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Linear thermal expansivity~a! measurements from 1 to 300 K and heat capacity~Cp! measurements from 1
to 110 K are reported for single crystals of the hexagonal scandium and lutetium metals; theCp data were
combined with previous data to obtain smooth representations to 305 K for Lu and 350 K for Sc. TheQ0’s
~352 and 190 K, respectively, for Sc and Lu! andg’s ~10.38 and 8.30 mJ/mol K2, respectively for Sc and Lu!
are in reasonable agreement with previous data of various kinds. Electronic contributions are much larger for
thea’s than for theCp’s, with the large anisotropies of thea’s primarily electronic in origin. The equivalent
DebyeQ’s for the latticeCp’s and the Gru¨neisen parametersG for the latticea’s both show an unexpectedT
dependence at ‘‘high’’T ~T*Q0/2!, which can be associated with the disappearance of spin-fluctuation and
electron-phonon enhancements to the electronic properties; this effect has been reported previously for ScCn’s
by Pleschiutschniget al. @Phys. Rev. B44, 6794 ~1991!#. While the resulting high-temperature ‘‘bare’’ or
‘‘density of states’’g for Sc,gb55.75~25! mJ/mol K2, is slightly larger than that calculated recently by Go¨tz
and Winter@J. Phys. Condens. Matter5, 1721~1993!#, the magnitude of the sum~gspin1gep) agrees well. For
Lu, for which no recent calculations exist,gb55.50~25! mJ/mol K2. The variousG’s ~a andc axis, lattice, and
electronic! generally are quite anisotropic, with no obvious correlation between high- and low-T behavior. The
anisotropy inG which is associated with the enhancement~spin pluse-p! contribution is very large, with
similar magnitudes for thec-axis values~;17!, but1 for Lu and2 for Sc. A 186-at. ppm Fe impurity in the
scandium crystals makes a significant contribution to all of the data below 3.5 K. The resulting impurityG’s are
very large and very anisotropic (Ga

Fe5240, Gc
Fe530!.

I. INTRODUCTION

The present heat capacity (Cp! and linear thermal expan-
sivity @a5~]lnL/]T)P] measurements on lutetium single
crystals were made to obtain pure-metal reference data for
similar measurements on single-crystal LuH~D!x alloys; the
results of these alloy measurements will be published
elsewhere.1 The corresponding measurements on scandium
single crystals were suggested by the calculation by Go¨tz and
Winter2 of the low-temperature electronicCp coefficientg
for scandium, since the fine structure in their density of states
suggested a possibly large electronic contribution to the ther-
mal expansivity. Gschneidner and his collaborators3,4 have
demonstrated throughCp measurements on extremely pure
~ETP, or electrotransport purified! samples of rare-earth met-
als that small amounts of iron5,6 ~for Sc! and hydrogen7 ~for
Lu!, among other impurities, probably are responsible for the
very large discrepancies among previously reported low-
temperatureCp results. Their extensive discussion of previ-
ous results for Sc and Lu~Ref. 3! will not be repeated here.
The agreement between the presentCp’s and those for the
ETP metals provides assurance that oura data represent an
intrinsic property of the pure materials. Lu and Sc are hex-
agonal crystals, soa measurements must be performed on
single crystals for each of the two symmetry directions.

The correlation ofCp and a data using the Gru¨neisen
relationships requires the~T-dependent! bulk modulus for an
isotropic material, and a complete set of elastic constants for
an anisotropic crystal. Tonnies, Gschneidner, and Spedding8

have reported the temperature dependence of the elastic con-

stants, as well as the linear thermal expansion, for single-
crystal Lu, while Greiner, Beaudry, and Smith9 reported the
~small! effect of hydrogen on the elastic properties of Lu.
Fisher and Dever10 have investigated the effects of both tem-
perature and impurities on the elastic constants of Sc crys-
tals, with results for the best samples consistent with recent
room-temperature measurements by Leisureet al.11 The
presentCp data, which extend from 1 to 105 K, overlap with
the 1–20 K results for ETP samples of both Lu~Refs. 3, 7,
12! and Sc.3,5 Previously, Gersteinet al. ~GTSS in the fol-
lowing! published carefulCp results for less pure~but well-
characterized! Lu ~6–300 K!,13 and Sc~6–350 K!.14

Pleschiutschnig and his collaborators have used inelastic
neutron scattering to study the lattice dynamics of Lu~Ref.
15! and Sc.16 They compare their calculatedCv for Sc with
the GTSS data14 and suggest that the resulting differences are
consistent with the assumption that the electronicCp coeffi-
cient g decreases with increasing temperature above 20 K,
probably due to the disappearance of the spin-fluctuation
contribution. Grimvall17 comments that the electron-phonon
(e-p) contribution to g, gep , and, presumably, the spin-
fluctuation contribution,gspin, should begin to disappear for
T*Q/10, in agreement with this observation. Ikedaet al.18

have demonstrated in 1–20 KCp measurements that the spin
fluctuations in Sc are quenched by 10 T magnetic fields,
while Stiermanet al.19 also have studied spin fluctuations in
single-crystal Sc using magnetic susceptibility measure-
ments. These data show a maximum in the susceptibilities of
the crystals near 30 K~approximatelyQ/10! and unusual
magnetic behavior at lower temperatures~more significant
for the c axis than for thea axis! which could be associated
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with the onset upon cooling of spin fluctuations. Similar
studies have not been reported for Lu.

The analysis of the presentCp anda data for Lu and Sc
single crystals in terms of equivalent DebyeQ’s and aniso-
tropic Grüneisen parametersG supports Pleschiutschnig
et al.’s suggestion thatg is temperature dependent for Sc,16

extends it to include thermal expansivity effects, and shows
similar behavior for Lu.

II. EXPERIMENTAL DETAILS

A. Sample preparation

Gschneidner4 has discussed in detail the production of
high-purity rare-earth~RE! metals. The initial Lu metal for
the present samples was similar in quality to the starting
material used by Thome and co-workers,3,12 with hydrogen,
nitrogen, oxygen, and carbon the major impurities. This also
was the case for the initial Sc metal, except that subsequent
analysis of the single-crystal material showed 186 at. ppm of
Fe as the major impurity. For both metals, the preparation of
single-crystal samples by a long-term anneal near the melt-
ing point ~1500 °C for Lu, 1300 °C for Sc! in 1028 Torr
reduced the hydrogen content to less than 0.02 at. %~200
at. ppm!.

The Lu a’s were determined using two oriented single
crystals@b ~basal plane, referred to asa axis in the following!
andc ~symmetry! axis, each approximately 4 g and 636312
mm3#, which subsequently were alloyed with H~D! for the
alloy studies.Cp data initially were obtained for these crys-
tals, but the results which are used in this paper are for a
third ~a axis, 8.9 g, 0.051 mol! crystal, for which the data are
consistent with the earlier results, but are more extensive.
The two oriented Sc crystals were identical in orientation and
similar in size to the original Lu crystals, with a combined
mass of 2.5 g~0.05 mol!.

B. Calorimetry, dilatometry

Heat capacities were measured from 1 to 110 K using a
conventional heat-pulse calorimeter with Apiezon-N grease
providing contact between the sample and the copper tray. A
single locally calibrated20 germanium resistance thermom-
eter was used for temperature measurements. A mechanical
heat switch provided thermal contact between the tray and an
isothermal shield; no exchange gas was used at any time to
cool the sample. For the Lu and Sc pure-crystal data, the
ratio of the sample heat capacity to that of the addenda was
approximately unity at all temperatures. The precision of the
data~from the residuals of fits of power series to the data! is
better than 0.3% at all temperatures, while the accuracy
@from comparisons with data for copper21 below 20 K and
with the GTSS13,14 data above 20 K# is 60.5% to 40 K,
increasing to11.0~5!% ~Cp’s systematically high! at 105 K.
The ETP results of Thome12 for Lu and of Tsang,
Gschneidner, and Schmidt5 for Sc, which were obtained us-
ing a common calorimeter, are systematically 2~1!% greater
than the corresponding present results from 6 to 20 K; below
6 K, these differences for both Lu and Sc are similar to the
differences between Thome’s data and the present data for
pure copper. These differences could, for instance, arise from

small differences in thermometry. Atomic weights and den-
sities are from the summary by Gschneidner.22

The linear thermal expansivities@a5(1/L)(DL/DT)
5(] lnL/]T)P for small DL# of these 12-mm-long single
crystals were determined from 1 to 300 K using a variable-
sample-length differential capacitance dilatometer.23 All data
were taken isothermally~T constant to 0.001 K!; capacitance
readings subsequent to a change inT ~which could be as
small as60.5 K or as large as620 K! were taken only after
capacitance drift~presumably due toT differences between
the sample and the dilatometer! was negligible. The absolute
accuracy of these measurements varies from the larger of
61.531029/K ~T,6 K for c-axis samples,,9 K for Sc
a-axis samples,,20 K for Lu a-axis samples! to 60.5% at
higher temperatures. The internal consistency of the data~the
larger of65310210/K or 60.2%! is much better than this
for a given run, with the magnitude of the correction for the
cell ‘‘expansion’’ a major source of systematic uncertainty.

C. Data analysis

Barron and Morrison24 have shown that low-temperature
Cp data for a pure metal can be represented rigorously by a
power series which contains only odd powers ofT; this re-
lation can be written in the usefulCp/T vs T2 form as

Cp /T5 (
n50

N

CnT
2n. ~1a!

Similar considerations25 give the low-temperature thermal
expansivities for a pure metal as

a/T5 (
n50

N

AnT
2n. ~1b!

For a pure nonmagnetic metal, the first term in Eqs.~1! is
associated with electronic contributions~for Cp , C05g!,
while the higher-order terms are associated with lattice con-
tributions. The second term in Eq.~1a! (n51) gives the
limiting (T50) form of the latticeCp , with the Debye tem-
peratureQ0 given by

Q05@1.9443106 ~mJ/g mol K!/C1#
1/3 K. ~2!

The significances of the lead terms for thea expression@Eq.
~1b!# are more complex than forCp , and will be discussed in
a later section.

When impurities are present~as for Sc!, the above discus-
sion may not be valid, and the uniqueness of the first two
terms in Eqs.~1! ~the extrapolation toT50! should be tested
using a range of minimum and maximum temperatures for
the fits. The contributions of the higher-order terms in Eq.~1!
must be recognized to obtain meaningful values ofC0 ~g!
andC1 ~Q0!. For Lu, the magnitude of these terms@n.1,
Eq. ~1a!# is 0.5% at 2.6 K, 5% at 5 K, and 8% at 6 K, so a
linear Cp/T vs T2 relation cannot be used even at ‘‘low’’
temperatures. The present Sc data~both Cp anda! show a
pronounced impurity contribution below 3.5 K, but, fortu-
nately, the effects of the higher-order (n.1) terms in Eqs.
~1! are much smaller for Sc than for Lu, with plots ofCp/T
anda/T vs T2 linear from 4 to 10 K~16<T2<100), so the
effect of the excess low-temperatureCp is minimized for the
data analysis. The impurity contribution can be represented
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by the limiting high-temperature form of a Schottky func-
tion, so additional terms (C22/T andA22/T

2! must be added
to the low-temperature representations ofCp anda, respec-
tively.

Higher-temperature~more slowly varying! Cp anda data
can be represented more easily by a power series inT:

Cp5 (
n50

N

CnT
n ~3a!

and

a5 (
n50

N

AnT
n. ~3b!

For precise data, least-squares fits of Eqs.~3! often are used
for two or more overlapping temperature ranges to avoid an
excessive number of terms; none of the least-squares-
determined parameters has any physical significance.

Experimental dataCp(Ti) ~whereTi represents an indi-
vidual data point! can be presented quite sensitively for a
wide range of temperatures using temperature-dependent
equivalent DebyeQ’s to represent parametrically the lattice
contributionCp

lat(Ti). Q(Ti) is defined by the relation

Cp
lat~Ti !5Cp~Ti !2Cp

elect5Cp2gTi5CD@Ti /Q~Ti !#,
~4!

whereCD(T/Q) is the Debye function.26 g (C0) is obtained
from a fit of Eq.~1a! to the low-temperature data, which also
gives C1 and, hence,Q0 @Eq. ~2!#. For a Debye solid,
Q(Ti)5Q0 , while for a real solidQ usually decreases to a
minimum with increasingT and then varies only slowly with
temperature.

The constant-volume heat capacityCv is required for
comparison with theoretical calculations, such as those re-
lated to lattice dynamics studies. The relationship between
Cp andCv is given by

Cv5Cp /$11@b2BST/~Cp /V!#%, ~5!

whereb @5(] lnV/]T)p] is the volume thermal expansivity,
BS is the adiabatic bulk modulus, andCp/V is the heat ca-
pacity per unit volume.

The thermal expansivities and heat capacities have a com-
mon origin, since each is obtained from a derivative of the
entropy. WhenCp and a can be expressed as the sum of
‘‘independent’’ contributions@as for a metal; Eqs.~1!#, this
relationship will be different for each contribution. The
Grüneisen model assumes that the entropyS(V,T) for each
contribution can be described by a characteristic temperature

~energy! F i(V) as Si(V,T)5Si [F i(V)/T].25 The volume
thermal expansivityb i andC p

i are related through the di-
mensionless volume Gru¨neisen parameter,

Gv
i 5b iBS /~Cp

i /V!52dlnF i /dlnV, ~6a!

where the parameters are as in Eq.~5!. The magnitude ofG
usually is less than 4; its sign may be1 or 2.25 G v

i gives the
volume dependence of the characteristic energy.

For a nonmagnetic metal, independentGv’s will be de-
fined for the electronic (Gv

elect) and lattice (Gv
lat) contribu-

tions; for scandium, a third, anomalous, contribution (Gv
an)

will exist. The characteristic electronic energyFelect is in-
versely proportional to the density of states at the Fermi
level, n(eF!, so

Gv
elect5dln@n~eF!#/dlnV. ~6b!

For the lattice, the characteristic energy atT50 is the Debye
temperature,Q0, and

Gv
lat52dlnQ0 /dlnV. ~6c!

The significance ofGv
lat is more complex at higherT’s.25

For a single crystal, the volume and linear expansivities
are related by

b i5aa
i 1ab

i 1ac
i . ~7a!

The a i are identical for an isotropic material (b i53a i),
while for a crystal with axial symmetry~such as the hexago-
nal metals Sc and Lu!, aa5ab , and

b i52aa
i 1ac

i . ~7b!

Equation ~6a! remains valid for the general case, but the
usually different thermal expansivities for the individual
symmetry directions can be used to obtain additional infor-
mation. For hexagonal symmetry, the relations equivalent to
Eq. ~6a! become25

Ga
i 5~V/Cp

i !@~C111C12!aa
i 1C13ac

i #

52@] lnF i~a,c!/] lna#c , ~8a!

Gc
i 5~V/Cp

i !@~2C13aa
i 1C12ac

i #52@] lnF i~a,c!/] lnc#a,b ,
~8b!

where theCi j ’s are the elastic constants, and theG’s now
give the strain dependences of the characteristic energies.
The electronic and latticeG’s follow by analogy with Eqs.
~6b! and ~6c!. The inverse relationships, which demonstrate
the importance of elastic coupling viaC13 between thea-
andc-axisa’s, are25

aa
i 5~Cp

i /VD!@C33Ga
i 2C13Gc

i #, ~9a!

ac
i 5~Cp

i /VD!@~C111C12!Gc
i 22C13Ga

i #, ~9b!

with

D5C33~C111C12!22~C13!
2.

III. RESULTS AND DISCUSSION

A. Cp and a data

Figures 1 and 2 give for both Lu and Sc the presentCp
data to 40 K, and those13,14of GTSS for higher temperatures.
The GTSS data show increasing scatter below 40 K, but join
smoothly with the present data at that temperature. ACp/T
vsT representation is used in Fig. 1 to emphasize the relative
magnitudes of the electronic contributions toCp ~Cp

elect/T
5const); these are much smaller forCp than for thea’s ~see
the following!. Figure 2 is of the form suggested by Eq.~1a!,
and shows the quite different effects of the higher-order
terms for Sc and Lu; as well as the low-temperature, Fe-
related ‘‘anomaly’’ for Sc. Table I contains the values of the
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parameters for Eqs.~1a! or ~3a! which are used to represent
these data, with theC22 term for Sc representing the
anomaly contribution.

Figures 3–5 present the thermal expansivity results for
both Lu and Sc. The volume thermal expansivityb in Fig. 3
is given by Eq.~7b!. The corresponding relative expansions
for Lu [L(T)/L(293 K!, not shown# are consistent with those
of Tonnies, Gschneidner, and Spedding.8 Figure 4, which is
of the same form as Fig. 1 forCp , shows that electronic

effects~a/T5const! are of much greater relative importance
for a than forCp , and, in particular, that the anisotropy of
thea’s for Sc in Fig. 3 would be much larger without a large
negative electronic contribution toac . Figure 5 presents the
low-temperature results in the same form as Fig. 2 forCp ,
with a corresponding ‘‘anomaly’’ contribution for Sc at low
temperature. Thea-axis Lua’s are very small at lowT, with
structure which may or may not have significance. Table II
for Sc and Table III for Lu give the parameters for Eqs.~1b!
and 3~b! which represent these results; theA22 term for Sc
represents the anomaly contribution.

The T50 Debye temperatureQ0 @Eq. ~2!# is compared
directly in Table IV with values from otherCp experiments
and with those calculated from elastic-constant data and the
analysis of inelastic neutron scattering dispersion relations.
For consistency, a reanalysis of the ETP results is given
which uses the same procedures which were used to obtain
the smooth relations of Table I. The elastic-constant values
were calculated from the data cited using procedures de-
scribed by Grimvall,27 while the neutron scattering values
are found in the cited papers. The neutron values refer to 295
K dispersion relations, and should be increased by approxi-
mately 0.8%~Lu! and 0.6%~Sc! to obtain values corre-
sponding to theT50 volumes. Table IV also contains a
comparison of the electronicCp coefficientsg from the
present experiments [C0 , Eq. ~1a!, in Table I# with those for
the ETP samples, and for the calculation of Go¨tz and
Winter.2 The differences in theCp parameters for a common
analysis undoubtedly reflect the systematic effects which
were discussed in Sec. II B. These differences~except possi-
bly for the theory! are not significant.

B. Spin and e-p effects;Cp

Figure 6 give the temperature dependences of the equiva-
lent DebyeQ’s for Sc and Lu@Eq. ~4!#, both for the actual
data points and for the smooth representations of theCp data.
the present data are used forT,40 K, those13,14of GTSS for
higher temperatures~Table I!. Initially, a common structure
appeared above 50 K which disappeared when the data were
corrected to correspond to the most recent~International
Temperature Scale of 1990, the ITS-90! temperature scale;28

the platinum resistance thermometer which was used for
both of these experiments was calibrated by the~then! Na-
tional Bureau of Standards using the NBS-55 scale29 from 12
to 90 K; and the ITS-48 at higher temperatures.28,30 The
smooth temperature dependence ofCv which is plotted for
each metal illustrates the sensitivity of this representation,
since at 300 KCp is greater thanCv @Eq. ~5!# by 1.12% for
Lu and 0.93% for Sc.

A puzzling feature in Fig. 6 for both Sc and Lu is the
increasein Q with increasingT above roughly 50 K, since
this corresponds to a decrease inCp

lat relative to the Debye
function. Barron, Collins, and White25 imply thatQ should
be independent ofT above 0.4Q0, in agreement with calcu-
lations from neutron scattering dispersion relations15,16 for
which Q approaches a constant value~Q`! at high tempera-
ture ~Table IV!. The ‘‘Cp’’ relations in Fig. 6 were calculated
using Eq.~4! and theg’s in Table IV. Pleschiutschniget al.’s
observation16 that g for Sc begins to decrease above 20 K
suggests that this is not appropriate. For metals such as Sc

FIG. 1. Cp/T vs T representation of the smooth heat capacities
of Sc and Lu, using Eqs.~1a! or ~3a! and the parameters in Table I.

FIG. 2. Cp/T vs T2 representation of the low-temperatureCp

data for Sc and Lu; the symbols in each case correspond to the
actual data, while the dotted lines are calculated from the pure-
metal parameters in Table I. The zero for the Sc figure is sup-
pressed; the vertical scale for Sc is a factor of 10 more sensitive
than for Lu.
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and Lu, the low-temperatureg consists of a ‘‘bare’’ density
of states contribution~gb! which is enhanced by electron-
phonon~gep! and spin-fluctuation~gspin! contributions;

2

g5gb1gspin1gep5gb~11l!. ~10!

Grimvall17 suggests, in agreement with Pleschiutschnig
et al.’s observation,16 that the electron-phonon~and spin-
fluctuation! contributions should begin to decrease forT>Q/
10, so it is reasonable to assume that the electronicCp is
given bygT nearT50, and bygbT at ‘‘high’’ temperatures.

To test this postulate,Q(T) for each metal was recalcu-

FIG. 3. The smooth thermal expansivities for Sc and Lu as
calculated from the parameters in Tables II and III. The symbols
indicate only the crystallographic orientation~1 for a axis,3 for c
axis!.

FIG. 4. a/T vs T representation of the expansivities for Sc and
Lu; the symbols represent expansivity data, while the dotted lines
are calculated from Eqs.~1b! or ~3b! and the pure-metal parameters
in Tables II and III.

TABLE I. The parameters for Eqs.~1a! or ~3a! which will reproduce the experimentalCp’s for scandium and lutetium metals, in units of
mJ/mol K. The final parameters in this table (C0

adj5gb) were used to obtain the electronicCp’s for the calculation of ‘‘high-T’’ lattice Cp’s.
See the text for details.

Scandium Lutetium

Range 1,T,27.5 K 27.5,T,40 K 40<T,105 K 105<T,350 K T,7 K 7<T,40 K 40<T,104 K 104<T,305 K
Present data Reference 14 Present data Reference 13

Eq. ~1a! ~3a! ~3a! ~3a! ~1a! ~3a! ~3a! ~3a!

C22
a 1.4

C0 1.0380310 3.13013103 1.77073103 22.24903104 8.2988 27.14043102 1.099133104 1.87493103

C1 4.450131022 23.56283102 21.98013102 8.50203102 2.838431021 3.79563102 22.203823103 4.68403102

C2 23.881131025 1.4284310 6.9635 27.4701 8.570731024 27.3433310 1.693893102 24.0734

C3 4.200331027 21.382131021 3.761031022 3.896031022 3.110231026 7.0373 25.53099 1.864231022

C4 21.104531029 4.454431024 21.885731023 21.207531024 22.820231021 1.0503431021 24.320131025

C5 1.4115310212 1.601331025 2.050631027 5.854131023 21.2403831023 4.008331028

C6 29.0105310216 24.426031028 21.4651310210 26.279631025 8.9999231026

C7 2.2816310219 2.768631027 23.6795731028

C8 6.49262310211

C0
adj 5.75~25! 5.50~20!

aImpurity contribution, present samples only.
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lated for decreasing values ofg in Eq. ~4! until Q was con-
stant above the minimum. The results of these calculations
are shown by the lower (Cv

adj) curves in Fig. 6, which follow
from usinggb5C0

adj55.75~vs 10.38 atT50! mJ/mol K2 for
Sc and 5.50~vs 8.30 atT50! mJ/mol K2 for Lu ~Table I!.
The symbols~1! in each case represent the actual data~con-
verted toCv! while the dotted line corresponds to the smooth
relation which represents these data. The bracketing dashed
lines illustrate uncertainties ingb of 60.25 and60.20
mJ/mol K2 for Sc and Lu, respectively. The sensitivity of this

representation increases asT becomes greater thanQ; for Sc,
T5Q at 320 K, while for Lu,T5Q at 160 K. The scatter in
the data corresponds to approximately60.2% except at the
highest temperatures. The resulting values forQ` are in ex-
cellent agreement with those from other experiments~see
Table IV!, including that from an energy-dispersive x-ray-
diffraction experiment.31 The dispersion relations for Lu
~Ref. 15! show a minimum valueQ5155.8 K at 23 K and
Q`5159 K. The high-temperature, explicit, anharmonic con-
tribution toCp ~linear inT! should be small for these ‘‘low’’
~T'Q! temperatures.25

Götz and Winter2 calculate gb55.228 mJ/mol K2

[n(eF)530.18 states/Ry at.# for Sc, roughly 10% smaller
than that given by the present analysis@33.2~1.4! states/
Ry at.#. Their calculation of~gspin1gep)54.65 mJ/mol K2 is
consistent with the present value, 4.63~25! mJ/mol K2, which
is calculated from

C02C0
adj5g2gb5gspin1gep . ~11!

The difference between theirg50.89 and the present
g50.81~4! @Eq. ~10!# reflects the differences ingb . For Lu,
the present analysis givesgb55.50~25! mJ/mol K2

[n(eF!531.8~1.2! states/Ry at.#, andl50.51~2!, which im-
plies smaller spin and/ore-p effects. No theoretical calcula-
tions exist for Lu which are equivalent to those by Go¨tz and
Winter for Sc. Tsanget al.3 summarize theoretical density of
states results for a number of rare-earth metals~as of 1984!,
together with estimates of the spin ande-p contributions.
For Sc, the baren(eF) summary is roughly in agreement
with the above, while thee-p contribution appears to be
underestimated, and that for spins overestimated. For Lu,
their summary is consistent withn(eF!525~1! states/Ry at.,
and l50.95~5!, although fewer studies are involved. The
density of states relations for these metals show considerable
structure,2 so small shifts in the location of the Fermi level
can have a large effect onn(eF!.

C. Spin and e-p effects;a’s and G’s

Equations~8! were used to calculate the anisotropic Gru¨n-
eisen parametersG for the Sc and Lu lattice and electronic
contributions, as well as for the anomalous~impurity! con-
tribution for Sc. The smooth representations of the data in
Tables I–III were used for these calculations, as well as ana-

FIG. 5. a/T vsT2 representation of the low-temperature expan-
sivity data. See the caption for Fig. 4. For Sc, thea-axis scale is on
the left, thec-axis scale~displaced, less sensitive, and with negative
values! is on the right. For Lu, thea-axis a’s, as indicated, have
been multiplied by 10 before plotting.

TABLE II. The parameters for Eqs.~1b! or ~3b! which will reproduce the present experimentala’s for pure lutetium metal, in units of
K21. The final parameters in this table~A0

adj! were used to obtain electronica’s for the calculation of ‘‘high-T’’ lattice a’s. See the text for
details.

Lutetiuma-axis Lutetiumc axis
Range
Eq.

1,T,11.9 K
~1b!

11.9<T<34 K
~3b!

34,T,300 K
~3b!

T<18 K
~1b!

18,T<95 K
~3b!

95,T,300 K
~3b!

A0 22.50031029 21.972331026 24.549531026 3.823031028 1.703231026 5.557731026

A1 1.980310211 5.968331027 2.583031027 2.8722310210 24.612331027 2.200331027

A2 27.063031028 22.630731029 1.5226310212 4.769731028 21.360731029

A3 4.074831029 1.3400310211 25.7851310215 21.295531029 3.9409310212

A4 21.1869310210 23.3112310214 6.0323310218 1.7225310211 24.3746310215

A5 1.7576310212 3.1834310217 21.1487310213

A6 21.0612310214 3.0668310216

A0
adj 5.0~5!31029 20.3~2!31029
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lytic representations of the elastic-constant results of Fisher
and Dever10 for Sc and Tonnieset al.8 for Lu ~see the Ap-
pendix!. Figure 7 gives~in the dashed and dotted curves! the
latticeG’s which result when the low-temperature parameters
@C0 andA0 , Eqs.~1!# are used to define the electronic con-
tributions toCp and a, while the solid lines represent the
correspondingGv . TheT50 Gelect, as well as theT50 and
300 K Glat, are given in the upper part of Table V for both
metals.

The latticeG’s in Fig. 7 show the same type of high-
temperature inconsistency which appears in Fig. 6 forCp .
Barron, Collins, and White25 comment that latticeG’s should
become temperature independent forT.Q/10, which clearly
is not the case, presumably because of the disappearance of
spin ande-p contributions toa at high temperatures. TheG’s
were recalculated using systematic iterations ofA0 @Eq. ~1b!#

for both crystal directions~alat5a2A0T!, as well asgb
~C0

adj! to obtain latticeCp’s, until both Ga
lat and Gc

lat were
temperature independent~minimum standard deviations! at
‘‘high’’ temperatures~T.140 K for Sc,T.70 K for Lu!.
Tables II and III contain the values ofA0 (A0

adj! which re-
sulted from this procedure; by analogy with theCp discus-
sion, the electronic contribution toa is given byA0T at low
T @theA0 are those for Eq.~1b! in Tables II and III#, and by
A0
adjT at highT. Although the minimum in the standard de-

viation for the latticeG’s was well defined, its breadth is
reflected in the stated uncertainties.

The lower half of Table V summarizes the results for the
‘‘high-T’’ G’s, with the Glat also indicated in Fig. 7 as the
‘‘adjusted’’ symbols~s for a axis,3 for c axis!. For Sc, the
adjusted latticeG’s are isotropic@ Ga

lat5Gc
lat50.86(2)] and

intermediate between the original values. For Lu,Ga
lat is un-

TABLE III. The parameters for Eqs.~1b! or ~3b! which will reproduce the present experimentala’s for pure scandium metal, in units of
K21. The final parameters in this table (A0

adj) were used to obtain electronica’s for the calculation of ‘‘high-T’’ lattice a’s. See the text for
details.

Scandiuma axis Scandiumc axis
Range
Eq.

T<53 K
~1b!

53<T,300 K
~3b!

2,T<24.5 K
~1b!

24.5,T56 K
~3b!

56<T,300 K
~3b!

A22
a 23.931028 5.031028

A0 3.277931028 6.552 7831026 25.228731028 23.911731028 25.605731026

A1 5.1753310213 24.67831027 1.2226310210 25.3152310212 1.000031027

A2 9.2069310215 1.481 8531028 24.2888310213 5.3700310214 1.677531029

A3 27.3457310218 22.117 22310210 8.3826310216 23.2916310217 22.3982310211

A4 2.9095310221 1.746 00310212 27.3648310219 9.5888310221 1.2744310213

A5 25.6336310225 28.799 95310215 2.4208310222 21.3967310-24 23.1498310216

A6 4.1773310229 2.672 31310217 8.1095310229 3.0118310219

A7 24.485 44310220

A8 3.192 27310223

A0
adj 21.7~2!31029 2.0~2!31028

aImpurity contribution, these samples only. See the text.

TABLE IV. A comparison of DebyeQ’s andg’s from various experiments.

Scandium Lutetium References

Q0 ~K!

Cp , crystals 352.2~10! 189.9~5! Present data and analysis
Cp , ETP 345.3~10! 183.2~5! Lu, Sc, Ref. 3
Cp , ETP 346.3~10! 190.3~3! Ref. 3 data, present analysis
Elastic 356.5~10! 185.~10! Sc, Refs. 10,11; Lu, Ref. 8
Elastic 186 Ref. 9
Neutron 354.2 188 Sc, Ref. 16; Lu, Ref. 15

g ~mJ/mol K2!
Cp , crystals 10.38 8.299 Present data and analysis
Cp , ETP 10.334~11! 8.194~16! Ref. 3
Cp , ETP 10.33 8.305 Ref. 3 data, present analysis
Theory 9.88 Ref. 2

Q` ~K! T.140 K T.70 K
Cp , crystals 310.5~12! 157.5~10! Present data and analysis
Neutron 310 159 Sc, Ref. 16; Lu, Ref. 15
X ray 157.~1! Ref. 31
gb ~mJ/mol K2! 5.75~25! 5.50~20! C0

adj , Table I
Theory 5.23 Ref. 2
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affected by the adjustment, whileGc
lat increases by 50% to

1.38. TheA0
adj andC0

adj were used to calculate the ‘‘high-T’’
electronicG’s which also are given in Table V, and which are
characteristic of the bare density of states. These show a
smaller anisotropy than those forT50 ~the enhanced val-
ues!.

By analogy with Eq.~11!, the combined spin ande-p
contributions to the electronica’s are given by the difference
betweenA0 @Eq. ~1b!# and A0

adj for each of the crystallo-
graphic directions. These differences for Sc and Lu~and
g2gb! were used to calculate theG’s which are given in
Table V for the ‘‘high-T’’ ‘‘spin 1 ep’’ contribution. These
G’s are highly anisotropic for both Sc and Lu, with the larg-
est magnitudes for thec-axis direction, but with little other
similarity. Gc has different signs for the two metals~negative
for Sc, positive for Lu!, while theGa’s are positive for both,
but with quite different magnitudes. As a result,Gv is small
for Sc and large for Lu.

D. Impurity effects, Sc

The impurity ~presumably 186 at. ppm of Fe! contribu-
tions to bothCp and thea’s for Sc are large~Figs. 2 and 5!,
and are significant below approximately 3.5 K (T2512!.
They can be represented within experimental accuracy by
terms proportional toT22, using the parameters in Tables I
and III. The presentCp results are inconsistent with those of
Tsang and Gschneidner6 which show a much greater effect

for samples with smaller concentrations of Fe. Indeed, the
presentCp data resemble theirs for a 30 at. ppm Fe sample,
which they believe corresponds to the low-temperature satu-
ration concentration. They postulate that theCp contributions
for higher Fe concentrations arise from ScFe2 or Sc3Fe
which is concentrated in the grain boundaries; our samples
are single crystals, and, presumably, do not contain grain
boundaries. A metallographic and Auger examination of the
present samples32 shows no Fe-bearing inclusions, so the
source of the discrepancy is not known. The present results
probably are associated with a small concentration of Fe in
solid solution.

The ‘‘impurity’’ parameters in Tables I and III were used
to calculate the ‘‘anomaly’’G’s which are given in Table V.
They are large in magnitude and are highly anisotropic, with
an anisotropy which is opposite to that of the ‘‘spin1ep’’
contribution.

IV. DISCUSSION

The representations used in Figs. 1~for Cp! and 4~for a!
were chosen to emphasize the relative importance of the
electronic~Cp/T or a/T independent ofT! and lattice contri-
butions; the different maxima temperatures for Sc and Lu
reflect the difference in theirQ0’s. After an adjustment for
the disappearance of spin-fluctuation and electron-phonon

FIG. 6. Equivalent DebyeQ’s for Sc and Lu lattice heat capaci-
ties. The upper curves in each figure use theT50 value,g, in Eq.
~4!, while theCv

adj curves usegb . Note thatQ and Cv have an
inverse relationship. See the text for details.

FIG. 7. Lattice Gru¨neisen parameters for Sc and Lu@Eqs.~8!#,
calculated from the smooth relations defined by Tables I–III and in
the Appendix. The curves were calculated using low-temperature
parameters~the solid lines represent the volume Gru¨neisen param-
eter! to obtain the electronic contribution, while the symbols~s for
a axis,3 for c axis! use the adjusted~high-T! electronic parameters.
See the text for details.
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contributions with increasingT, thea anisotropies in Fig. 3
are primarily electronic in origin for Sc, and are associated
with the lattice for Lu~see Table V and Fig. 7!.

The low-temperatureCp anda data for Sc and Lu give
limiting DebyeQ’s ~Q0! which are in reasonable agreement
with those obtained in other experiments~Table IV!. The
T50 lattice Grüneisen parameters~Table V! show that, for
each,Q0 is more sensitive toc-axis thana-axis strain@Eqs.
~6b! and ~8!#. These data also give~Table IV! the electronic
Cp coefficientg for each metal~for Sc,g is 5% greater than
a recent calculation2! as well as the strain derivatives of
n(eF), the density of states at the Fermi level@Eqs.~6a! and
~8!; the T50 ‘‘electronic’’ G’s in Table V#. TheseG’s are
quite anisotropic for both Sc and Lu, and for each reflect a
combination of a bare density of states contribution and en-
hancements due to spin fluctuations and the electron-phonon
interaction@Eq. ~10!#.

The decrease of these enhancements with increasingT
~Refs. 16 and 17! results in an apparent conflict with the
requirements of lattice dynamics if theT dependence of the
enhancements is ignored@both the equivalentQ ~Fig. 6! and
the latticeG’s ~Fig. 7! should become constant at highT#.
The required lattice dynamics consistency can be achieved
by appropriately adjusting bothg and the parameters@A0 in
Eq. ~1b!# which give the electronic contributions toa. These
adjusted parameters,gb5C0

adj in Tables I and IV andA0
adj in

Tables II and III, and the ‘‘high-T’’ G’s which are calculated
using them~Table V!, then are characteristic of the high-T
bare, unenhanced, density of states.

The resultinggb for Sc is approximately 10% larger than
that calculated by Go¨tz and Winter,2 although the sum
gspin1gep (5g2gb! agrees well. The use of the adjusted
coefficients results in high-T lattice G’s which are isotropic
for Sc and quite anisotropic for Lu~Fig. 7 and Table V!. The
bare electronicG’s ~strain derivatives, Table V! are aniso-
tropic, but not as markedly as those forg. The most striking
result involves theG’s ~strain derivatives! which are associ-
ated with the enhancements~gspin1gep! ~Table V!. These are
highly anisotropic, with the largest magnitudes~;17! along
thec axis, but~2! for Sc and~1! for Lu. The individual spin
and electron-phonon contributions cannot be separated, but
the result is an extreme sensitivity of the enhancements to
strain along thec axis. A similar anisotropy, but much larger,
is found for theG’s associated with the Fe impurity in the Sc
crystal~Table V!. An unusual mechanism must exist to cause

this effect; the large magnitudes for the anisotropicG’s sug-
gest tunneling.25

Previously, Legvoldet al.33 found that the saturated mo-
ment of gadolinium-rich alloys was a function of thec/a
ratio for these alloys, not the volume, and ascribed this to a
sensitivity of the predominantlyd-like band near the Fermi
level to changes in thec/a ratio, but not to volume changes.
The samed-like band is important for Sc,2 and the present
results appear to be consistent with thisd-band postulate,
although the relationship between the present experiments on
pure~nonmagnetic! metals and the magnetic alloys studies is
not clear.

In summary, the present results and analysis suggest cau-
tion in the separation ofCp anda data into electronic and
lattice contributions for metals in which spin-fluctuation and
electron-phonon effects are important. The requirement of
lattice dynamics consistency not only provides information
about the bare density of states at the Fermi level, but, when
a and elastic-constant data are available, also shows the
complexity of the density of states through the strain deriva-
tives ~theG’s! at that point; the density of states for Sc and
Lu, at least, is much more sensitive to uniaxial strain than to
volume changes. This is true also for the enhancements, al-
though dependences for the individual contributions from
spin fluctuations and the electron-phonon interactions cannot
be separated.
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APPENDIX: ELASTIC CONSTANTS

Elastic-constant data have been published for both Sc
~Ref. 10! and Lu.8 The elastic constants in each case show a

TABLE V. Intrinsic Grüneisen parametersG for Sc and Lu crystals. The stated ‘‘high-T’’ uncertainties reflect those inA0
adj ~Tables II and

III !. See the text for details.

Scandium Lutetium
Ga Gc Gv Ga Gc Gv

T50 parameters
Lattice ~0 K! 1.26 4.21 2.39 0.66 1.57 1.00
Lattice ~300 K! 0.43 2.05 1.00 0.86 0.83 0.85
Electronic 4.11 24.855 1.10 1.675 6.525 3.48
‘‘High-T’’ parameters 140–300 K 70–300 K
Lattice ~av! 0.85~1! 0.87~3! 0.90~2! 0.86~2! 1.38~3! 1.06~2!

Electronic 1.0~2! 5.2~6! 2.5~4! 1.9~4! 0.8~6! 1.5~5!

Spin1ep 7.8~3! 217.9~7! 20.6~4! 1.1~7! 17.3~12! 7.1~9!

Anomaly 240 30 217
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significant impurity dependence, with no ‘‘recommended’’
results given. Tonnies, Gschneidner, and Spedding8 give
tabulated results for two samples; the data for the ‘‘higher-
purity’’ LuII has been used for the present calculations.
Fisher and Dever10 give results in graphical form for several
samples; the data from their sample IV~ANL ! has been
~somewhat arbitrarily! selected for use in the present calcu-
lations. Since elastic properties can be expected to vary~to
first order! with the volume and, hence, with the internal
energy of a material, theT-dependent data for each of the
elastic constants for Sc and Lu were arbitrarily hand fitted to
the form of an Einstein energy function:

Ci j5M01M1w/$@exp~w/T!#21%. ~A1!

The adiabatic bulk modulusBS, which is calculated from the
elastic constants, and the temperature dependence ofCp/Cv
@Eq. ~5!# also can be represented by this function. Table VI
gives the parameters for Eq.~A1! which will represent the
experimentalCi j data andBS for Sc and Lu to better than 1%
~the temperature dependences are small!, andCp/Cv to better
than 0.1%. WhileM0 corresponds to theT50 value of the
Ci j , the magnitudes ofM1 andw were derived using anad
hoc procedure, and have no physical significance whatso-
ever.
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