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Charged particles in random magnetic fields and the critical behavior
in the fractional quantum Hall effect
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As a model for the transitions between plateaus in the fractional quantum Hall effect we study the critical
behavior of noninteracting charged particles in a static random magnetic field with finite mean value. We argue
that this model belongs to the same universality class as the integer quantum Hall effect. The universality is
proved for the limiting cases of the lowest Landau level, and slowly fluctuating magnetic fields in arbitrary
Landau levels. The conjecture that the universality holds in general is based on the study of the statistical
properties of the corresponding random matrix model.

The integer(IQHE) and fractional quantum Hall effects tions. While not much is known about the influence of the
(FQHE) show remarkable similarities despite the differencesdynamics of the gauge field on the localization properties,
in their origin. While the fundamental excitation gap is duethe effects of static fluctuations in the magnetic field have
to the strong magnetic field in the IQHEstrong Coulomb  recently attracted a lot of attention, in particular in the con-
correlations are responsible for the gap in the FGHEaw-  text of the FQH system at filling factor 1/2. Static fluctua-
ever, in both effects the localization of electrons and quasitions in the Chern-Simons field are due to static fluctuations
particles, respectively, is believed to be responsible for thén the electron density that are induced by a residual disorder
formation of the plateaus in the Hall conductivity At the  potential. Most discussions in the literature focused on non-
transitions between successive plateaus in the IQHE scalingteracting charged particles in a fluctuating magnetic field
behavior has been observe¥iThis has been successfully with vanishing mean value relevant to the filling factor 1/2.
interpreted as a disorder-induced localization-delocalizatiofThe results are rather controversial. Some autfiot5claim
transition for noninteracting electrofi¢. Most remarkably, it to present evidence for a localization-delocalization transi-
was found experimentally that the temperature-dependeriion in contrast to the scaling thedfyaccording to which
scaling behavior of the transition between the FQH plateaustates in two-dimensional systems are localized in the ab-
at filling factors 1/3 and 2/5 is described by the same scalingence of a strong magnetic field. However, other authors,
exponent as the transitions between integer quantum Halhile observing a strong enhancement of the localization
plateau$. Similar agreement was obtained for the transitionlength, find no true transitiof? > We will consider the situ-
from filling factor 2/3 to 1° ation relevant to the transitions in the FQHE. Since the FQH

A theoretical description that makes the similarity be-plateaus only form if the CF Landau levels are well separated
tween integer and fractional QHE explicit is the “composite we will assume that the average magnetic field is strong
fermion” (CF) theory of the FQHE? It relates states of the compared to the fluctuations. In this limit we will show that

interacting electron system at filling factor the critical behavior is the same as that in the IQHE.
In this paper we treat the model of noninteracting charged
v=v'[(v'pxl) (1) particles in a random magnetic field with a nonzero average

magnetic field. If the average magnetic field is strong com-
to states of noninteracting electrons at filling facior by  pared to the fluctuations this model describes the transitions
attaching an even numbprflux quanta to each electron. The between FQH plateaus if the charged particles are thought of
magical filling factors of the interacting electron system areas noninteracting composite fermions. We will assume that
interpreted as filled Landau levels'(=integer) of the CF's. the average magnetic field is strong enough to neglect the
Based on this approach, Jain, Kivelson, and Trivedi arguedoupling between different Landau levels. Then there are two
that transitions between two FQH plateaus fall into the unidimits in which the fluctuating magnetic field is strictly
versality class of the IQHE if these correspond to successivequivalent to a random electrostatic potential: first, if only
filled Landau levels of the CF%. The transitions for which  states of the lowest Landau level are occupied for arbitrary
scaling behavior was observed correspond to the transitionsorrelation length of the fluctuating magnetic field; second, if
from »'=1 to »' =2 for p=2 and both signs in Eq1).X° the correlation length of the fluctuations is large compared to
Formally, the attachment of flux quanta can be achievedhe average cyclotron radius for arbitrary Landau level index.
by the introduction of a Chern-Simons vector potentidf  The latter situation corresponds to the semiclassical limit
In a mean-field approximation this theory describes noninterstudied previousl¥? In general, a fluctuating magnetic field
acting CF’s in a uniform magnetic field corresponding to theis not equivalent to an electrostatic potential. However, in the
filling factor v' of the CF's. While on the mean-field level limit of well-separated Landau levels the statistics of matrix
the universality of integer and fractional QH transitions iselements of the random magnetic field Hamiltonian and a
thus manifest, the Chern-Simons field is a dynamical gaugeandom electrostatic potential is quite similar. While the dif-
field and one has to worry about the effects of its fluctuaferences will be reflected in nonuniversal quantities like the
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density of states, we conjecture that they do not lead to difstatic potentialV(r)=(N+1/2)hw¢(r). In both limits the
ferent critical properties. This conjecture stands on the samgindom magnetic field manifests itself only in the fluctuating
footing as the universality in the IQHE that has only beencyclotron energy in thélth Landau level. We can thus apply
demonstrated numerically for short correlation lengths in thell the known results for electrostatic disorder to the present
two lowest Landau levels and in the semiclassical limit ofsystem. In particular, the critical behavior is identical and the
large correlation length. localization length diverges in the center of the Landau lev-

Our conclusions are based on the properties of the rando@ls with the same exponent as in the IQHE. It further readily
matrix model generated by projecting the Hamiltonian ontofollows that the density of states for a white noise distribu-
the Landau levels of the average magnetic fiBgl The  tion of the magnetic field in the lowest Landau level is given
HamiltonianH containing the Chern-Simons vector potential by Wegner’s resulf® This is in contrast to the situation in
a can be expressed as a sum of the Hamiltorvignof the  high Landau levels where the density of states differs con-
system with constant magnetic fieRhe,=V XA and a part  siderably from the electrostatic disorder casas the charge
H’ due to the fluctuating Chern-Simons field, e entering the Hamiltonial2) is the charge of the electrons
the critical conductivity of the CF’s is the same as that of the
electrons as has recently been seen experimeftally.

In Ref. 15 it was argued that, in general, the random
magnetic field is equivalent to the potentiaV/(r)
H=Ho+H’, (3 =(N+1/2)hw.(r) plus gradient corrections. We can discuss

this statement if we express E@) in terms of the Fourier

H= ! A 2 2
—ﬁ(p—e —ea)”, (2

H°:2m* (p—eA)?, 4) coefficients ofw¢(r), w.(r)==gwcexpliG-r),
, , 22 Glo
1 - (NMH'INM)Y=%2, wge 102G, o 7
H' = {-el(p-eA)atalp—eA)]+e’a’}. (5 G 2
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The matrix elementgNk/H'|N’k’) of H' with the eigen- XSyl —=— |+ > Ll =11,
stategNk) of Hy form a random matrix. Its statistical prop- 2 2 n=0 2

erties can be compared to those of the random Landau matrix
(NK|V|N’K") whereV(r) is a random electrostatic potential. (7)
The latter model has been extensively studied and describe% , :
the transitions between integer QH platefwse will show whereém,m- are angular momentum quantum numbers in the
that the matrix elements 61’ have similar statistics to those SYMMeC gaugeA,\(r)= I?o(—ye)(+xey)/2 and Gp,m ()
of V(r) in the limit of strong average magnetic fieB,,  =(m'!/m!)¥x™ ™ =™ (x?). An effective electrostatic
despite the rather different nature of the operatdfsand  potentialV(r), V(r)=2sVgexp(G-r), has the same matrix
V(r). More precisely, we consider the limit in which the elements, if

1[G\ ot o[GA3

ELN(TO> 2 L(TOH

®

fluctuations of the random magnetic fiebdr)e,=V X a(r) -
are small compared to the average figlgl[we choose the (G |o)
Veln e
We see that the effective electrostatic potential only exists if
wg=0 for GZIS/Z equal to the zeros dfy(x). For arbitrary

average ob(r) to vanisH. In this limit the term quadratic in o |7
a can be neglected iR’ and the coupling between different
Landau levels oHy becomes negligible. The intra-Landau-
level matrix elements off’ are then given by

hel1 random magnetic fields this is only fulfilled in the lowest
(NK/H'|NK')= W(§<Nklb(r)|Nk’) Landau level. In particular, there is no effective potential for
a white-noise distribution of the magnetic field in higher
N-1 Landau levels. If the magnetic field is sufficiently smooth,
+ ZO <nk|b(r)|nk’>). (6)  such thatwg=0 for GA12/2=x{}, wherex(}" is the first zero
A=

of Ly(x), then the inverse otN(G2I§/2) can be expanded
This is our main result. It contains only matrix elements ofinto a power series i»@ZISIZ and the effective potential ex-
the gauge-invariant local magnetic fighdr). The quantity ists and can be written as a power serie&iiﬁV2 acting on
hw(r)=heb(r)/m* is the deviation of the local cyclotron #w¢(r), as claimed in Ref. 15.

energy from the average valdg)=#AeB,/m*. It follows Since, in general, the random magnetic field is not equiva-
from Eq. (6) that in the lowest Landau lev&l=0 the ran- lent to an electrostatic potential even in the limit of strong
dom magnetic field is indistinguishable from a random elecimagnetic field it is not evident that it has the same critical
trostatic potentiaV(r) =% w(r)/2, irrespective of the statis- behavior. According to Eq.(6) the random matrix
tical properties of the random magnetic fidddr), as has (Nk|H’|Nk’) is equivalent not to a single random Landau
already been notelf. When the magnetic field varies suffi- matrix but to a superposition & random Landau matrices,
ciently slowly on the scale of the cyclotron orbit radius all containing the same electrostatic potential but different
R.=(2N+1)Y4,, 12=1/(eBy), its matrix elements be- Landau levels. This leads to differences in physical proper-
come independent of the Landau level index and the randorties like the density of states. By studying the statistical prop-
magnetic field is strictly equivalent to the random electro-erties of the matrix elements ¢f’ and comparing them to
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those of an electrostatic random potential we can argue thatomial in £ and «. This implies in particular that the model
these differences are irrelevant for the critical behavior of thauinder consideration belongs to the same universality class as
system. To this end, we briefly review the construction of thethe IQHE.
random Landau matrix for electrostatic potentials. For We will now briefly derive the main result Ed6). In a
Gaussian correlations of a scalar potentiét), complex notation for vectors in they plane,z=x+iy, we

can express the Hamiltonian

VOV = 5 ] - 0L .
(r) (r )_27TO'2eX - 20_2 ’ ()
. . o e2h . _ .. e _
matrix element§Nk/V|Nk’) in Landau gauge are given in H'=—-——(apa+apa)+—aat+H.c., (15
am*l, 4m
terms of uncorrelated random numbersi(x,k), B
u(x,k)u(x’,k"y=8(x—x") 8 _is, by® wherea denotes the complex conjugate af in terms of

inter-Landau-level operators

VoBlo F{ KZ'%ﬁz)
NK;|V|Nky) = exp —
< 1| | 2> \/2_|_y770' 4
Bo= 2 (I1941119) and &)=L (110~ i)
<[ d Yl N T
gu(ﬂg—’_KlOrKIO)e FN(gaKl()lo-):
whereII°=p—eA. Using a Coulomb gauge for the Chern-
(10 Simons vector potentiah,V-a=0, we have the following
whereK = (k; +k,)/2, k=k;—k,, relations between the commutators:
12+ o2 . R
F\N’(g,x;o)z(zNN!)*lf dy exp(— 002 77) [4f.,a]+[&9.,a]=0, (16)
& X & X . . -
XHy 7]+E_§>HN 7]+E+§ , (1D [a),a]—-[2ag.a]=V2lob(2), (17
[ i+ 27
L, is the width of the system, ang?=(o?+12)/12. Using 0 atH"=H1+Ho+Ha, with
this result for Gaussian correlations of the magnetic field, 1 eb
- 1750 (18
12 m
Bb(r) - ex| ~ 1] 12
_ N P
the matrix elements dfl’ are given by Ho=— \/fmlo(aoa+ aay), (19
Voﬁlo [{ K2| (2)[82) e2
Nk;|H'[Nky)= exp — — 5
< 1| | 2> \/2_|_y770' 4 H3—2m* aa. (20
_cB ) The matrix elements dfi; are on the average smaller by a
xf déu(Bé+Klo.xlo)e > F(&,xlg0), factor of bg/Bg than the matrix elements &f, andH, and
(13) can be neglected in the limity<<B,. Applying the Landau

level ladder operatora, we get a recursion relation for the
whereVZ=2n#ebd/(m*?B,), and matrix elements oH, (for clarity we suppress the depen-

- dence on the intra-Landau-level quantum numbers

1
FREX o) = SF(EX )+ X Fr(éxio). (14

he _
Equations(10) and (13) differ only in the weight functions (N[HZIN)=— 2] (N|afa+aag|N)
Fx®. In both cases these are polynomials of degrieir2 Mo
& andx. The critical behavior in the IQHE is universal if it is he
the same for all polynomialgy,(¢,x;0). This has been nu- = W<N_1|b|N_1>+<N—1|H2|N—1>

merically checked for the parameter combinations

(N,0)=(0,0), (0l,), and (1l0).2® For all other values ol he'\t

and o universality in the IQHE is a conjecture. The impor- = ano (n[b[n), (21

tant features of Eqg10) and (13) seem to be the Gaussian

factors of¢ andk that reflect the Landau quantization, while thus leading to Eq(6).

the particular form of the polynomial weight function seems In conclusion, we have studied charged quantum particles
to be rather irrelevant. We therefore conjecture that randonm a random magnetic field in the limit that the fluctuations
matrices of the form(10) and (13) have the same critical are much weaker than the average magnetic field. This model
behavior for any weight functiok y(£,x;0) that is a poly- arises in an approximate treatment of the fermionic Chern-
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Simons theory of the FQHE. We have shown that the modebehavior of “composite fermions” and that transitions be-
studied is strictly equivalent to an electrostatic disorder potween Landau levels of the CF's belong to the same univer-
tential in the two limits of the lowest Landau level and of sality class as the IQHE.

slowly varying magnetic field. A comparison of the statistical

properties of this model with known results for electrostatic ~Valuable discussions with J. Hajdu, M. Janssen, and M.
disorder led us to conjecture that these two models have théirnbauer are gratefully acknowledged. This work was per-
same critical behavior. This implies that static fluctuations offormed within the research program of the Sonderfors-
the Chern-Simons vector potential do not change the criticathungsbereich 341.
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