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Magnetic pair breaking in disordered superconducting films
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A theory for the effects of nonmagnetic disorder on the magnetic pair-breaking iattuced by paramag-
netic impurities in quasi-two-dimensional superconductors is presented. Within the framework of a strong-
coupling theory for disordered superconductors, we find that the disorder dependenisedetermined by the
disorder enhancements of both the electron-phonon coupling and the spin-flip scattering rate. These two effects
have a tendency to cancel each other. With parameter values appropriatg 8iyRbwe find a pair-breaking
rate that is very weakly dependent on disorder for sheet resistarcRg & 2.5 k), in agreement with a recent
experiment by Chervenak and Valles.

I. INTRODUCTION achieved. Another possibility is to study the influence of
nonmagnetic disorder on the pair breaking induced by a
The physics of the observel, suppression in supercon- small amount of magnetic impurities in addition to the non-
ductors that contain nonmagnetic disorder has been the subiragnetic ones. This has the advantage that the pair-breaking
ject of much debate in recent years. Let us focus on homoparameter is easier to measure than inelastic lifetimes, and
geneously disordered thin superconducting films, with thehat it can be measured simultaneously with Thesuppres-
disorder parametrized by the normal-state sheet resistanggon in a series of films where the nonmagnetic disorder is
Ro, and on the BCS-like quasitransition that is well pro-variedin situ by controlling the film thickness.
nounced in these films although the true SUperCOﬂdUCting Such an experiment has recenﬂy been performed by Cher-
transition is of Kosterlitz-Thouless natutén these systems, yenak and Valle€? who studied quench-condensed ultrathin
the BCS transition temperatufi;, defined as the midpoint s of PR Bi,, of varying degrees of disorder
of the resistive transition, is observed to decrease monoton't-150 O<R-<2.2 KO leading to aT, between 6 K and
cally with increasing disordér’ A complete quantitative un- -, 35 K OfDeach samr;le one-half wag doped with Gd, while
derste_mdlng of this effect W'th.m. a microscopic stro_ng- the other half was left undoped. Gd acts as a paramagnetic
coupling theory has proven difficult, although the first. . . . :
impurity and leads to pair breaking and a reductionTgf

erturbative calculations within a phenomenological BC " . .
b P 9 SThe transition temperature as a function of Gd concentration

modef were rather promising. ualitatively, disorder- . . . . S
induced changes in thpe electrgn—;%onon cogp‘lirig the Was then studied as a function of film thickness, which is

Coulomb repulsion between the constituents of the Cooperorelated withRp, . The remarkable result was that the pair-
pairs® and in the normal-state density of stitbave all been Preaking parametes is only mildly dependent on disorder
identified to be important. The difficulty lies in the fact that for films with normal-state sheet resistancBs ranging
some of these effects tend to Suppr@(ssvh“e others tend to from 0.15 K) to 2.2 K). The implication seems to be that the
enhance it, and’, depends exponentially on all of them so €ffects of disorder that lead to lower transition temperatures
that subtle balancing effects result. Also, the number of pado not manifest themselves in the spin-flip pair-breaking
rameters that acquire a disorder dependence is quite largeste. An attempt to understand this behavior by a phenom-
and fits of theoretical results to experimental data are thereenological modification of the Abrikosov-Gorkov result for
fore not necessarily very conclusive. Indeed, theories that are, using the renormalization of the density of states inherent
structurally quite different, and mutually inconsistent, havein Refs. 6, 12, and 8, failetf. This poses the important ques-
been shown to fit the sane, data equally well:® tion whether the success of these theories in describing the
In this situation it is obvious that one should study theT. suppression and the disorder and temperature dependence
disorder dependence of quantities other than the transitioaf the inelastic lifetime was fortuitous, and whether they are
temperature in an attempt to discriminate between varioulcking some important physical ingredient that manifests
theories, and to obtain independent information about théself in the pair-breaking rate.
disorder dependence of the various parameters that deter- It is the purpose of the present paper to analyze these
mine T.. One possibility is to measure the inelastic lifetime questions. What we will find is that one needs to take the
of quasiparticle$!® The experiment by Pyun and strong-coupling correctiohd to the Abrikosov-Gorkov ex-
Lemberget® on amorphous InO has been analyzed by thepression into account before one generalizes to the disor-
present authot$ in the framework of a strong-coupling dered case in order to obtain the correct structure of the
theory for disordered superconductéfsand quantitative theory. Once this is done, we find that our previous
agreement between theory and experiment has bedheory®>*!accounts very well for the observed effect.
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[l. FORMALISM to allow for strong-coupling effecté,with the only resulting

Our starting point is our theory for the suppression of the%?}in?eiafligg a factor of 4/in the pair-breaking parameter.

superconductind . ,*? and the enhancement of the inelastic
scattering raté; by nonmagnetic disorde?. In this section (T o/ Too) = 2T o+ 1/2) — (1/2), @)

we recall the most salient features of this theory. First one ) )
uses an exact eigenstate formalism to derive generalizefith Tco the value ofT; in the absence of the magnetic
Eliashberg equations for the normal Green functionimpurities,y the digamma function, and the pair-breaking
G(e,iw) and the anomalous Green functiBe,iw). Since  Parametera=(1/Z)(1/7s), with 1/75 the spin-flip scattering
the wave number is not a good quantum number in the pregate. In the case of clean superconductdrs,1+\. In the
ence of static impurities and F are functions of energy Presence of nonmagnetic disorder, and with the same ap-
and frequency rather than wave vector and frequency as iRroximations that lead to thg; formula given by Eq(3), it
Eliashberg theory. The Green functions are expressed, 4§ straightforward to repeat the calculation of Allen and
usual, in terms of an anomalous self-eneWjye,iw) and a  Mitrovic'* within the framework of the theory of Ref. 12.
normal one'® The latter is split into a piecewZ(e,iw) that ~ The resultis again Ed4), but with « replaced by a disorder-

is an odd function of frequency and a pieége,iw) that is dependentr which in turn is related to disorder-dependent

even inw. In terms of these quantitie§ andF read parameters,
) iwZ(eimw)+e+Y(eiw) 5— 1/7s ©)
Clelo)= B i P—e+ Y (eim]? 12 1+
and Here \ is the same quantity as in E¢®), and 1%, is the
disorder-dependent spin-flip scattering rate. Throughout this
' —W(e,iw) paper, we choose units such tiat kg=1. In the next sec-
Fleio)= lwZ(cio)P—[e+Y(cim) P’ (1b)  tion, we derive an explicit form foé in a disordered thin

superconducting film.
In clean systems, the normal self-energy pi&cés a con-
stant that just shifts the chemical potential and can be omit- Ill. DISORDER DEPENDENCE OF «
ted. In the presence of disorder, howevwérhas been found
to be of crucial importanc®!"*°and to reflect the physics .
of the Coulomb anomaly in the density of stdfem the The electron-phonon coupling strengttis defined as an
context of superconductivity. The generalized Eliashbergntegral over the Eliashberg functiar’F,
equations then take the form of integral equations in both
energy and frequency for the three functiaghsw, andY. A ~ dv 2
solution of these equations has been obtained by means of )‘sz 7 F(»). ®)
various approximations. In particular, the frequency depen- -
dence ofY was found to be weak and could be omitted, ande’F and hencex are disorder dependent due to effects first
its energy dependence was approximated by the first term ifliscussed by Pippaftiin the context of ultrasonic attenua-

A. Electron-phonon couplingx

a Taylor expansion about a characteristic enesgy tion, and by Schmitifor the electron-phonon inelastic life-
time. The main physical point is that disorder decreases the
Y(eiw)=(e—w)Y’, (2)  coupling of the electrons to longitudinal phonons due to col-

_ lision drag, but increases the coupling to transverse phonons
with  Y'=0Y/de|.—;, and o an average phonon due to the breakdown of momentum conservation. For real-
frequency:**°With some further approximations, the energy istic parameter values the latter effect is stronger than the
integrations could then be performed, and the theory be cagbrmer, leading to an overall increase ofwith disorder?

in the same form as Eliashberg theory. A two-square-wel or Debye phonons imthree-dimensionaalsystems,f\ has
approximation then leads to'k formula that has the struc- been calculated in Ref. 12. Repeating that calculation in

tgre (?Iga generalized McMillan or Allen-Dynes formula, d=2 is straightforward, and very similar to the correspond-

VIZ.,lZ . . . C s
ing calculation of the electron-phonon inelastic lifetiffe.
. The result i&°
Wiog —1.041+N+Y")
To12 N— ¥ [1+0.62/(1+Y")]] ® ;_szodv a > A .
)0 v mm w1 o} o(V1/Cp), @

Here Y’ is the normal self-energy piece mentioned above,
and\ and.* are disorder-dependent generalizations of thdor @ system with mean free pathHerec_r are the longi-
electron-phonon coupling constant and the Coulomb tudinal and transverse speeds of sound, respectivgyis
pseudotentiak*, respectively, in Eliashberg theory. Explicit the Debye  frequency, the dimensionless constant
expressions for all three of these quantities have been givedh=Kg/16mpicy, With p; the ion density ande the Fermi
in Ref. 12, and will be evaluated for the case of thin fimswave number, and the functiorig, are given by*
below.

In the presence of magnetic impuriti€g, is reduced by f(x) = E
pair breaking’* Abrikosov-Gorkov theory has been modified T x4

(1+x%2—\1+x?), (8a)
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1 2 work to lowest order in the electron-impurity-spin interac-
fL(x)=2 Toe-1 %) (8b)  tion, and neglect Coulomb and finite temperature effects in

3, thenF andF; are identical.
Substituting Eqgs(8) into Eq. (7) we obtain the disorder de- ~ We obtain the spin-flip scattering raterdfrom the self-

pendence of, energy 2, by analytically continuing to real frequencies
iw— w+i0 and going “on shell,” i.e., putting= w. For our
< M”QDEFCL TWRUE ) cf ( TWRUE )] purposes, we are interested in the influence of spin-flip scat-
= L| = 27| = tering on the superconducting,. The physics that deter-
T@DUF RoBrc/  ©1 \RoEecr mines the latter is dominated by processes on a frequency
(%a scale ofw, a typical phonon frequency. For the same reason
where we have defined two functions for which we take the paramet&t’ in Eq. (2) at the fre-
guencyw we therefore define
FL(x)z\/1+x7—1—ln[(\/1+xz+ 1)/2],
Urg=—2 Im3(w,iw— w+i0). (12
[ 2
FT(x)=$+In[(\/l+x2+ 1)/2], (9b) In a clean system, the spin-density correlation function
2(1+V1+x9) F<(q,w) is frequency independent. In that case we recover

14
with A=4waL/7rmcf the electron-phonon coupling in a from Eq. (12) the well-known resuft

clean 2D system. The dimensionless resistance 1
Ro=Rg€e%/fi~Ry/4.1 K} is a measure of the disorder in —=npS(S+1)JI%4NE. (13
the material. Ts

As in three dimensions, the size of the disorder renormaly, a disordered systenf, is diffusive?® and in the Green
ization of A depends on the ratio of the longitudinal to the ¢,nction G we must keep the self-energy pie¥é as dis-
transverse speed of sound. This is a result of the aboves ssed above. We thus obtain
mentioned competition between an increase in the coupling

between electrons and transverse phonons and a decrease of 1 2npS(S+1)32 N

the coupling to longitudinal phonons. Since the transverse —_—— > Fs(q,a—, . (149

speed of sound is invariably smaller than the longitudinal s Ne[1+Y'] g 1+Y

one,\ increases with increasing disorder. This effect tends Quhere

reduce the pair-breaking rate, E§). However, we also have

to calculate the disorder dependence of the spin-flip scatter- Dg?

ing rate in order to obtain the disorder dependencé.of Fs(0,0)=9(q) 2+ (DR’ (14b
B. Spin-flip scattering rate 1/7g with g(q) the Lindhard function, which for simplicity we

The interaction between the electron spin and an impurityePlace byNg® (2kg —q). HereD fﬂenqteS_the normal-phase
spin (r) at siter is described by a Hamiltonian spin-density diffusion coefficient; which in the noninteract-

ing electron approximation coincides with the mass or charge
diffusion coefficient; sdD = w/mR-. Performing the wave-

Hs:k kE Ji ke S(k—= k')'(ClrM(TWCkV)- (100 number integral in Eq(14a we finally obtain

Ko, v

Here c' and ¢ are fermion operatorsy=(oy,0y,0;) de- i—illJr Ro +(8_7Ti) ZH (153
notes the Pauli matrices, anij . denotes the electron- T T 1+Y' 87w Ry ©* '
magnetic-impurity exchange integral. We now calculate the

electron self-energy contributia due to this interaction in  with

Born approximation. It is most convenient to do this in an

exact eigenstate representation, in analogy to the calculation -

of the Coulomb self-energy in Ref. 26. The calculation is W =037 (15D
straightforward, and we obtain

>

and 14 given by Eq.(13). 1/7, depends on disorder both
explicitly and implicitly throughY’. Our final task is there-

; de’ ’; ’
2(eiw)= f N_FG(E 'Iw)% Vs(@Fs(d e~ e). (D fore to calculate the dependence¥sf on Ry .

Here,N¢ is the free electron density of states per spin at the
Fermi level. We only retain the-wave component of the
interaction so thaV¢(q)=npS(S+1)J%, wheren, is the In order to calculatéY’ we again have to repeat the cal-
concentration of paramagetic impurities, ah@s a measure culations of Ref. 12 ird=2. Both the electron-electron and
of the exchange interaction strengfiG(e,i w) is the normal  the electron-phonon contributions to the self-energy contrib-
Green function in the superconductor and is given by Equte to the self-energy piecgé. Performing a Taylor series
(1a). Finally, F is the spin density analog of the density- expansion in energy around= w of Eq. (2.12 of Ref. 12,
density correlation function denoted By in Ref. 26. If we  we obtain

C. Normal self-energy pieceY’
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_ v, dv . —

Y'(w)=6Us(w)+4 7501 F'(w,v). (16)

5U\c’(6), which describes the Coulomb contribution¥o, is taken from Ref. 12,
UY@)= S g(q)D—qz Ve(a)— > 2 Gk DGpp(DVe(k—p) |, (17)

C 7TN|: 3 (Dq2)2+62 C g(q)Z o o k,k p.p’ C
with the statically screened Coulomb potential

\Y; l =47e’N (18
c()= N wrq T me’Ng. )

Using the prescription for performing momentum sums of this type as described in Ref. 12, the integrals can be done and yield

Ro (Row 4k Roo 2ke) 2 [ Roe 2K
y,— _ MO O 0@ 2Ke 0 E
Uclw)= 8 (87TE|: k® '8mEr’ «k H(SWEF K ) (19
with the functions
z 1 1+ 12| \ﬁ 1—2y+y [ V2y »
G(x,y,z)—1+x2 In(1+z){|n (1+z)4__ E(l—x)ln 1+—\/2_y+y +2x(1+x)tan yTl —2x tan “(1k),
HY2) = o In(1+ 12 In| 2 z-1 (20)
2)=——— In n .
Y In(1+2) RNl S =
The Coulomb pseudopotential in d=2 is given by
LI P 21
h ke M) @D

As discussed in Ref. 12, the phonon contributiori¥tg which is given by the second term on the right-hand side of Eq.
(16), is related to a stress-stress correlation function and can be calculated in a similar maﬁdér. &3ne obtains

CLEF L WpUE 8’7TE|: 2
2 1
+ .
f Sa’FH(w,v)= )\RD - AE.c, Inj 1 o (22
Finally, both contributions can be collected to give
_ A~ M 2 CLEF T WpUE 8’7TE|: 2
! — - o + +
Y'(w) RD[ e G WH} )\szvoD sin AE.c, Inf 1 ( R , (23

whereG andH have the same arguments as in B®). The order depending upon the material parameters
enhancement of’ with increasing disorder is due to the \, ¢, ¢y, vg, Ef, wp, andu.

opening of a correlation gap in tHeormal statg density of We now address the experiment onygi, , by Cherve-
states, and contributes to the decreas& of>*° nak and Valles® To estimate the parameters entering into
Eq. (24), let us first consider the parameter values for bulk
IV. FINAL RESULTS AND DISCUSSION PbBi, as far as available, given in Ref. 28. Thereby we have

. - »=56 K, andwp=108 K. The Bohm-Staver relation gives
We are now in position to collect our results and thus

obtain the disorder dependence of the magnetic pair-breaking

rate._Substituting Egg9), (15), and(23) into Eq. (5) yields “o _F =2(212)%3, (25)
our final result Er
a 1+X\ 1 IiD 8mEg\? For clean bulk Pb one ha&-=1.1x 10 K, ¢, =2050 m/s,
a 1+n + 1+Y' 87 Inf 1+ R"D(;* ( cr=710 m/s, an&Z=4. However, we do not expect the ac-

tual parameter values to correspond to those for either bulk
The disorder renormalizations of the pair-breaking rate apPb or bulk P ¢Big 1. First of all, the material in question is

pear both in the numerator and denominator and therefora thin film, and moreover the substrate is expected to modify
the rate may either increase or decrease with increasing difs properties, in particular the acoustic ones. Evidence for



53 MAGNETIC PAIR BREAKING IN DISORDERED ... 363

disordej reproduces the highes$t, as measured in Ref. 13.

%0 ' ' ' ' ' Last, sincec, /ct is not known even for PhBij,, we let
(A) c_/c_ be determined by a fit to the data.
85| . These parameters provide the curves shown in Fig. 1. The
S solid curves are the results for the disorder dependence of the
) & normalized pair-breaking rate as given by Eg). The points
— 80 o . represent the data taken from Ref. 13 for two different runs.
S <& The decrease at smdf; is due to the fact that, for small

75 + S disorder,\ and Y’ grow more rapidly than %,. The nor-

malized rate goes through a shallow minimum at roughly

7 . . , , . Rp~0.3, at which point the disorder renormalizations of

0 0.1 02 0.3 0.4 05 0.6 Y', X\, and 1k, are balanced and offset each other. With
ﬁ further increasing disorder the enhancement af, tomi-
0 nates, and leads to a slowly increasing pair-breaking rate.
We remark that the point at which the minimum occurs
depends sensitively on the ratio of the longitudinal and trans-
verse speeds of sound. To obtain the solid lines in Hig), 1
¢, /cy=1.9 was used while 2.1 was used for Figh)l These
values lie between the value for bulk Ph88 and the sub-

70 strate(similar to Pyrex, 1.72used in Ref. 13 and thus does

68 not seem unreasonable. Larger values,dfc; yield a more

drastic reduction of the rate for small disorder and the region

66 of increasinga occurs at larger values & . This sensitiv-

64 ity of the overall shape of the curve to the material param-
& 62 eters may be reflected in the slightly different results ob-
1§ 60 tained for the two experimental runs in Ref. 13 as shown in

58 Fig. 1. It would therefore be very interesting to repeat the

56 experiments using substrates with different acoustic proper-

ties.

:; o In summary, we have presented a theory for the paramag-

0 0.05 0.1 0.15 0.2 0.25 0.3 0.35 0.4 045 0.5 netic pair-breaking rate in disordered superconducting films
A and have shown that the disorder dependence of the rate

REJ depends delicately on the disorder renormalization¥ ‘of

X, and 1F,. As a result, the rate can either increase or de-
FIG. 1. Plot of the pair-breaking rate as a function of disordercr€@se with disorder, depending upon material parameters,
for two different Pl gBig ; films. The symbols are data from Ref. @nd in general itis not a monotonic function of disorder. Our
13. the solid line is obtained from E5). For (a) [(b)] we have conclusion is that the disorder dependence of the rate as ob-
chosenc, /cr=1.9[2.1] and a=1/7(1+1)=90.5 K[70 K]. Al Sérved by Chervenak and Valles in J3Bio, films can be
other parameters are the same for both figures and are given in tipl@ntitatively understood via an application of the micro-

text. scopic theories developed in Refs. 11 and 12.
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