) is the change in phase suffered by the beam
detector S)_/s_tem_for the various emission lines are .requwequon reflection at the interface=z,. The third term be-
These efficiencies have been calibrated by using bullyyeen the brackets corresponds to the interference between
samples(very thick layers at large emission angles. the direct beam and the beam reflected once. For amjles

not too close to the critical angle, we have

Fluorescence of Si on Au
T T

2500f 2(2,-2))
F 2 Rekz'l(zs— Zl)%ZWT 0. (53)
2000
o~ ' Hence, the period of the interference fringes in the intensity,
& 1500 due to one atom at depthzg, is approximately
> M[2(zs—z;1)] and is thus proportional to the inverse of the
S 1000 distance between the atom and the interface below it. Figure
< 7 shows the calculated fluorescence intensities, due to three
soob atoms at different depths. The plots are based on the “exact”
; formula (3.18. In contrast to Fig. 6, the instrumental factor
r 1 is omitted in Fig. 7. The three sources are at distances of
09000 Y T T Y d,/4, d,/2, and 31,/4, respectively, where, is the thick-

8 (rad) ness of the Si layer. The corresponding fringe periods

N2(zs—z;) are 0.024, 0.012, and 0.008 rad, respectively.

FIG. 6. Detected and computed values ofkGi fluorescence For the SiK« line the refractive index of the Au substrate is
intensity from a 60-nm-thick Si layer on an Au substrate. considerably less than the refractive index of the Si layer.



53 CALCULATION OF INTENSITIES IN GRAZING-EMISSION ... 3761

Therefore, reflections at the interface between the Si and the 8000 . . .

Au layer are strong and this explains the large amplitudes of I — total

the fringes in Fig. 7. - - -~ primary1
Now the total fluorescence of the Si layer is obtained by & 6000 . i

integrating the intensities due to all atoms in the layer. Atoms S I

at the same depth, all contribute to fringes of periob.3). 2 4000

However, except when the thickness of the layer is of the 2 I

order of the wavelength, integration over the dentlsauses < »

cancellation of the fringes. Hence, the fringes that are mea- ~ 2000

sured in the total fluorescence of a layer are, in general, not .

caused by the interference of the direct beam and the beam 0 T : .

reflected once. 0.000 0.005 0.010 0.015 0.020
The second most important interference after that of the 0 (rad)

direct beam and the beam reflected once is that between the

direct beam and the beam reflected twice. It follows from FIG. 9. Measured and computed values for thetGe fluores-
(3.18 and also immediately from Fig. 2 cence intensities from a 60-nm Co layer on a thick Cu substrate

(indicated by+) and on a Si substraténdicated by 3. The Cu
substrate induces secondary fluorescence in Co, whereas the Si sub-

strate does not.

fringe period= (5.4

2(zo—1zy)
where in the last line the graph &f—S(6,0’) is approxi-
For the SiKa radiation from the 60-nm-thick layer, this Mated by a trianglésee Fig. 3. Furthermore, if the upper
yields a fringe period of 0.006 rad. Because this period is thdayer is thin, the fluorescence power dengiifz;) may be
same for all atoms, it is still visible in the integrated fluores-considered to be constant. Then the integral over the depth
cence intensity of the Si layer. Hence, fringes in the fluoresthat occurs in3.22) can be computed analytically. The result
cence intensity of the upper layer are predominantly due t¢>
the interference between the direct beam and the beam re-
flected twice and are, therefore, a second-order effect in the 7 0)%|t_|21—exq—2 Imkz,1d, ]
reflection coefficients. The decrease of the fringe amplitude ; 0 2 Imk, ,d, P
for increasing emission angle is caused by the decrease of .
reflected intensities. y 1+]ry |"exd —2 Imk,,,dy ]+ ¢(6)
When fringes are visible in the detected fluorescence in- |1—rgr;exg2ik,,d;]|? '
tensity of a particular line, the thickness of the layer can be
estimated fron(5.4). More accurate values for the thickness Whered;=z,—z; is the thickness of the upper layer aids
can then be obtained by fitting expressi@?22) to the in-  given by
tensities measured for a number of angles
It is illustrative to simplify the expression for the detected
power in the following way. If the divergence is small, we
may replacg5.1) by

(5.6

exd —2 Imk,,d,]
—exfd — 2 Imk, ,d;]
sin 2 Rek, 1d; +Arg(r; )]—sinMArg(r;)]
X .
b [o+62) 2 Rek, 4d;

P detectof I'+ ) ~ p— max{O,ﬁf(Af}lz)}S( 0,0')de’ .7(0) 5.7

( 0)=4|r1‘|Ime,1d11

b In most cases/(6) may be neglected. In Fig. 8, several
~ g 0205(0,0)7(0), (5.5  factors occurring ir(5.6) are shown for th& « fluorescence
from the Si layer shown in Fig. 6. The first factdr,] to the
right, |ty |, incorporates the change in the field strength
upon transmission through the surface0, the second fac-
tor, f,=[1—exp(—2 Imk,,d;)]/(2 Imk,,d,), represents the

2 3.0F mean, taken over all point sources, of the loss suffered by the
S g direct ray emitted by a particular point source, propagating
L 20F through the upper layer. The last factdi) to the right of

B § (5.6) and the instrumental factor in the small-divergence ap-
,gig 1ok proximation f,: 0—S(6,0) are also shown. Plots of these

factors as functions of the angle are helpful in understanding
the angular dependence of detected fluorescence intensities.

0.0

000  0.01 ' 000 b03 o0 ~ Figure 9 shows the measured and computed fluorescence
6 (rod) intensities corresponding to the ®ax line of a 60-nm layer
of Co on two different substrates, one consisting of Cu, the
FIG. 8. The factors,, f,, f3, andf, defined in the text for ~other of Si. The factorg,, . ..,f; of the Co fluorescence

the fluorescence intensity from the Si layer of Fig. 6. intensity on Cu are shown in Fig. 10.
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Intensity Factors
Intensity (cps)
N

0.0f T .
0.000 0.005 0.010 0.015 0.020
6 (rad)

R,
YRR TR
| !

0 PO SO VO S DD U S : N PR

0.000 0.005 0.010 0.015 0.020
FIG. 10. The factorsf,, f,, f3, andf, of the fluorescence 0 (rad)

intensity from the Co layer on the Cu substrate in Fig. 9.

FIG. 12. Detected and computed values for thekGo fluores-
Contrary to Cu, the fluorescence of Si cannot induce theence of 1.4 10% Co atoms/ ¢ on Si. The best fit between the
Ka fluorescence of Co. Due to a small difference in themeasurements and the calculations is obtained for a distance to the
refractive idea of Co, Cu, and Si for the Gou radiation,  Si surface of 10 A.
fringes do not occur and hence the influence of the refractive
index of the substrate on the measured fluorescence of Co ¢®ntribution from Co atoms that are closer to the Cu sub-
small. Therefore, the measurement of the Co fluorescence ®rate and, are, therefore, more efficiently excited by the Cu,
the Si substrate gives an accurate estimation of the primardyecomes more important than at smaller angles. For reasons
fluorescence intensity in the case of the Cu substrate. This imentioned above, the step at the critical angle could not be
confirmed by the results of the comparison with the com-measured however.
puted primary fluorescence intensities shown in Fig. 9. The last example concerns the analysis of very dilute lay-
We used a sufficiently thick Cu substrdtem), so that  ers of submonolayer coverage. The detected and computed
the secondary fluorescence amountstd28% of the total K« fluorescence intensities of the k40" Co atoms/ crh
Co Ka fluorescence. Below the critical angle, the intensityon Si are shown in Fig. 12. The shape of the curve differs
of the measured fluorescence on the Cu substrate is highffom that obtained for the much thicker layers discussed
than the simulated intensity. An AFM image of the sampleabove. This can be understood by considering that a layer
demonstrates that roughness of the Co surface is the causewith a thickness of one monolayer or less can be modeled as
this discrepancy. The Co surface inherits a considerabla distribution of radiating point sources all situated in the
roughness from the very rough Cu substrate. For the contrsame plane in a vacuum at a certain distance from the
bution of the secondary fluorescence to be maximized, theefelecting plane. This distance has to be determined, so that
Cu substrate has to be rather thick and this causes the Ghe measured and computed intensities fit best.
surface, and consequently also the Co surface, to be rough. The formula for the fluorescence of atoms that are all at
The computed ratio of the secondary and total fluoresthe same distance,—z; to the substrate is, with the excep-
cence, as a function of the emission angle, is shown in Figtion of the instrumental factor, given 4$.18), in which P is
11. It can be seen that the relative contribution of the secthe total fluorescence power of the plane of fluorescent Co
ondary fluorescence is a slowly increasing function of theatoms. Because there is no interfacezatz,, we have
detection angle with a small step at the critical angle. Thig; =1, r;=0, and k,1=k,o=ksing. Then (3.18 simplifies
increase is due to the fact that, at larger detection angles, thg

P . .
0.407 - . ; I(r,0)= m|1+r;(9)exp[2|k(zs— z,)sind]|? (5.8
0.35+ h P 3 )
j ~ a2t (0 (5.9

o

w

o
T
I

where the dependence ahof the reflection coefficient is
- . emphasized and where in approximati®@mm), use has been
0.25L N made of the fact that the distanzg-z; of the atoms to the
I ] substrate is of the order of the wavelength and the angles
I ] of interest are small. Hence, in a first approximation, ¢he
0%9000 0‘0'05 T SoTs 5020 dependence of the measured fluo_rescencg intensity is given
9 (rad) by the 6 dependence of the reflection coefficient. Below the
critical angle for total reflection at the interfaee=z,, the
FIG. 11. Computed ratio of the secondary and total fluorescencabsolute value of; is almost constant and equal to 1 but, as
from the Co layer on the Cu substrate in Fig. 9. follows from (3.17), the phase of the reflection coefficient

secondary/total fluorescence of Co on Cu.
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depends or¥, so thatr; varies between-1 at =0 and in the equations, which leads to very simple explanations in
+1 atg= e‘i’“: n,. This explains the shape of the measuredspecific cases. This can be demonstrated for the example of
intensity curve. fringes caused by multiple reflections in a layered system
and for that of a distribution of atoms of submonolayer cov-
VI. CONCLUSION erage at a given distance from a reflecting surface.

Explicit expressions for the fluorescence intensity at
grazing-emission angles from layered samples can be de-
rived by applying asymptotics to the solution of the Helm-  The authors thank Dr. H.A. van Sprang for adapting the
holtz equation for a radiating point source. Avoiding the usealgorithm for the computation of the spectrum emitted by the
of the optical reciprocity theorem has the benefit that thex-ray tube and Dr. D.K.G. de Boer for helpful discussions.
physical significance of the various terms in the general exThe experimental assistance of A. G. J. Leenaers and J. C.
pressions for the angular dependence of the fluorescence ihNaismith (Strathclyde University, Glasgows gratefully ac-
tensity is immediately clear. Moreover, a direct understandknowledged. The work described in this paper was per-
ing of the physics allows identification of the dominant termsformed in partial fulfilment of JESSI Project No. E106.
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